£ NG A
e P IHCAL
INTERFEROMETRY

P. HARIHARAN



Optical Interferometry
Second Edition






Optical Interferometry

Second Edition

By

P. Hariharan
School of Physics
University of Sydney
Sydney, Australia

2 AMSTERDAM + BOSTON « HEIDELBERG
LONDON « NEW YORK ¢ OXFORD + PARIS

’ SAN DIEGO + SAN FRANCISCO « SINGAPORE
ﬁ‘ SYDNEY « TOKYO

SRl Ees
ELSEVIER Academic Press is an imprint of Elsevier

ACADEMIC PRESS

An imprint of Elsevier Science




Academic Press is an imprint of Elsevier.
Copyright © 2003 Elsevier Science (USA). All rights reserved.
This book is printed on acid-free paper.

No part of this publication may be reproduced or transmitted in any form or by any
means, electronic or mechanical, including photocopy, recording, or any information
storage and retrieval system, without permission in writing from the publisher.

Explicit permission from Academic Press is not required to reproduce a maximum
of two figures or tables from an Academic Press chapter in another scientific or
research publication provided that the material has not been credited to another
source and that full credit to the Academic Press chapter is given.

ACADEMIC PRESS

Animprint of Elsevier Science

525 B Street, Suite 1900, San Diego, CA 92101-4495, USA
http://www.academicpress.com

Academic Press
An imprint of Elsevier Science
84 Theobald’s Road, London, WC1X 8RR, UK

Library of Congress Cataloging-in-Publication Data
Hariharan, P.
Optical interferometry/by P. Hariharan.—2nd ed.
p. cm.
Includes bibliographical references and index.
ISBN 0-12-311630-9
1. Interferometry. 1. Title.

QC411.H37 2003
535".47'0287—dc21
2003050272

Printed in the United States of America
07 06 05 04 03 54321



Contents

Preface to the First Edition
Preface to the Second Edition

1. Interferometry: Its Development
1.1 The Wave Theory of Light
1.2 The Michelson—Morley Experiment
1.3 Measurement of the Metre
1.4 Optical Testing
1.5 Coherence
1.6 Interference Spectroscopy
1.7 The Laser
1.8 Electronic Techniques
1.9 Heterodyne Techniques
1.10 Fiber Interferometers
1.11 Nonlinear Interferometers
1.12 Stellar Interferometry
1.13 Space-Time and Gravitation
1.14 Quantum Effects
1.15 Future Directions
2. Two-Beam Interference
2.1 Complex Representation of Light Waves
2.2 Interference of Two Monochromatic Waves
2.3 Wavefront Division
24 Amplitude Division
241 Interference in a Plane-Parallel Plate
24.2 Fizeau Fringes
243 Interference in a Thin Film
2.5 Localization of Fringes

251 Nonlocalized Fringes
252 Localized Fringes

253 Fringes in a Plane-Parallel Plate
254 Fringes in a Wedged Thin Film

xiii
XV

NN NN Bl B LWWWEND N

11
12
14
14
16
17
18
18
19
21
21



vi

2.6 Two-Beam Interferometers
2.7 The Michelson Interferometer
2.7.1 Nonlocalized Fringes
2.7.2 Fringes of Equal Inclination
2173 Fringes of Equal Thickness
2.8 The Mach—Zehnder Interferometer
2.9 The Sagnac Interferometer
2.10 Interference with White Light
2.11 Channeled Spectra
2.12 Achromatic Fringes
2.13 Standing Waves
2.14 Interferential Color Photography

3. Coherence
3.1 Quasi-Monochromatic Light
3.2 Waves and Wave Groups
33 Phase Velocity and Group Velocity

34 The Mutual Coherence Function

3.5 Spatial Coherence

3.6 Temporal Coherence

3.7 Coherence Time and Coherence Length

3.8 Coherence in the Space-Frequency Domain

3.9 Nonclassical Light

3.10 Effects in Two-Beam Interferometers
3.11 Source-Size Effects

3.12 Spectral Bandwidth Effects

3.13 Spectral Changes Due to Coherence
3.14 Polarization Effects

4. Multiple-Beam Interference
4.1 Fringes in a Plane-Parallel Plate
4.2 Fringes by Reflection
4.3 Fringes of Equal Thickness
4.4 Fringes of Equal Chromatic Order
4.5 Fringes of Superposition
4.6 Three-Beam Fringes
4.7 Double-Passed Fringes

S. Lasers
5.1 Lasers for Interferometry
5.2 Laser Modes
5.2.1 Modes of a Confocal Resonator

522 Longitudinal Modes
5.2.3 Single-Frequency Operation

Contents

23
24
25
26
26
26
28
29
29
31
33
33

35
35
36
37
39
43
47
48
49
51
51
55
56
56
57

59
59
63
64
66
68
73
76

79
79
80
81
82
83



Contents vii

53 Comparison of Laser Frequencies 84
5.4 Frequency Stabilization 86
54.1 Stabilization with a Reference Etalon 86

54.2 Polarization-Stabilized Laser 86

543 Stabilized Transverse Zeeman Laser 86

544 Stabilization on the Lamb Dip 88

545 Stabilization by Saturated Absorption 88

5.4.6 Stabilization by Saturated Fluorescence 90

5.4.7 Diode Lasers 90

5.5 Laser Beams 91
6. Electronic Phase Measurements 93
6.1 Photoelectric Settings 93
6.2 Fringe Counting 93
6.3 Heterodyne Interferometry 95
6.4 Phase-Locked Interferometry 96
6.5 Computer-Aided Fringe Analysis 97
6.5.1 Fourier-Transform Techniques 97

6.6 Phase-Shifting Interferometry 98
6.6.1 Error-Correcting Algorithms 101

6.7 Techniques of Phase Shifting 102
6.7.1 Frequency Shifting 102

6.7.2 Polarization Techniques 103

6.7.3 Simultaneous Measurements 103

6.8 Sinusoidal Phase Modulation 104
7. Measurements of Length 105
7.1 Line Standards 105
7.2 End Standards 105
7.3 The Integral Interference Order 106
7.4 Exact Fractions 107
7.5 The Refractive Index of Air 107
7.6 The International Prototype Metre 109
7.7 The 30Kr Standard 111
7.8 Frequency Measurements 111
7.9 The Definition of the Metre 112
7.10 Length Measurements with Lasers 113
7.10.1 Two-Wavelength Interferometry 113

7.10.2 Wavelength-Scanning Interferometry 114

7.10.3 Sinusoidal Wavelength Scanning 115

7.11 Changes in Length 116
7.12 Displacements 116
7.12.1 Vibrations 118

7.13 Dynamic Angle Measurements 118



viii

10.

Contents

Optical Testing 119
8.1 The Fizeau Interferometer 119
8.2 The Twyman—Green Interferometer 121
83 Unequal-Path Interferometers 122
8.4 Phase Unwrapping 122
8.5 Analysis of Wavefront Aberrations 123
8.5.1 Zernike Polynomials 124
8.5.2 Wavefront Fitting 124
8.6 Shearing Interferometers 124
8.6.1 Lateral Shear 125
8.6.2 Interpretation of Interferograms 125
8.6.3 Rotational and Radial Shearing 127
8.7 Grating Interferometers 129
8.8 The Scatter-Plate Interferometer 131
8.9 The Point-Diffraction Interferometer 132
8.10 Computerized Test Methods 133
8.10.1 Absolute Tests for Flatness 134
8.10.2 Small-Scale Irregularities 134
8.10.3 Sources of Error 135
8.10.4 Subaperture Testing 135
8.11 Aspheric Surfaces 136
8.11.1 Computer-Generated Holograms 136
8.12 Rough Surfaces 138
8.13 The Optical Transfer Function 139
Interference Microscopy 143
9.1 The Mirau Interferometer 143
9.2 Common Path Interference Microscopes 143
9.3 Polarization Interferometers 144
9.3.1 Lateral Shear: Plane Wavefronts 144
932 Lateral Shear: Spherical Wavefronts 146
933 Radial Shear 147
94 The Nomarski Interferometer 147
9.5 Electronic Phase Measurements 148
9.5.1 Phase-Shifting Techniques 149
9.6 Phase Ambiguities 151
9.7 White-Light Interferometry 151
9.7.1 Phase Shifting 153
9.7.2 Achromatic Phase Shifting 153
9.7.3 Spectrally Resolved Interferometry 155
9.7.4 Sources of Errors 156
Interference Spectroscopy 157

10.1 Etendue of an Interferometer 157



Contents

11.

12.

10.2 The Fabry—Perot Interferometer
10.3 The Scanning FPI
10.4 The Spherical-Mirror FPI
10.5 The Multiple FPI
10.6 The Multiple-Pass FPI
10.7 Birefringent Filters
10.8 Wavelength Meters
10.8.1 Dynamic Wavelength Meters
10.8.2 Static Wavelength Meters
10.9 Heterodyne Techniques
10.10  Measurement of Laser Line Widths
10.11  Laser Frequency Standards

Fourier-Transform Spectroscopy

11.1 The Etendue and Multiplex Advantages
11.2 Theory

11.3 Resolution and Apodization

11.4 Sampling

11.5 Effect of Source and Detector Size
11.6 Field Widening

11.7 Phase Correction

11.8 Noise

11.9 Prefiltering

11.10  Interferometers for FTS

11.11  Computation of the Spectrum
11.12  Applications

Interferometric Sensors
12.1 Rotation Sensors
12.1.1 Ring Lasers
12.1.2 Ring Interferometers
12.2 Fiber Interferometers
12.2.1 Rotation Sensors
12.2.2 Sensors for Physical Quantities
12.2.3 Multiplexed Fiber-Optic Sensors
12.3 Laser-Feedback Interferometers
12.3.1 Diode-Laser Interferometers
12.4 Doppler Interferometry
12.4.1 Laser-Doppler Velocimetry
12.4.2 Surface Velocities
12.5 Vibration Measurements
12.6 Interferometric Magnetometers
12.7 Adaptive Optics

ix

158
159
161
162
163
163
165
165
167
169
169
170

173
173
175
178
179
180
181
181
181
182
182
184
184

189
189
190
191
191
191
193
197
198
200
201
201
202
204
206
207



13.

14.

15.

16.

Contents

Nonlinear Interferometers 209
13.1 Second-Harmonic Interferometry 209

13.1.1 Critical Phase-Matching 212
13.2 Phase-Conjugate Interferometers 213
13.3 Phase-Conjugating Mirrors 213
13.4 Interferometers with Active Elements 216
13.5 Photorefractive Oscillators 217
13.6 Measurement of Third-Order Susceptibility 217

13.6.1 Optical Fibers 219
13.7 Optical Switches 219
Stellar Interferometry 221
14.1 Michelson’s Stellar Interferometer 221
14.2 The Intensity Interferometer 223
14.3 Heterodyne Stellar Interferometry 227

14.3.1 Large Heterodyne Interferometer 229
14.4 Long-Baseline Stellar Interferometers 230
14.5 Stellar Speckle Interferometry 232
14.6 Speckle Holography 234
14.7 The Hyper-Telescope 235
14.8 Astrometry 235
14.9 Nulling Interferometers 236
14.10  Telescope Arrays 236
Space-Time and Gravitation 239
15.1 The Michelson—-Morley Experiment 239
15.2 Gravitational Waves 241
15.3 Gravitational Wave Detectors 242
15.4 LIGO 245
15.5 The Standard Quantum Limit 246
15.6 Squeezed States of Light 248
15.7 Interferometry Below the SQL 251
Single-Photon Interference 253
16.1 Interference at the “Single-Photon” Level 253
16.2 Interference—The Quantum Picture 254
16.3 Sources of Nonclassical Light 254

16.3.1 Parametric Down-Conversion 254
16.4 The Beamsplitter 256
16.5 Interference with Single-Photon States 256
16.6 The Geometric Phase 257

16.6.1 Observations at the Single-Photon Level 258

16.6.2 Observations with Single-Photon States 259



Contents

17.

18.

16.7 Interference with Independent Sources
16.7.1 Observations in the Time Domain
16.8 Superposition States

Fourth-Order Interference

17.1 Nonclassical Fourth-Order Interference
17.2 Interference in Separated Interferometers
17.3 The Geometric Phase

Two-Photon Interferometry
18.1 Tests of Bell’s Inequality
18.1.1 Tests with Unbalanced Interferometers
18.1.2 Tests with Perfect Correlations
18.2 Quantum Cryptography
18.3 Beams from Two Down-Converters
18.4 The Quantum Eraser
18.5 Single-Photon Tunneling
18.5.1 Dispersion Cancelation
18.5.2 Measurements of Tunneling Time
18.6 Conclusions

Two-Dimensional Linear Systems

Al The Fourier Transform

A2 Convolution and Correlation
A3 The Dirac Delta Function
A4 Random Functions

The Fresnel-Kirchhoff Integral

Reflection and Transmission
C.1 The Fresnel Formulas
C2 The Stokes Relations

The Jones Calculus

The Pancharatnam Phase
E.1 The Poincaré Sphere
E.2 The Pancharatnam Phase

Holography
F1 The Off-Axis Hologram
F2 Computer-Generated Holograms

Xi

260
262
264

267
267
271
274

277
277
279
280
281
282
284
285
286
287
288

289
289
290
291
291

293

295
295
296

299

301
301
301

303
303
305



xii Contents

G.  Speckle 307
G1 Speckle Statistics 307
G2 Young’s Fringes 308
Bibliography 309
References 311

Index 343



Preface to the First Edition

There has been a tremendous increase in interest in optical interferometry during the
last twenty years, a period in which the subject has undergone a complete transfor-
mation. The main reason for this is, of course, the development of the laser which
made available, for the first time, an intense source of coherent light. Another reason
has been the increasing use of digital computers to process the data obtained from an
interferometer. A third reason is the availability of single-mode optical fibers which
can be used to provide an optical path several metres long, with very low noise, in an
extremely small space. As a result of these advances, optical interferometry is finding
a remarkably wide range of applications.

The aim of this book is to present a self-contained treatment of this subject with
particular emphasis on recent developments and their implications for the future. A
brief historical survey leads up to three chapters covering the classical concepts of
two-beam interference, coherence and multiple-beam interference. Chapter 5 then
discusses interference in thin films, antireflection coatings and interference filters.

As mentioned at the outset, lasers are now being used to an increasing extent
in optical interferometry; in fact, this has led to the virtual demise of the classical
mercury arc. Accordingly, Chapter 6 looks at the laser as a light source and discusses
techniques for obtaining a single-frequency output and for frequency stabilization.

Five chapters then deal with applications of interferometry such as length mea-
surements, testing optical surfaces, interference spectroscopy, and Fourier-transform
spectroscopy. Emphasis is placed in these chapters on techniques which have become
feasible with the development of the laser, including unequal-path interferometry,
fringe-counting, heterodyne and digital interferometry, fiber-optic interferometry,
and nonlinear interferometry. These are followed by three chapters on holography,
holographic interferometry, and speckle interferometry. A final chapter on stellar
interferometry describes the intensity interferometer and techniques such as stellar
speckle interferometry and speckle holography. Some useful mathematical results
as well as some selected topics in optics are summarized for ready reference in five
appendices.

I have tried to plan this book so that it can be used by people who would like
to apply interferometric techniques in their work, as well as those who would like to
learn more about interferometry. In the first instance, most topics are discussed at a

xiii



xiv Preface to the First Edition

level accessible to anyone with a basic knowledge of physical optics; a more detailed
treatment for the serious worker then follows. Finally, the text is supplemented by
a reference list of nearly 600 selected papers. Accordingly, students should find this
book useful as a text, while researchers can use it as a reference work.

I am grateful to many of my colleagues for their assistance. In particular, I would
like to mention W. H. (Beattie) Steel and Philip Ciddor with whom I have had many
helpful discussions. I would also like to thank Colin Chidley who was responsible
for the drawings.

P. Hariharan
Sydney, January 1985



Preface to the Second Edition

The 18 years since the publication of the first edition of this book have seen an
explosive growth in activity in the field of optical interferometry. The use of lasers
and electronic data-processing techniques is now almost universal, and the volume
of literature has expanded to such an extent that it is increasingly difficult to keep up
with it, and impossible to cover the entire subject in a book of reasonable size.

The aim of this second edition is, therefore, to review the growth of some selected
areas of this rapidly expanding field and introduce the reader to some of these new
developments. The contents reflect this shift in emphasis: by omitting the chapters
in the first edition dealing with topics such as thin films and interference filters,
holography and holographic interferometry, and speckle interferometry, which are not
so closely related to the central theme of this book and are now the subject of books
in their own right, it has been possible to describe some significant advances in the
fields of interference microscopy, interferometric sensors, nonlinear interferometers,
gravitational-wave detectors, and quantum effects in optical interference.

As before, a brief historical survey leads up to three chapters covering the con-
cepts of two-beam interference, coherence, and multiple-beam interference. Chapter 5
looks at the laser as a light source and discusses techniques for obtaining a single-
frequency output and for frequency stabilization, while Chapter 6 discusses electronic
techniques of phase measurement. Five chapters then deal with applications of inter-
ferometry such as measurements of length, optical testing, interference microscopy,
interference spectroscopy, and Fourier-transform spectroscopy. They are followed
by four chapters on interferometric sensors, nonlinear interferometers, stellar inter-
ferometry, and studies of space-time and gravitation. The last three chapters discuss
single-photon interference, fourth-order interference, and two-photon interferometry.
Some useful mathematical results, as well as some selected topics in wave optics, are
summarized in seven appendices.

This book is intended for scientists and engineers who would like to use inter-
ferometric techniques in their work, as well as students who would like to learn more
about interferometry. Accordingly, most topics are introduced at a level accessible to
anyone with a basic knowledge of physical optics; this introduction is followed by
a more detailed treatment, which is supplemented by a bibliography and a reference
list of more than 1000 selected original publications.

XV



xvi Preface to the Second Edition

I have used American spelling in this edition except for the word “metre.”
Chapter 7 includes a description of the work by Michelson and others to establish a
standard of length based on the wavelength of a monochromatic light source and cites
the text of the current, internationally accepted definition of this unit. Accordingly,
to avoid inconsistency, I have used the international spelling.

I am grateful to many friends and colleagues. In particular, I must mention Philip
Ciddor, John Davis, Barry Sanders, Bill Tango, and Rainer Weiss; without their help,
this book could not have been completed.

P. Hariharan
Sydney, April 2003



Chapter 1

Interferometry: Its Development

Almost everyone has come across interference phenomena such as the vivid colors
in a soap bubble, or in an oil slick on a wet road, or the colored fringes seen in a thin
air film enclosed between two glass plates when they are brought into contact. The
latter are commonly known as “Newton’s rings,” but were, in fact, first described
by Boyle and, independently, by Hooke, in the latter half of the 17th century. Their
observations can be called the starting point of optical interferometry.

The development of optical interferometry extends over more than 300 years and
is closely linked with the history of wave optics. The aim of this chapter is to review
briefly some of the significant stages of this development, so as to put in perspective
the topics which will be discussed later, in more detail, in this book.

1.1 The Wave Theory of Light

We now know that the colored fringes seen by Boyle and Hooke were produced by the
interference of the light waves reflected from the two surfaces of the film. However,
though Hooke did put forward a wave theory of light to explain the fringes, and this
theory was expanded and put into its present form by Huyghens in 1690, it made
little progress because it was opposed by Newton, who believed that a wave theory
could not explain either the rectilinear propagation of light or the phenomenon of
polarization. As a result, the correct explanation had to wait for almost 150 years.
The barriers to the acceptance of the wave theory were first broken by Young,
when, in his Bakerian lectures in 1801 and 1803, he stated the principle of interference
and demonstrated that the summation of two rays of light could give rise to darkness.
However, even this demonstration did not lead to immediate acceptance of the theory.
Almost no one supported Young, and the discovery by Malus, in 1809, that light could
be polarized by reflection shook even Young’s confidence, as he, like Huyghens,
thought that light was propagated as longitudinal waves. The turning point came with

1



2 Chapter 1. Interferometry: Its Development

Fresnel’s brilliant memoir on diffraction in 1818, which perfected the treatment of
interference, and the discovery by Arago and Fresnel that two orthogonally polarized
beams could not interfere. This led Young and Fresnel to the inevitable conclusion
that light waves were transverse waves. Since only longitudinal waves can propagate
in a fluid, Fresnel postulated that light waves were propagated through an elastic solid
pervading all matter — the “luminiferous aether.”

1.2 The Michelson-Morley Experiment

Most of the leading physicists of the 19th century supported the aether theory, even
though it raised a number of questions which had no obvious answers. One such was
the aberration of light discovered by Bradley in 1728, which indicated that the aether
was stationary. However, theoretical calculations by Fresnel in 1818 showed that in
a medium with a refractive index n moving with a velocity v, the aether should be
carried along with a velocity v(1 — 1/n?). Fizeau therefore carried out an experiment
in 1851 with an interferometer in which the two beams traversed two columns of
running water, one beam always moving with the current, while the other moved
against it. This experiment, which was repeated later by Jamin and by Michelson,
showed a shift of the fringes of the expected magnitude. Based on these results,
Maxwell predicted in 1880 that the movement of the earth through the aether should
result in a change in the speed of light proportional to the square of the ratio of the
speed of the earth to that of light. While Maxwell felt that this effect was too small
to be detected experimentally, Michelson was confident that it could be observed by
making use of the tremendous increase in accuracy obtained by interferometry. This
led, in 1881, to Michelson’s famous experiment which was designed to demonstrate
the “aether drift.” As things turned out, the null result obtained by Michelson led to
the rejection of the concept of an aether and laid the foundations for the special theory
of relativity [Shankland, 1973].

1.3 Measurement of the Metre

Other applications of interferometry followed in rapid succession. Thus, in 1896,
Michelson carried out the first measurement of the length of the Pt—Ir bar which
was the international prototype of the metre in terms of the wavelength of the red
cadmium radiation. Although the idea of the wavelength of a monochromatic source
as a natural standard of length had been suggested much earlier by Babinet and by
Fizeau, it was Michelson’s work which demonstrated its feasibility and led, in 1960,
to the redefinition of the metre in terms of the wavelength of the orange radiation
of 80Kr.
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1.4 Optical Testing

Another major field of application of interferometry was opened up by Twyman in
1916, when he used a modified Michelson interferometer to test optical components.
This interferometer was, in turn, adapted by Linnik [1933] to permit microscopic
examination of reflecting surfaces. At the same time, interferometry became a
valuable tool in studies of fluid flow and combustion.

1.5 Coherence

Studies by Michelson also revealed the connection between the visibility of the fringes
in his interferometer and the dimensions and spectral purity of the source. Since any
thermal source can be considered as made up of many elementary radiators (atoms)
which are not synchronized, the interference pattern with such a source is obtained
by adding the intensities in the interference patterns formed by these incoherent
elementary radiators. The gradual transition from incoherent to coherent illumination
with a thermal source was demonstrated as far back as 1869 by Verdet, who showed
that light from two pinholes illuminated by the sun produced an interference pattern
on a screen if their separation was less than 0.05 mm. However, the first quantitative
concepts of coherence were formulated by von Laue only in 1907, and it was again
only after a long delay that the foundations of modern coherence theory were laid
in three papers by van Cittert [1934, 1939] and Zernike [1938]. These concepts
were developed in more detail, 20 years later, by Hopkins [1951, 1953] and Wolf
[1954, 1955]. The discovery by Brown and Twiss [1954] of intensity-correlation
effects (fourth-order correlation) led to the formulation of a general description of
higher-order coherence effects by Mandel and Wolf [1965].

1.6 Interference Spectroscopy

Towards the end of the 19th century, interference techniques found their way into
high-resolution spectroscopy with the development of instruments such as the Fabry—
Perot etalon, the Michelson echelon, and the Lummer—Gehrcke plate. However, as
improved multilayer dielectric coatings, with high values of reflectance and negligible
losses, became available, the greater light-gathering power (or etendue) of the Fabry—
Perot interferometer led to its rapidly replacing the other two instruments.

At this stage, a completely new approach was opened up by the development
of Fourier transform spectroscopy. The origins of this technique can be traced back
to 1862, when Fizeau studied the effect of the separation of the plates on Newton’s
rings formed with sodium light. He found that the rings almost disappeared at a sep-
aration corresponding to the passage of 490 fringes, but reached maximum contrast
once again when 980 fringes had passed, showing that the sodium line was a doublet.
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This method was taken a step further by Michelson in 1891, when he plotted the
visibility of the fringes as a function of the optical path difference for a number of
spectral lines. All of them, with the exception of the red cadmium line, exhibited a
series of maxima and minima, indicating that they consisted of more than one com-
ponent. A similar technique was also applied to far infrared spectroscopy (A = 100
to 300 wm) by Rubens and Wood in 1911. However, the systematic development
of Fourier-transform spectroscopy started with Fellgett [1951], who was the first to
obtain a spectrum from a numerically Fourier-transformed interferogram and demon-
strate the advantages of this technique. Subsequent improvements have brought this
technique to the point where it reigns supreme at long wavelengths and is preferable
to conventional dispersive instruments in the visible region for mapping complex
spectra with the highest possible resolution.

1.7 The Laser

Throughout the first half of the 20th century, the most commonly used light source
for interferometry was a pinhole illuminated by a mercury arc through a filter which
isolated the green line (A = 546 nm). Such a source gave only a very small amount
of light with limited spatial and temporal coherence. The development of the laser
made available, for the first time, an intense source of light with a remarkably high
degree of spatial and temporal coherence and initiated a revolution in interferometry.

The origins of the laser can be traced back to 1917, when Einstein pointed out
that atoms in a higher energy state, which normally radiate spontaneously, could also
be stimulated to emit and revert to a lower energy state when irradiated by a wave
of the correct frequency. The most remarkable feature of this process was that the
emitted photon had the same frequency, polarization, and phase as the stimulating
wave and propagated in the same direction.

Schawlow and Townes [1958] were the first to show that amplification by stimu-
lated emission was possible in the visible region, and that a simple resonator consisting
of two mirrors could be used for mode selection. The first practical laser was the pulsed
ruby laser [Maiman, 1960]. Continuous laser action was achieved soon afterwards
with the helium-neon laser, initially in the infrared [Javan, Bennett, and Herriott,
1961] and then in the visible region [White and Rigden, 1962].

The high degree of directionality and coherence of laser light were verified by
Collins et al. [1960]. This was followed by the observation of interference fringes
when the beams from two pulsed ruby lasers were superposed [Magyar and Mandel,
1963].

Lasers have removed most of the limitations of interferometry imposed by
thermal sources and have made possible many new techniques.

1.8 Electronic Techniques

Another development which has revolutionized interferometry has been the increas-
ing use of electronic techniques. This trend started with the use of photoelectric
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detectors with Fabry—Perot interferometers, but soon extended to such applications
as fringe-counting interferometers for length measurements. Digital computers were
first used in Fourier transform spectroscopy and have made it an extremely power-
ful tool. Digital systems, in conjunction with phase-shifting techniques, have also
made possible direct measurements of the optical path difference at an array of points
covering an interference pattern.

1.9 Heterodyne Techniques

The observation of beats when the beams from two lasers operating at slightly
different frequencies were mixed at a photo detector [Javan, Ballik, and Bond,
1962] led to the development of a range of heterodyne techniques to replace tra-
ditional methods of interpolation. Since measurements of either the frequency or
the phase of a beat can be made with very high precision, such techniques have
revolutionized length interferometry. The extension of frequency measurements to
the optical region also led to the redefinition of the metre in terms of the speed of
light.

Light scattered from a moving particle has its frequency shifted by an amount
proportional to the component of its velocity in a direction determined by the direc-
tions of illumination and viewing. Lasers made it possible to measure this frequency
shift and, hence, the velocity of the particle, by detecting the beats produced by the
scattered light and the original laser beam [Yeh and Cummins, 1964].

1.10 Fiber Interferometers

Another major advance followed the use of single-mode optical fibers to build analogs
of conventional two-beam interferometers. Such interferometers have the advantage
that very long optical paths can be accommodated in a small space. Fiber interfer-
ometers are now used widely as rotation sensors [Lin and Giallorenzi, 1979]. In
addition, since the optical path through a length of such a fiber changes with pres-
sure or temperature, fiber interferometers have found many applications as sensors
for a number of physical quantities [Giallorenzi et al., 1982]. Extremely high sen-
sitivity is possible with fiber interferometers, since they have very low noise, and
sophisticated detection techniques can be used with them. In addition, they can be
multiplexed to make simultaneous measurements of a number of variables at a number
of points.

1.11 Nonlinear Interferometers

The availability of lasers capable of producing extremely intense beams of coherent
light has led to the development of interferometers using nonlinear optical elements.
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Besides the measurement of third-order susceptibilities, their applications include
second-harmonic interferometry [Hopf, Tomita, and Al-Jumaily, 1980], phase-
conjugate interferometry [Bar-Joseph et al., 1981; Feinberg, 1983] and high-speed
optical switching [Lattes et al., 1983].

In addition, nonlinear techniques have made possible the generation of nonclassi-
cal states of light, such as squeezed states [Walls, 1983] and entangled states, opening
up completely new areas of research.

1.12 Stellar Interferometry

The idea of using interference to measure the angular dimensions of a star goes back
to 1868, when Fizeau proposed an arrangement consisting of two slits placed in front
of a telescope; their separation when the interference fringes crossing the image of
the star disappeared could then be used to calculate the angle subtended by the star.
Unfortunately, this experiment failed because the aperture of the telescope was not
large enough.

However, Fizeau’s proposal was taken up again by Michelson, who applied it
successfully to measure the diameters of Jupiter’s satellites in 1890. This success
was followed in 1921 by measurements of the diameter of Betelgeuse and six other
stars, using a 6-m stellar interferometer mounted on the 2.5-m (100-inch) telescope
at Mt. Wilson.

An attempt by Michelson to extend this technique to longer baselines failed
because of problems of mechanical stability and atmospheric turbulence, and the next
advance came from a completely different approach: namely the idea of measuring
the degree of correlation of the intensity fluctuations at two points in the field [Brown
and Twiss, 1954]. This new method was used in the intensity interferometer [Brown
et al., 1964] to make measurements on 32 stars with angular diameters down to
0.0004 second of arc. Yet another approach, following the development of lasers,
was based on heterodyne techniques [Johnson, Betz, and Townes, 1974; Townes,
1984]. In this method, the light from the star is mixed with light from a laser at two
photodetectors, and the resulting heterodyne signals are multiplied in a correlator.
The output from this correlator is a measure of the degree of coherence of the wave
fields at the two photodetectors.

Other developments in this field have been the techniques of stellar speckle
interferometry [Labeyrie, 1970] and speckle holography [Liu and Lohmann, 1973;
Bates, Gough, and Napier, 1973], which have made it possible to determine the
structure of many close groupings of stars.

More recently, modern versions of Michelson’s stellar interferometer have been
constructed with baselines up to 600 m [see Lawson, 1997]; techniques have also
been developed to combine images from widely spaced arrays of large telescopes, to
obtain the same resolution as from a single telescope with an aperture equal to the
distance between the linked instruments [Baldwin et al., 1996].
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1.13 Space-Time and Gravitation

Laser interferometry has been used to verify the null result of the Michelson—
Morley experiment to a very high degree of accuracy [Brillet and Hall, 1979]
and is now about to be applied to the detection of gravitational waves from black
holes and supernovae. The systems under construction for this purpose consist
essentially of a Michelson interferometer in which the beam splitter and the end
reflectors are attached to separate freely-suspended masses [Moss, Miller, and
Forward, 1971; Weiss, 1972]. Since theoretical estimates of the intensity of bursts
of gravitational radiation suggest that a sensitivity to strains of the order of a few
parts in 102! is needed, arm lengths of 4 km are used, and a number of ways
to obtain higher sensitivity are being explored [Abramovici et al., 1992; Weiss,
1999].

1.14 Quantum Effects

Interference has long been regarded as a conclusive demonstration of the wavelike
nature of light. However, at low light levels, photodetectors record the annihilation
of individual photons. The quantum theory of light evolved in response to the need
to reconcile these two contradictory aspects.

Optical interferometry has played an increasingly important part in tests of quan-
tum theory, ranging from experiments involving independent sources at low intensity
levels which verified Dirac’s famous dictum that “a photon interferes only with
itself ...” [Dirac, 1958], to measurements using single-photon sources and photon-
pairs. The latter include sophisticated experiments involving Bell’s inequality [Bell,
1965] and experiments demonstrating the idea of a “quantum eraser.” In all these
cases, optical interferometry has provided evidence supporting quantum theory [see
Agarwal, 1995; Hariharan and Sanders, 1996].

1.15 Future Directions

It is always an interesting, though risky, exercise to try to guess the directions of
future development in any field. In the case of optical interferometry, some trends are
obvious, such as the growing use of lasers and digital signal processing to increase
the scope, speed, and precision of measurements. With the replacement of the human
eye by electronic detectors, the advantages of using infrared wavelengths for inter-
ferometry are being exploited to an increasing extent. Other interesting possibilities
have been opened up by the application of single-mode fibers and nonlinear crystals
to build new types of interferometric sensors and optical switches. Optical interfer-
ometry is playing an increasingly important part in astronomy as well as in tests of
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relativity and quantum theory, and the possibilities of exploiting quantum interfer-
ence effects are being explored. However, the history of optical interferometry, like
that of any other field of science, is full of unexpected advances which have opened
up new directions of research. There is every likelihood that more such surprises lie
ahead.



Chapter 2

Two-Beam Interference

A beam of light is actually a propagating electromagnetic wave. If, for simplicity,
we assume that we are dealing with a linearly polarized plane wave propagating in
a vacuum in the z direction, the electric field E at any point can be represented by a
sinusoidal function of distance and time,

E =acos[2nv(t — z/0)], 2.1

where a is the amplitude, v the frequency, and c the speed of propagation of the wave.
If T is the period of the vibration and w its circular frequency,

T=1/yv=2n/w. 2.2)
The wavelength A is given by the relation
r=cT =c/v, 2.3)
while the propagation constant of the wave is
k=2m/x\. 2.4

In a medium with a refractive index n, in which the light wave propagates with
a speed

v=c/n, 2.5)
the wavelength of the same radiation would be

A =0T
=vr/c = A/n. (2.6)
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2.1 Complex Representation of Light
Waves

Equation (2.1) can also be written as
E = Re{aexpli2nv(t — z/v)]}, 2.7

where Re { } represents the real part of the expression within the braces, and i =
(—1)!/2. This representation has the advantage that the right-hand side can now be
expressed as the product of spatially varying and temporally varying factors, so that

E = Re{aexp(—i2mvz/v) exp(i2mvt)}

= Re{a exp(—i¢) exp(i2mrvt)}, (2.8)
where
¢ =2mvz/v
=2mnz/A. 2.9)

The product p = nz is termed the optical path between the origin and the point z,
and ¢ is the corresponding phase difference.

If we assume that all operations on E are linear, it is simpler to use the complex
function

E = aexp(—i¢) exp(i2mvt) (2.10)
and take the real part at the end of the calculation. We can then rewrite Eq. (2.10) as
E = Aexp(i2mvt), (2.11)

where
A = aexp(—ip) (2.12)

is known as the complex amplitude of the vibration.

Because of the extremely high frequencies of visible light waves (v ~ 6x
10'% Hz for A = 0.5 pm) direct observations of the electric field are not possi-
ble. The only measurable quantity is the intensity, which is the time average of the
amount of energy which, in unit time, crosses a unit area normal to the direction of
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the energy flow. This, in turn, is proportional to the time average of the square of the
electric field.

T

1
(E?) = lim — E2dr. (2.13)
T—o0 2T J_7p
From Egs. (2.1), (2.2), and (2.9) we have
1 T
(E%) = Tlimw i), a’® cos?(wt — ¢)dt
=a?/2. (2.14)

Since we are not interested in the absolute value of the intensity, but only in relative
values over a specified region, we can ignore this factor of 1/2, as well as any other
factors of proportionality, and define the optical intensity as

I =a%=|A)> (2.15)

2.2 Interference of Two Monochromatic
Waves

If two monochromatic waves propagating in the same direction and polarized in the
same plane are superposed at a point P, the total electric field at this point is

E=FE+ E>, (2.16)

where E| and E; are the electric fields due to the two waves. If the two waves have
the same frequency, the intensity at this point is

I =|A; + A%, (2.17)

where A1 = aj exp(—i¢;) and A = ap exp(—i¢y) are the complex amplitudes of
the two waves. Accordingly,

I =A%+ A3+ A A5 + Al Ay,
=1+ L +2(I11x)"?cos Ag, (2.18)

where I and I are the intensities at P due to the two waves acting separately, and
A¢p = ¢1 — ¢ is the phase difference between them.
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If Ap is the corresponding difference in the optical paths given by Eq. (2.9), the
order of interference is N = Ap/X. The intensity has its maximum value In,x when

N =m, Ap = mi, A¢p =2mm, (2.19)
where m is an integer, and its minimum value I,;, when
N=0~2m+1)/2,Ap =QCm+ 1)A/2, A¢p = 2m + D). (2.20)

A convenient measure of the contrast of the interference phenomenon is the visibility
of the interference fringes, which is defined by the relation

V= (Imax - Imin)

. 2.21)
(Tmax + Imin)
In the present case, it follows from Eqgs. (2.18) to (2.21) that
2(I1 Ip)'7?
— & (2.22)
(I1 + )

However, light from a thermal source, even when it comprises only a single
spectral line, is not strictly monochromatic. Both the amplitude and the phase exhibit
very rapid, random fluctuations, and, in the case of beams from different sources,
these fluctuations are not correlated. Interference effects cannot therefore be observed
between beams derived from two thermal sources. To simplify matters, we shall
assume, at this stage, that the two beams are derived from the same source and the
correlation between the fluctuations in the beams is complete, in which case they
are said to be completely coherent. The elementary theory developed earlier for
monochromatic light is then adequate to describe the effects observed.

We shall consider, in the first instance, interference between two beams; the
phenomena observed can then be classified according to the method used to obtain
these beams.

2.3 Wavefront Division

One way to obtain two beams from a single source is to use two portions of the original
wavefront, which are then superimposed to produce interference. This method is
known as wavefront division.

A simple optical system for this purpose is the arrangement known as Fresnel’s
mirrors. In this arrangement, as shown in Fig. 2.1, light from a point source S is
reflected at two mirrors M| and M, which make a small angle € with each other.
Interference fringes are observed in the region where the two reflected beams overlap.
Interference can be considered to take place between the light from the two virtual
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Plane of
observation

Figure 2.1. Optical system used to produce interference by wavefront division
(Fresnel’s mirrors).

sources S1 and $7, the images of S in the mirrors M| and M5. If d is the distance of
S from the mirrors, we have

15, = 2de, (2.23)

and the difference in the lengths of the optical paths traversed by the waves from
these two virtual sources to a point P(x, y) on the screen in the neighborhood of O
is, to a first approximation,

2dex

= — 2.24
(D+4ad) ( )

p

Since successive maxima or minima in the interference pattern correspond to a
change in the optical path difference

Ap = X, (2.25)

the fringes approximate to equidistant straight lines running parallel to the Y axis;
their separation Ax is given by the relation

AMD +d)
X = —

2.26
2de ( )

Other arrangements are Young’s double slit, which uses the diffracted beams
from a pair of slits, and Lloyd’s mirror, which uses one beam from the source and
another from a mirror illuminated at near-grazing incidence.
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2.4 Amplitude Division

The other method by which two beams can be obtained from a single source is by
division of the amplitude over the same section of the wavefront. One way is to use
a surface that reflects part of the incident light and transmits part of it.

2.4.1 Interference in a Plane-Parallel Plate

Consider a transparent plane-parallel plate illuminated, as shown in Fig. 2.2, by a
point source of monochromatic light. Any point P on the same side of the plate as
the source receives two beams of nearly equal amplitude from it, one reflected from
the upper surface of the plate and the other from its lower surface. We can see from
considerations of symmetry that the interference fringes observed in a plane parallel
to the plate are circles with their centers at O, the point where this plane intersects
SO, the normal to the plate.

A case of particular interest is when the plane of observation is at infinity. This
is the situation when the fringes are observed in the back focal plane of a lens, as
shown in Fig. 2.3. In this case the two interfering rays AL and C L’ are parallel and
are derived from the same incident ray. Let the thickness of the plate be d and its
refractive index n;, while that of the medium on both sides of it is n.

Plane-parallel
plate

Figure 2.2. Formation of interference fringes by reflection in a plane-parallel plate.
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d | n,

N

Figure2.3. Formation of fringes of equal inclination by reflection in a plane-parallel
plate.

If, then, 01 and 6, are, respectively, the angles of incidence and refraction at the
upper surface, we have

AB = BC = d/cos 0, 2.27)
AC = 2dtan0;, (2.28)

and
AD = AC sin6; = 2d tan 6, sin 6. (2.29)

Accordingly, the optical path difference between the two rays should be

Ap =n2(AB+ BC) —n1AD
= 2nod cos 6. (2.30)

However, we also have to take into account a phase shift of r introduced by reflection
at one of the surfaces (see Appendix C.2); the effective optical path difference between



16 Chapter 2. Two-Beam Interference

the interfering wavefronts is, therefore,
Ap =2nad cosbr £ 1/2. (2.31)
A bright fringe corresponds to the condition
2nrd cosby £ 1/2 = mA, (2.32)
where m is an integer, while a dark fringe corresponds to the condition
2nycos by £ 1/2 = (2m + 1)1 /2. (2.33)

Equation (2.31) shows that for a given value of d the phase difference between
the wavefronts depends only on the angle 6,. This makes it possible to use an extended
monochromatic source instead of a point source. The interference fringes produced
in the back focal plane of the lens by any other point " on an extended source are
identical with those produced by S, so that their visibility is unaffected. The fringes
are circles centered on the normal to the plate (Haidinger’s rings) and are called
fringes of equal inclination.

For near-normal incidence, 6; is small and Eq. (2.33) can be written as

2n2d(1 — 63/2) = mh. (2.34)

Accordingly, if there is an intensity minimum (or maximum) at the center, the radii of
the dark (or bright) rings are proportional to the square roots of consecutive integers.

Similar phenomena can also be observed in transmission. In this case the directly
transmitted beam interferes with the beam formed by two internal reflections. Since
the net phase shift introduced by the reflections at the two surfaces of the plate is
either zero or 27, the optical path difference between the beams is

Ap = 2nyd cos 6. (2.35)

The fringes are, therefore, complementary to those seen by reflection. However, since
the relative amplitudes of the two beams are usually very different (1.00 and 0.05 for
a glass plate in air), the visibility of the fringes is low.

2.4.2 Fizeau Fringes

We assume that the plate has only small variations of thickness and that it is illuminated
at near-normal incidence with a collimated beam of monochromatic light as shown in
Fig. 2.4. A lens forms an image of the plate at P. Consider two parallel incident rays
which follow the paths S{ABCL{ P and S>CL;,P. Since the optical paths CL| P
and CL, P are equal, it is sufficient to consider the difference in the optical paths
between C and the source. In addition, since A and C are very close together, we can
neglect the variation in thickness between these points and assume that the plate has
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Figure 2.4. Formation of interference fringes of equal thickness (Fizeau fringes) by
reflection.

a well defined thickness d over this region. The optical path difference is then, from
Eq. (2.31),

Ap =2nydcosbr £1/2, (2.36)
which, when 6, is small, reduces to
Ap =2nyd £ /2. (2.37)

The fringes then correspond to contours of equal thickness and are known as Fizeau
fringes.

In this case also, a complementary fringe pattern of low contrast is seen by
transmission.

2.4.3 Interference in a Thin Film

Fringes of equal thickness can be produced in a thin film even without the use of
collimated light. With an extended source, it follows from Eq. (2.36) that the optical
path difference varies with the angle 6, as well as with the thickness d. However,
for a thin film (for which d is very small), if the interference fringes are viewed
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with an optical system (or with the eye) focused on the film, the pupil limits the
range of values of 6, for any point on the film, so that, for near-normal incidence
(cos6r =~ 1), the variation of the optical path difference over this range of angles
is negligible. Under these conditions, the fringes are, effectively, fringes of equal
thickness.

2.5 Localization of Fringes

So far, we have studied the phenomenon of interference under conditions which
permit a relatively simple analysis. The principal restriction imposed was the use of
a point source or a collimated beam of monochromatic light. We shall now examine
the consequences of relaxing this restriction on the size of the source.

2.5.1 Nonlocalized Fringes

Consider the optical system shown in Fig. 2.5, which produces two images S; and S
of the point source S. Interference fringes are produced where the beams from these
two secondary sources overlap. At a point P, the optical path difference between the
beams is

Ap = n\(S2P — Si P), (2.38)

where n7 is the refractive index of the surrounding medium. The value of Ap depends
on the position of P; interference fringes corresponding to the loci of points for which
Ap is constant are therefore formed over the plane containing P. Since this plane
can take any position within the region of superposition of the beams, the fringes
are said to be nonlocalized. Such nonlocalized fringes are always obtained with a
point source. If, in addition, it is a monochromatic source, the visibility of the fringes
depends only on the relative intensities of the two images S; and S>.

Figure 2.5. Formation of nonlocalized fringes with a point source.
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Figure 2.6. Localization of fringes with an extended source.

2.5.2 Localized Fringes

Let us now consider what happens when, as shown in Fig. 2.6, the point source S
is replaced by an extended source. Such a source can be considered as an array of
independent point sources, each of which produces a separate interference pattern. If
the path differences at P are not the same for all these point sources, these elementary
fringe patterns do not coincide, and there is a reduction in the visibility of the fringes.
Since the reduction in visibility depends on the position of P, there is, in general,
a position of the plane of observation for which the visibility of the fringes is a
maximum,; the fringes are then said to be localized in this plane.

Localization of the fringes is a normal consequence of the use of an extended
source. We can study the phenomenon in more detail by examining how the optical
path difference at P varies with the position of a generalized point S’ in the source.
For this, it is convenient to interchange the source plane and the plane of observation,
and consider the situation if we were to have a point source at P. This point source
would then give rise to two spherical wavefronts Wi and W», passing through S,
which are normal to SI; and S1,, respectively. The optical path difference for these
wavefronts at S is obviously given by Eq. (2.38). If now, the normals from S’ to
W1 and W, are S'N; and S’'N,, respectively, these normals represent the additional
paths traversed by these wavefronts before they reach §’. Accordingly, the optical
path difference for the two wavefronts from S’ at P is

Ap' = Ap + A'p, (2.39)

where A'p = ni(S'Ny — S'Ny).
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To calculate A’p, it is convenient to choose the bisector of the angle 1; ST, and
the normal to it as the coordinate axes SX and SY. The coordinates of C; and C»,
the centers of the wavefronts Wi and W, are then [R; cos(6/2), Ry sin(6/2)] and
[Ry cos(0/2), —Ry sin(8/2)], respectively, where Ry = C1S and Ry = C3 S are the
radii of curvature of Wi and W,. Accordingly, since S’ has the coordinates (0, y), if
wesetl;y = S'Ny,lp = S'Na,

CiS =R +1
= {R7 cos( + [y — Ry sin )] , .
(R} cos®(6/2) in(0/2)1%}'/2 (2.40)
and
CQS/ =R+
= {R3 cos*(0/2) + [y + Rasin(8/2)1*}1/%. (2.41)

If the dimensions of the source are small compared to Rj and R», terms involving
powers of (y/R1) and (y/R>) higher than the second can be neglected, so that we
have

I} = —ysin(8/2) + (y2/2R}) cos>(6/2) (2.42)
and
I, = ysin(9/2) + (y*/2Ry) cos*(6/2), (2.43)

so that
A'p=nily—1)
= n1{2ysin(@/2) + (y*/2)[(1/R2) — (1/R1)]cos*(8/2)}, (2.44)
or, since 6 is usually small,

A'p ~ nifyd + (y*/2I(1/R2) — (1/RD1}. (2.45)

In particular, if the source is small enough for the term involving y? in Eq. (2.45)
to be neglected,

A p =n1y6. (2.46)
The fringes then have maximum visibility at P when A’p = 0, that is to say, when

6 = 0. This occurs when SI; and S1; coincide or, in other words, the two rays / {P
and I} P, which intersect at P, originate in the same ray coming from S. It follows
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that the interference fringes are localized on a surface which is the locus of the points
of intersection of pairs of rays, each of which is derived from a single ray leaving the
source.

In the vicinity of this surface of localization, y6 is negligible, and Eq. (2.45)
reduces to

A'p =ni[(1/R2) — (1/RD1Y*/2. (2.47)

Itis apparent from Eq. (2.47) that the visibility of the fringes in the plane of localization
decreases as the size of the source increases. For good visibility A’p must be less
than a small fraction of the wavelength (say, A/4). The maximum dimensions of the
source are then given by the condition that

ml(1/R2) — (1/R)IY*/2 < A/4, (2.48)
or
y < (AR1R2/2n1|R1 — Ra|)'/2. (2.49)

We shall apply these results to some specific cases in the next two sections.

2.5.3 Fringes in a Plane-Parallel Plate

In the case of a plane-parallel plate (see Section 2.4.1), when the fringes are observed
in the back focal plane of a lens, & = 0, and R; and R» are infinite for all positions
of §’. Accordingly, the fringes are localized at infinity, and their visibility does not
decrease with an extended source.

2.5.4 Fringes in a Wedged Thin Film

Consider a thin layer of a material with a refractive index n; contained between two
surfaces of a material with a refractive index n1 which, as shown in Fig. 2.7, make a
small angle € with each other. A ray from a point source S gives rise to two reflected
rays, one reflected from the upper surface and the other from the lower surface, which
meet at P. It follows that, with an extended source centered on S, the fringes of equal
thickness formed with such a wedge, which are straight lines running at right angles
to its principal section, are localized at P. When, as in Fig. 2.7a, the points B and
O are on the same side of the normal at A, the point P lies on the same side of the
wedge as S. However, when, as in Fig. 2.7b, the points B and O are on opposite sides
of the normal at A, the point P lies on the other side of the wedge.
A detailed analysis [Born and Wolf, 1999] shows that in both cases

AP ~ (an?sin 0 cos® 0)/(n3 — n? sin®0), (2.50)
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Figure2.7. Localization of fringes in a wedged thin film.

where 6 is the angle of incidence, and a is the distance of the point of incidence
on the upper surface from the apex of the wedge. For an air film between thin glass
plates, the effects of refraction at the upper surface may be neglected, and we can set
np = no = 1. We then have

AP ~ asinf, (2.51)

and the angle O P A is very nearly a right angle.
The coordinates of P can be obtained from Fig. 2.8; they are

x =ucos’>6 — vsinb cos (2.52)
and
y =ucosfsinf — vsin’6, (2.53)

where (u, v) are the coordinates of S. It follows, therefore, that the locus of P as
A, the point of incidence, moves across the surface, is a circle with its center at
(u/2, —v/2) or, in other words, a circle with OS’ as a diameter, where S’ is the
reflected image of § in the upper surface of the wedge. In the limiting case when §
is at infinity, corresponding to illumination with a collimated beam, the locus of P is
a plane passing through the vertex of the wedge. For normal incidence, this plane of
localization coincides with the front surface of the wedge.

To determine the maximum size of the source that does not lead to an appreciable
drop in the visibility of the fringes, we imagine a point source placed at P and evaluate
R and Ry, the radii of curvature of the wavefronts Wi and W, reaching S after
reflection at the upper and lower surfaces of the wedge. This calculation shows [see
Born and Wolf, 1999] that, in general, W, has different radii in the principal section
and at right angles to it. However, for near-normal incidence, this difference can be
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Figure 2.8. Locus of the plane of localization with changing angle of incidence.

neglected and we have |Ry — Ry| = 2dn1/n;, where d is the thickness of the film
at the point of incidence. In addition, if the source is at a relatively great distance
from the film, compared to its thickness, Eq. (2.49) can be rewritten in terms of «,
the angular radius of the source, as seen from P, as

a = (1/R))(AR1R2/2n1|Ry — Ry|)'/?

~ (Mo /4n1d)'?, (2.54)

since Ry/ Ry ~ 1.

2.6 Two-Beam Interferometers

For many applications, it is desirable to have an optical arrangement in which the
two interfering beams travel along separate paths before they are recombined. This
requirement has led to the development of a number of interferometers for specific
purposes. However, apart from the Rayleigh interferometer and its variations, which
make use of wavefront division, most of them are based on division of amplitude.
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Three methods have been described for division of amplitude. The first uses a par-
tially reflecting film of a metal or dielectric, commonly called a beamsplitter. Another
uses a birefringent element to produce two orthogonally polarized beams. However,
for these two beams to interfere, they must be derived from a single polarized beam
and then brought into the same state of polarization. A third method uses a grating, or
a scatter plate (a surface whose amplitude transmittance varies in a random manner),
to produce one or more diffracted beams, as well as a reflected or transmitted beam.

Two-beam interferometers can also have different configurations, typified by the
Michelson, Mach—Zehnder, and Sagnac interferometers.

2.7 The Michelson Interferometer

In this instrument, as shown in Fig. 2.9, light from a source S is divided at a semire-
flecting coating on one surface of a plane-parallel glass plate B into two beams with
nearly equal amplitudes. These beams are reflected back at two plane mirrors M, M>
and return to B, where they are recombined before they emerge at O.

The optical path difference p between the two arms of the interferometer is given
by the difference of two summations, taken respectively over the two arms, of the

Figure 2.9. The Michelson interferometer.
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products of the thickness of each medium traversed and its refractive index, so that

p=>_nd—> nd. (2.55)

2 1

The optical path difference defined by Eq. (2.55) is normally dependent on the wave-
length, since all glasses have a finite dispersion dn/dA which is also a function of
wavelength. If the optical path difference p is to be strictly independent of wave-
length, it is necessary for both arms to contain the same thickness of glass having
the same dispersion. Since, in the Michelson interferometer, one beam traverses the
beamsplitter B only once, while the other traverses it three times, a compensating
plate C of the same material and having the same thickness as B is introduced in the
first beam.

Reflection at the beamsplitter B produces an image of the mirror M at M. The
interference pattern observed is therefore the same as that produced in a layer of air
bounded by the mirror M| and M}, the virtual image of M>.

2.7.1 Nonlocalized Fringes

A monochromatic point source S located at a finite distance gives rise to two vir-
tual point sources, S and S,, which are the images of S reflected in M and M>.
Nonlocalized fringes are then observed on a screen placed at O. If, as shown in
Fig. 2.10a, the line S $7 is parallel to A O, the fringes are circular; if, as in Fig. 2.10b,
S157 is at right angles to A O, they are parallel straight lines.

(a) \ e)

Figure 2.10. Formation of nonlocalized fringes in a Michelson interferometer.
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2.7.2 Fringes of Equal Inclination

With an extended monochromatic source, circular fringes of equal inclination are
formed when M| and M), are parallel. These fringes are localized at infinity and can
be observed at O, either with a telescope or directly with the eye relaxed. If M is
moved closer to Mé, the fringes contract toward the center of the pattern where, one
after the other, they vanish; at the same time, the scale of the pattern increases until,
when M/ and M, coincide, a uniform field is obtained.

2.7.3 Fringes of Equal Thickness

If My and M} make a small angle with each other, and their separation is very
small, fringes of equal thickness can be seen with an extended source. These fringes
are equidistant straight lines parallel to the apex of the wedge and are localized at
MM,

2.8 The Mach-Zehnder Interferometer

As shown in Fig. 2.11, the Mach—Zehnder interferometer uses two beamsplitters
B1, By, and two mirrors M1, M. Light from a source S is divided at the semireflecting
surface of B; into two beams, which, after reflection at the mirrors M, M;, are
recombined at the semireflecting surface of B,. Usually, By, B> and M|, M, are
adjusted so that they are approximately parallel, and the paths traversed by the beams
form a rectangle or a parallelogram.

We assume that the interferometer is illuminated with a collimated beam giving
rise to two plane wavefronts, say Wi and W5, in the two arms. Let Wz’ be the image
of the plane W, in the beamsplitter B. The phase difference between Wi and W} at
a point P on Wy is then

Ap = 2 /M)nd, (2.56)

where d is the separation of W1 and Wz’ at P, and n is the refractive index of the medium
between them. If W; and Wz’ make a small angle with each other, a nonlocalized
interference pattern is seen, consisting of equally spaced straight fringes parallel to
the line of intersection of W; and W2/.

A similar fringe pattern is also obtained with an extended monochromatic source,
provided the separation of W; and W} is small. However, these fringes are localized,
as shown in Fig. 2.12, at the meeting point O of two rays emerging from the interfer-
ometer which are derived from a single ray incident on Bj. The position of this region
of localization depends on the separation of the two rays when they leave B», as well
as on the angle between them, and can be varied by changing these parameters.

The Mach—Zehnder interferometer is a more versatile instrument than the
Michelson interferometer because each of the widely separated beam paths is



2.8. The Mach—Zehnder Interferometer 27

Wi W,
I
Il Bz
i _
T > /.
I
M, P
A A
—_t—w,

S‘/Bl i /My S

Figure 2.12. Localization of fringes in the Mach—Zehnder interferometer.

traversed only once, and the fringes can be localized in any desired plane. The Mach—
Zehnder interferometer has therefore been used extensively in studies of gas flow,
combustion, plasma density, and diffusion, where changes in refractive index occur
that can be related to changes in pressure, temperature, or the relative concentrations
of different components of a mixture [see, for example, Weinberg, 1963]. However, a
problem with the Mach—Zehnder interferometer is that adjusting it, to obtain fringes
of good visibility with an extended broad-band source, normally involves a number
of steps [Clark, Hause, and Bennett, 1953; Panarella, 1973], since a displacement of
a mirror results in a shift of the plane of localization, as well as a change in the optical
path difference; the procedure can be simplified by a modified optical arrangement
[Hariharan, 1969a] which decouples the two adjustments.
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2.9 The Sagnac Interferometer

This type of interferometer was actually first described by Michelson [see Hariharan,
1975¢] but is more commonly associated with Sagnac, who carried out an extensive
series of experiments with it. In this interferometer, the two beams travel around the
same closed circuit in opposite directions. As a result, the interferometer is extremely
stable. In addition, since the optical paths of the two beams are always very nearly
equal, it is very easy to align, even with an extended broad-band source. Two forms
of this interferometer are possible, as shown in Figs. 2.13a and b, one with an even
number of reflections in each path and the other with an odd number of reflections.

A major difference between the two forms is that in the one shown in Fig. 2.13b,
the wavefronts are laterally inverted with respect to each other within the interfero-
meter. As a result, the paths traversed by the two beams within the interferometer can
be physically separated by a lateral displacement of the incident beam. On the other
hand, in the form shown in Fig. 2.13a the two beams are always superimposed in the
same sense.

The formation of interference fringes in an interferometer of the type shown in
Fig. 2.13a has been analyzed in detail by Yoshihara [1968]. When B, M|, M, are
perpendicular to the plane of the figure, any two rays formed by the division of a
single ray at the beamsplitter will always emerge parallel to one another, though
they may exhibit a lateral separation. This separation can be varied by translating
any one of the elements B, M1, M;, or by rotating any one of them about an axis
perpendicular to the plane of the figure. The optical path difference between two such
rays at a plane normal to them is zero for a particular angle of incidence, but increases
with the deviation from this angle and the lateral separation of the rays. Consequently,
when the interferometer is illuminated with an extended source, an observer sees a
system of straight, vertical fringes, localized at infinity, with a spacing that is inversely
proportional to the lateral separation between the emerging rays.

(a)

Figure 2.13. Two forms of the Sagnac interferometer.
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If, however, the beamsplitter is tilted about an axis in the plane of the figure,
horizontal fringes are obtained. In this case, the two emerging beams make an angle
with each other, and the fringes are localized at a finite distance.

An interferometer of the form shown in Fig. 2.13b, with an odd number of
reflections in each beam, is insensitive to displacements of the mirrors or the beam-
splitter. However, a rotation of any of them results in the introduction of a tilt between
the two rays emerging from the interferometer derived from a single ray incident on
the beamsplitter. Since the lateral separation of such a pair of rays falls to zero at the
mirror M, the fringes seen with an extended source are localized at the surface of
this mirror.

210 Interference with White Light

With a point source of white light, a fringe system is produced for each wavelength,
and the intensities of these fringe systems add at any point in the plane of observation.
Since the optical path difference at the center of the plane of observation in an inter-
ferometer, such as that shown in Fig. 2.1, is zero for all wavelengths, all the fringe
systems formed with different wavelengths have a maximum at this point, resulting
in a white central fringe. However, because the spacing of the fringes varies with the
wavelength, they rapidly get out of step as the point of observation moves away from
the center of the pattern, resulting in a sequence of interference colors. These colors
become less and less saturated as the path difference increases.

For interference in a thin film of air enclosed between two glass surfaces, we
have to take into account the additional phase shift of = produced by reflection at one
surface. As a result, the film appears black when its thickness is very small compared
to the wavelength. As the thickness of the film increases, a sequence of interfer-
ence colors is observed, complementary to those observed with the system shown
in Fig. 2.1. Detailed calculations of the color changes in both cases have been made
by Kubota [1950, 1961]. These calculations can also be applied to interferometers
using amplitude division; however, in this case, we have to take into account the
fact that the phase shifts for the two beams on reflection at the beamsplitter may not
be the same, since, in general, these reflections do not take place under the same
conditions.

211 Channeled Spectra

With a white light source, the visibility of the fringes decreases rapidly as the optical
path difference is increased. Beyond a certain point, no interference colors are seen.
However, this does not mean that interference is not taking place. To illustrate this
point, consider an air film of thickness d illuminated at near-normal incidence by a
point source of white light. The order of interference in this film for reflected light,
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for any wavelength A, is
N =Q2d/»)+(1/2). (2.57)
Those wavelengths which satisfy the condition
2d/)) =m, (2.58)

where m is an integer, correspond to interference minima and are, therefore, missing
in the light reflected from the film.

If, then, as shown in Fig. 2.14, an image of a small region of the film is projected
on the slit of a spectroscope, the spectrum will be crossed by dark bands corresponding
to the wavelengths defined by Eq. (2.58). For the wavelengths A1 and A, corresponding
to any two dark bands, we have

2d/x) = m (2.59)
and
(2d/r2) = my, (2.60)

so that

_ Airo(my —my)

d = 2.61
200 — 1) (261)

White-light
source

L

Thin film Spectroscope

Figure2.14. Experimental arrangement for viewing the channeled spectrum formed
by interference in a thin film.
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212 Achromatic Fringes

So far, we have assumed that the optical path difference is independent of wavelength
and that, consequently, the order of interference at any point is inversely proportional
to the wavelength. However, it is possible to have a situation in which the optical
path difference varies with wavelength in such a manner that the order of interference
is very nearly independent of the wavelength. Under these conditions, achromatic
fringes are obtained.

Achromatic fringes can be produced if, as shown in Fig. 2.15, the secondary
sources producing the interference pattern are the spectra formed by diffraction at a
grating. In this case, the separation of the two images of the source S formed at S’
and S” by light of wavelength A is

d ~ LA, (2.62)

where A is the spacing of the lines in the grating. The spacing of the interference
fringes formed in the plane of observation at a distance D from S’ and S” is then

Ax = DA/2f, (2.63)

which is independent of the wavelength.

Very bright achromatic fringes can also be produced by introducing a thick tilted
plate in a triangular-path (Sagnac) interferometer [Hariharan and Singh, 1959b].

Another method of producing achromatic fringes, or “stationary phase” fringes,
is to introduce a dispersing medium in one of the paths in an interferometer. As shown
in Fig. 2.16, consider a Michelson interferometer in which an additional glass plate
having a thickness d and a refractive index n has been introduced in one arm. The
net optical path difference between the beams at the center of the field is then

p=pi1— (p2+nd), (2.64)
White-light Grating
source g spectra

) Plane of
Grating observation

Figure 2.15. Experimental arrangement for producing achromatic interference
fringes.
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Figure 2.16. Production of achromatic interference fringes in a Michelson inter-
ferometer.

where p; and p; are the paths in air in the two arms, and the interference order is

N =(p/»)
= 1/Mlp1 — (p2 + nd)]. (2.65)

Achromatic fringes are obtained when (dN/dA) = 0, that is to say, when
p1 — {p2 +dln — A(dn/dA)]} = 0. (2.66)

A comparison of Eqs. (2.64) and (2.66) shows that achromatic fringes can be
obtained only with a finite optical path difference between the beams. With an
extended source we have circular fringes of equal inclination localized at infinity. The
setting for achromatic fringes is best identified by viewing the channeled spectrum
formed with a white light source. When the phase is stationary at some wavelength,
the fringes at that point of the spectrum run parallel to the dispersion, or, if M| and
M> are parallel, are spread out so that the interference order passes through a flat
maximum [Hariharan and Singh, 1959a].

As will be shown later (see Section 3.3) the term [n — A(dn/dA)] is the group
refractive index for the glass plate. Accordingly, Eq. (2.66) is the condition that the
difference of the group optical paths in the two arms is zero; this is also the condition
that the interferometer is compensated for a range of wavelengths with a finite optical
path difference between the beams [Steel, 1962].
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2.13 Standing Waves

When a collimated beam of monochromatic light is incident normally on a plane
mirror, interference between the incident wave and the reflected wave results in a
system of standing waves. The existence of these standing waves was demonstrated
in 1890 by Wiener, who also showed that the electric vector was zero, corresponding
to a node, at the reflecting surface.

For oblique incidence, the amplitude of the standing wave is a maximum when
the incident light is polarized with its electric vector perpendicular to the plane of
incidence, and does not then depend on the angle of incidence. If, however, the
incident light is polarized in the plane of incidence, the standing wave disappears
when the angle of incidence is 45°, since the electric vectors of the incident wave and
the reflected wave are then at right angles and cannot interfere.

2.14 Interferential Color Photography

Interferential color photography, demonstrated by Lippmann in 1891, is based on
recording these standing waves [see Fournier, 1991, 1994].

If a high-resolution photographic plate is placed with the emulsion side in contact
with a mirror and illuminated normally with monochromatic light of wavelength
A, a series of layers of reduced silver are formed in the photographic emulsion,
running parallel to its surface. These layers correspond to the antinodal planes and
are separated by a distance

A = A/2n, (2.67)

where n is the refractive index of the emulsion. Since the thickness of the photographic
emulsion is much greater than the separation of the layers, a large number of layers
are formed in the emulsion. When the processed photographic plate is illuminated
with white light, the reflected components from all these layers, having a wavelength
A, emerge in phase, so that their amplitudes add. As a result, the plate selectively
reflects a narrow band of wavelengths centered on the wavelength to which it was
exposed.

If, however, the exposure is made with polychromatic light, the interference
pattern that is recorded represents the superposition of the individual patterns that
would be generated by the monochromatic components of the incident light. The
envelope of the interference fringes recorded in the emulsion is then the temporal
Fourier transform of the spectrum of the incident light (see Appendix A.1). The
contrast of the fringe system is a maximum near the surface and falls off rapidly with
increasing depth in the emulsion. When the plate is illuminated with white light, the
reflected light has the same spectral distribution as the light to which the plate was
originally exposed.
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It follows that if an image of a multicolored object is formed on the photographic
plate, each point on it reproduces the spectral distribution to which it was exposed.
Lippmann photography can, therefore, accurately reproduce a continuous spectrum,
unlike conventional color photography, where the colors formed are obtained by
mixing three primaries.

Because it is virtually impossible to copy Lippmann photographs, they offer
advantages as a unique security device [Bjelkhagen, 1999].



Chapter 3

Coherence

A detailed study of the effects due to the finite size and spectral bandwidth of a source
requires the more powerful tools provided by coherence theory, which is essentially a
statistical description of the properties of the radiation field in terms of the correlation
between the vibrations at different points in the field. Comprehensive treatments of
coherence theory are to be found in reviews by Mandel and Wolf [1965] and by Troup
and Turner [1974], as well as in books by Beran and Parrent [1964], Pefina [1971],
Mandel and Wolf [1995] and Born and Wolf [1999].

3.1 Quasi-Monochromatic Light

As mentioned in Chapter 2, light from a thermal source is not strictly monochromatic.
Accordingly, to evaluate the electric field due to a thermal source emitting over a
range of frequencies, we have to sum the fields due to the individual monochromatic
components. From Egs. (2.1) and (2.9) the net electric field is given by the integral

v = /OO a(v) cos[2vt — ¢(v)]dv, (3.1
0

where a(v) and ¢(v) are the amplitude and phase, respectively, of a monochro-
matic component of frequency v. Since V") (t) is a real function, our first step is to
develop a complex representation which is a generalization of that used earlier for
monochromatic light. For this we make use of the associated function (also real)

V<">(z)=/ a() sin[2w vt — ¢ (v)]dv. (3.2)
0

35
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We can then define a complex function
V(i) =vO ) +ivPae)

x
= / a(v)exp{i[2rvt — ¢ (v)]}dv. 3.3)
0
This complex function is called the analytic signal associated with the real function

v )(t); its properties have been discussed in detail by Born and Wolf [1999]. In
particular, it can be shown that if v(v) is the Fourier transform of V) (¢), so that

V(1) = foo v(v) exp(—i2mvr)dy, (3.4)

we have
o0
V() = 2/ v(v) exp(—i2mvt)dv. 3.5)
0
It can also be shown that

(VOV*(0) =2V ()], (3.6)

so that, if we ignore a factor of (1/2), as we have done in Eq. (2.15), the optical
intensity due to a quasi-monochromatic source is

I = (V(OV*@). (3.7)

It follows that if the operations on V) (r) are linear, it is possible to replace it by
V(¢) and take the real part at the end of the calculation.

3.2 Waves and Wave Groups

Monochromatic light corresponds to an infinitely long train of waves, all of which
have the same wavelength or frequency. The superposition of infinite trains of waves
of slightly different frequencies (as from a quasi-monochromatic source) results in
the formation of wave groups.

For convenience, we take £ = acos(wt — kz), where w = 2mv and
k = 2m/A, to represents a monochromatic wave propagating along the z axis. A
quasi-monochromatic beam consisting of a number of such waves whose angular
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frequencies lie within a very small interval +Aw about a mean angular frequency @
can then be represented by the relation

o+Aw
Viz,t) = / a(w) exp[—i(wt — kz)]dw. (3.8)

w—Aw

If k is the propagation constant for an angular frequency @, Eq. (3.8) can be
rewritten as

V(z, 1) = A(z, 1) exp[—i(@t — kz)], (3.9)

where

o—Aw

w+Aw _
Az, ) = / (@) expl—il( — @) — (k — B)2)])dw

o+Aw
~ / a(w) exp{—i[(w — ®)[t — (dk/dw)z]}dw, (3.10)

o—Aw

provided (dk/dw) does not vary appreciably over the range @ + Aw.

Equation (3.9) represents a wave with an angular frequency @ whose amplitude
varies periodically at a much lower frequency. The modulation envelope effectively
divides the carrier wave into groups whose length is inversely proportional to the
modulation frequency and, hence, inversely proportional to the spectral bandwidth
of the light.

3.3 Phase Velocity and Group Velocity

Equation (3.9) shows that the planes of constant phase in an amplitude modulated
wave are propagated with a velocity

v = a/k, 3.11)

known as the phase velocity. The phase velocity is also the velocity of propagation
of the carrier wave. On the other hand, Eq. (3.10) shows that a plane of constant
amplitude is propagated with a velocity

ve = dw/dk, (3.12)

which is known as the group velocity.
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To evaluate the group velocity, we make use of the fact that for a monochromatic
wave w = kv. Equation (3.12) then gives

v + k(dv/dk)
= v — A(dv/dA). (3.13)

Vg

In a nondispersive medium, dv/dx = 0, and the group velocity is the same as
the phase velocity. However, in a dispersive medium, in which the phase velocity
depends on the frequency, the group velocity differs from the phase velocity.

We also have, corresponding to the group velocity, a group refractive index

ng = c/vg, (3.14)
which can be evaluated by expanding Eq. (3.14) as a Taylor series; we then have

ng =n — A(dn/dr)
=n+v(dn/dv). (3.15)

Since, in most dispersive media, the phase velocity increases with the wavelength,
v, < v and ng > n. Values of n and n, for some typical media are presented in
Table 3.1.

Experimental measurements of the velocity of light from the time of flight give
the group velocity and not the phase velocity, since a peak on the envelope, which
identifies a particular wave train, travels with the group velocity. This distinction
disappears only when the medium has zero dispersion, since then the group and phase
velocities are the same. On the other hand, in the case of interference phenomena, the
order of interference is derived from the phase index, even with quasi-monochromatic
radiation; however, as will be shown later (see Section 3.11), the setting for maximum
visibility of the fringes, with dispersive media in the paths, involves their group
indices.

Table 3.1. Phase and group indices of refraction for some
materials (A = 589 nm)

Material n Ng

Air 1.000 276 1.000 284
Water 1.333 1.351
Crown glass 1.517 1.542

Carbon disulfide 1.628 1.727
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3.4 The Mutual Coherence Function

The quantum theory shows that even for waves originating from a single point on
a thermal source, the amplitude and phase exhibit rapid, irregular fluctuations. For
waves originating from different points on a source of finite size, these fluctuations
are completely uncorrelated. As a result, the wave fields at any two points illuminated
by such a source, or at the same point at different instants of time, will, in general,
exhibit only partial correlation.

To evaluate this correlation, consider the optical system shown in Fig. 3.1, which
is similar to that used in Young’s interference experiment. In this system, a quasi-
monochromatic source of finite size illuminates a screen containing two pinholes P;
and P», and the light leaving these pinholes forms an interference pattern at a second
screen.

Let the analytic signals corresponding to the wave fields produced by the source
at P; and P, be Vi (t) and V, (), respectively. P; and P, can then be considered as
two secondary sources, so that the analytic signal at a point P in the interference

.
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\J/
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Figure3.1. Measurement of the coherence of the radiation field produced by a quasi-
monochromatic source of finite size.
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pattern is
Vp(t) = KiVi(t — 1) + KaVa(t — 1), (3.16)

where 1 = r1/c and o, = ry/c are the times taken for the waves from P; and P,
to travel to P, and K| and K, are parameters whose magnitude is determined by
geometrical factors such as the size of the pinholes and the distance from the screen
to P.

Now, since the interference field is stationary (or, in other words, independent of
the time origin selected), Eq. (3.16) can be rewritten as

Vp() = K1 Vit + t) + K2 Va(2), (3.17)
where T = f, — t1. The average intensity at P is then

Ip = (Vp(O V(1))
= |KiP(Vi(t + DVt + 1) + | K (Va() V5 (1))
+ K1 K5 (Vi(t + D) V5 () + K{ Ko (V] (1 + 1) Va (1))
= K11 + |K2|* 12 + 2| K1 K2| Re {T'12(7)}, (3.18)

where I] and I, are the intensities at P; and P, respectively, and
Ci2(0) = (it + ) V5 (1)) (3.19)
is known as the mutual coherence function of the wave fields at P; and P».

The mutual coherence function has the same dimensions as intensity. If we
normalize I"12(7), we obtain the dimensionless quantity

y2(t) = Tia(0) /(I )/, (3.20)

which is called the complex degree of coherence of the wave fields at P; and P,.

Now, | K |2I 1 and |K2|212 are the intensities at P due to the sources P; and P,
acting separately. If we denote these intensities by /p (1) and Ip (), respectively, and
make use of Eq. (3.20), Eq. (3.18) can be rewritten as

Ip = Ipqy + Ip) + 2lIpy Ip2)]"? Re {y12(7)). (3.21)

This is the general law of interference for partially coherent light.
Equation (3.21) shows that to determine the intensity at P, we must know the
intensities due to P and P, acting separately, and, in addition, the real part of the
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complex degree of coherence. For this, we express the complex degree of coherence
as the product of a modulus and a phase factor, so that

y12(t) = mua(7) exp{ifa2(z) — 2wvtl}, (3.22)

where m2(7) = |y12(7)], @12(7) is the phase difference between the waves incident
at Py and P,, and v is the mean frequency.

The quantity m12(7) is known as the degree of coherence. It can be shown from
Eq. (3.18) and the Schwarz inequality that it satisfies the condition

0<mpp(r) <1. (3.23)

The wave fields at P; and P» are said to be coherent if m, = 1, and incoherent
if my2 = 0. In all other cases, they are partially coherent. It should be noted that the
first limiting case, m1, = 1, is attainable only for strictly monochromatic radiation
and, hence, does not exist in reality; it can also be shown that a nonzero radiation
field for which m12 = 0, for all values of t and any pair of points in space, cannot
exist.

If we make use of Eq. (3.22), Eq. (3.21) becomes

Ip = Ipqy + Ip@) + 2[(Ipy Ip2)]"*m12(7) coslara(t) — 27 vt]. (3.24)

With quasi-monochromatic light, both m2(7) and «12(7) are slowly varying func-
tions of T when compared with cos 2w vt and sin 2w vt. As a result, when P moves
across the plane of observation, the spatial variations in /p are essentially due to
the changes in 27 vt due to the changes in the value of (r, — r1). In addition, if the
openings at P| and P, are sufficiently small, we can assume that /p(1) and Ip(2) are
constant over an appreciable region surrounding P. The intensity distribution over
this region then consists of a uniform background on which fringes are superposed,
corresponding to the variations of the term cos[w12(7) — 2w vT].

From Egs. (2.21) and (3.24), the visibility of these fringes is

2(IpayIp)'/?
V_ UpmyIp) "

12(1), (3.25)
Ipay + Ip()

which, when the two beams have the same intensity, reduces to

VYV =mi2(7). (3.26)
In this case, the visibility of the fringes gives the degree of coherence. Equation (3.24)
also shows that the fringes are displaced, relative to those that would be formed if the

waves from P; and P, had the same phase, by an amount proportional to the term
a12(7).
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Another useful function which we may define at this stage is the cross-power
spectrum g12(v), which is the Fourier transform of I'12(7) and is therefore given by
the relation

g12(v) = /OO [12(7) exp(i2mrvr)dr. (3.27)

Since I'12(7) is also an analytic signal, it has no negative-frequency components, and
we can write the inverse transform as

I2(7) =/ g12(v) exp(—i2mvt)dv. (3.28)
0

For quasi-monochromatic light, the cross-power spectrum gi2(v) has a value
differing significantly from zero only over a very small frequency range on either
side of the mean frequency v. Accordingly, Eq. (3.28) can be rewritten as

o
[i2(7) = exp(—i2nvr) | J120v") exp(—i2mv'T)dv’

—V

= exp(—i2nvt)Ji2(7), (3.29)

where v/ = v — b, jio(v') = g12(v), and J12(7), the Fourier transform of ji(v'), is
known as the mutual intensity.

Since, for quasi-monochromatic light, jj» (v') differs significantly from zero only
over anarrow range of values of v’ around v' = 0, J12(t) contains only low-frequency
components and is, therefore, a slowly varying function of 7. Accordingly, if the time
delay t between the interfering beams is small enough that |(v — V)7| <« 1 over the
range of frequencies for which g12(v) is not equal to zero, |I"'12(7)], |y12(7)|, and
a12(t) are very nearly equal to |T"'12(0)], |y12(0)], and «12(0), respectively. We can
then set

Ji2 =T'12(0), (3.30)
12 = y12(0), 3.31)

and

B12 = a12(0) (3.32)
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and rewrite Eq. (3.24) in the form

Ip = Ipqy + Ip@) + 2l pyIp @)1 ?|1t12] cos(Bia — 27 7). (3.33)

3.5 Spatial Coherence

In the limiting case just discussed, when the difference in the optical paths is small
enough that effects due to the finite bandwidth radiated by the source can be neglected,
we are concerned essentially with the spatial coherence of the field. To evaluate the
spatial coherence of the field, we consider two points P; and P, in the plane of
observation illuminated, as shown in Fig. 3.2, by a source S, whose dimensions are
small compared to its distance from P; and P,. If, then,V; (¢) and V;,(¢) are the
analytic signals at Py and P> due to a small element d.S; located at S(x;, y;, 0) on the
source, the analytic signals at these points due to the whole source are

N
Vi) =Y Vi) (3.34)

i=1

Source

Plane of
observation

Figure3.2. Calculation of the coherence of the fields at two points P;, P illuminated
by an extended source.
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and

N
Va(t) =y Via(t), (3.35)
i=1

respectively. Accordingly, the mutual intensity is

Jio = (Vl(t)Vz*(t))

—Z Vil V() + Z Z Vil (O V(). (3.36)

i#

However, since the fluctuations of the wave fields from different elements are
statistically independent,

N N
Yo D ViVhD) = (3.37)
i#F
so that
N
Jia =) (VaVi0). (3.38)

Now, the analytic signals at P; and P, due to the element d.S; can be written as
Vit(t) = (1/r1) ai(t —ri/c) exp[—i2m v(r — r1/c)] (3.39)

and
Via(t) = (1/r2) ai(t —rz/c) exp[—i2m v(r — r2/c)], (3.40)

where a; () is the complex amplitude of the wave field at the element d.S; at time ¢,
and rq and r; are the distances from d.S; to P and P, respectively. Accordingly,

Vit V5t) = (1/r1r2) ai(t — r1/c) ai(t — ra/c)
x exp[—i2mw v(rp —ry)/cl. (3.41)

As shown in Section 3.1, with a quasi-monochromatic source emitting only over
a range of frequencies v £ Av, ag;(¢) varies slowly enough that if the time interval
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(rp—r1)/cissmall comparedto 1/Av, wecantakea; (r—r1/c) = a;(t—r2/c) = a;(t).
We can, therefore, write

Vit (O Vis(6) = (1/r1r2)lai ()] exp[—i2m (ry — r1)/c]. (3.42)
To obtain the mutual intensity due to the whole source, Eq. (3.42) is inte-

grated over the area of the source. If 7(S;) is the local value of the intensity at the
element dS;,

1(S)dS; = la; (1)]* (3.43)

and
Jio = /5(1/7172)1(5) exp[—ik(ry — r1)1dS, (3.44)

where k = 27 vc = 27 /X
Now, if I; and I, are the intensities at P; and P> due to the source,

I = / [1(S)/r}1dS (3.45)
S
and
L= /[I(S)/rzz]dS. (3.46)
S

Hence, from Egs. (3.44), (3.45), and (3.46), the complex degree of coherence of the
fields at Py and P; is

pia = (L)~ '/? /S (1/r172) I (S) exp[—ik(r2 — r1)1dS. (3.47)

It is apparent from the formal similarity of Eq. (3.47) to the Fresnel-Kirchhoff
integral (see Appendix B) that the evaluation of the complex degree of coherence is
equivalent to the calculation of the complex amplitude in a diffraction pattern. This
result was first established by van Cittert [1934] and later obtained in a simpler way
by Zernike [1938], and is now known as the van Cittert—Zernike theorem; it may be
stated as follows:

Imagine that the source is replaced by a screen with a transmittance for amplitude at any point
proportional to the intensity at this point in the source, and that this screen is illuminated by a
spherical wave converging to a fixed point P,. The complex degree of coherence (112 which
exists between the vibrations at Py and P is then proportional to the complex amplitude at P;
in the diffraction pattern.
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Equation (3.47) can be simplified if the dimensions of the source, and the sepa-
ration of Py and P», are extremely small compared to the distances of P; and P, from
the source. For convenience, we will assume that the point P» is located on the z axis
at (0, 0, z), while Py(x, y, z) is free to move over the plane of observation. If, then,
(x5, ys, 0) are the coordinates of the point S on the source,

=0 —x)+ 00—+ (3.48)
and, since xg, ys, x, y are all very small compared to z,
Az =207+ (= 30?22 (3.49)
Similarly, for the point P»,
r 7+ (2 +yh/2z (3.50)
Accordingly, from Eqgs. (3.49) and (3.50),
ry =~ =[G +y%)/2) + [ + yye) /2], (3.51)

If we define new coordinates in the source plane such that

";: = xS/Zy
n=ys/z (3.52)
and set
b12 = —k(x* + y%)/2z, (3.53)

the complex degree of coherence of the field defined by Eq. (3.47) can be written as

pis = ()2 explina) / /S (121, n) expliR(xE + ymldedn.  (3.54)

However,

L~L~ / / (1251 (£, n)dedn, (3.55)
S
so that Eq. (3.54) becomes

exp(ig12) [ [ (€, n) explik(x& + yn)ldEdny
2= . (3.56)
[ s I(&, mdédny

The complex degree of coherence is therefore given, in this case, by the normalized
Fourier transform of the intensity distribution over the source.
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A case of interest is a rectangular source. Since the fringes obtained in Young’s
interference experiment are parallel straight lines, it is possible to use a line source
instead of a point source, provided that its long dimension is parallel to the fringes.
The field due to each point on the line source is incoherent with respect to the fields
due to all the other points, but the fringes produced by the individual point sources are
displaced with respect to each other only along their length and, therefore, effectively
coincide. However, with a rectangular source having a width b, as shown in Fig. 3.1,
the intensity distribution across the source is given by the expression

I(x5) = rect (x5/b), (3.57)
where

1, when |x| < 1/2,

t(x) = 3.58
rect (x) io, when [x| > 1/2. (3-58)

Accordingly, from Eqgs. (3.56) and (3.26), the visibility of the fringes is
V = [sinc (2ab/)\dy)|, (3.59)

where sinc x = (1/mx) sin(wx).

It is apparent that when b is small enough that 2ab/Ad; < 1, the visibility of the
fringes is close to unity. As b is increased, the visibility of the fringes decreases and
becomes zero when b = Adj/2a. Beyond this point the sinc function is negative, so
that the fringes reappear, but with reversed contrast.

Another interesting case is that of a circular source of radius r. In this case, the
visibility of the fringes is

V= 2J1(u)/u, (3.60)

where Ji (1) is the Bessel function of the first kind of order one, and u = 4xraid;.
Experiments showing the variation of the complex degree of coherence with the
effective radius of such a source have been described by Thompson and Wolf [1957]
and by Hariharan and Singh [1961].

3.6 Temporal Coherence

In the other limiting case, when the dimensions of the source are very small (so that
it is, effectively, a point source) but it radiates over a range of wavelengths, we are
concerned with the temporal coherence of the field. In this case, the complex degree
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of coherence depends only on 7, the difference in the transit times from the source to
P; and P, and the mutual coherence function is merely the autocorrelation function

Ci@) =V +0)V*Qe)). (3.61)
The degree of temporal coherence of the field is then

(V@ +1)V*©1)
ri(r) = Voo (3.62)

From Eqgs. (3.25) and (3.62), it is apparent that the degree of temporal coherence can
be obtained from the visibility of the interference fringes, as the optical path difference
between the interfering wavefronts is varied. This result leads to the concepts of the
coherence time and the coherence length of the radiation.

3.7 Coherence Time and
Coherence Length

If we make use of the Wiener—Khinchin theorem (see Appendix A.2), it follows from
Eq. (3.61) that W (v), the frequency spectrum of the radiation, is given, in this case,
by the Fourier transform of the mutual coherence function, so that

W) < I'ii(z), (3.63)

while the complex degree of coherence is

yi(r) = f{W(V)}// W()dv. (3.64)

Consider, now, a source which radiates over a range of frequencies Av centered
on a mean frequency v. The frequency spectrum of the radiation is then given by the
function

W (v) = rect[(v —v)/Av]. (3.65)
Accordingly, from Eq. (3.64), the complex degree of coherence of the radiation is
y11(t) = sinc(t Av). (3.66)

This is a damped oscillating function whose first zero occurs at a time difference
At given by the relation

AtAv = 1. (3.67)
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This time interval At is known as the coherence time of the radiation; its coherence
length is defined as

Al = cAt =c/Av, (3.68)
where c is the speed of light. From Egs. (2.3) and (3.68), we also have
Al =~ (32/AN), (3.69)

where 1 is the mean wavelength of the radiation, and A2 is the range of wavelengths
emitted by the source.

3.8 Coherence in the Space-Frequency
Domain

As we have seen, the mutual coherence function I'j>(7) takes into account both
the spatial and temporal correlation properties of the light field. However, with an
extended source emitting over a finite spectral range, it is useful to study correlations
in the space-frequency domain [Wolf, 1981, 1982, 1986].

To do this we apply the van Cittert—Zernike theorem to the field for each spectral
component and integrate the results over the bandwidth of the radiation. We thereby
obtain the integrated mutual coherence function

(P, P, z)=/ J12(v) exp(—i2mv)dv, (3.70)
0
where
Jo(v) = /(1/r1r2)1(5, v) exp[—ik(ry — r1)]dS, (3.71)

and (S, v) is the intensity distribution over the source at a frequency v.
We can then use Eq. (3.70) to define the cross-spectral density function [Mandel
and Wolf, 1976]
oo .
W(Py, P,v) = / T(Py, Py, T)e¥™Vodr. (3.72)

—00

The cross-spectral density function and the (integrated) mutual coherence function
form a Fourier-transform pair, since

OO .
T(P, P, 1) = / W(Py, Py, v)e?™Vidy. (3.73)
0
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When P; and P, coincide, the cross-spectral density function reduces to the
power spectrum of the light field.
If we normalize the cross-spectral density, we obtain the function

W(Py, P2, v)
[W (P, v)]'V2[W (P, v)]1/2’

w(Pi, P, v) = (3.74)

which is called the degree of spectral coherence at frequency v of the light field at
the points P; and P,. Its modulus satisfies the condition

0=<nu(Pr, Pyv) =1 (3.75)

If, now, we consider the Young’s interferometer shown in Fig. 3.1, it can be
shown that the spectral density at the point P in the plane of observation is

W(P,v) = Wpuy(P,v) + Wp)(P,v)
+ 2[Wp ) (P, VIV [Wpy (P, 1)]'/?
x Re [(Py, Py, v)e~ FFivni—r/e] (3.76)

This formula, which may be called the spectral interference law, shows that, in general,
the spectral density (power spectrum) W (P, v) of the field at P is not just the sum
of the spectral densities of the fields due to the two beams reaching P from the two
pinholes Pj and P>, but also depends on the spectral degree of coherence p (P, P2, v)
of the light emerging from these two pinholes [Wolf, 1987].

In particular, it follows that even when the two beams have the same spectral
distribution, that is to say when

Wp@2)(P,v) = Wpa)(P, v), 3.77)
in which case Eq. (3.76) reduces to

W(P,v) =2Wpu)(P,v)
+ 2[Wp (1) (P, v)] Re {i(Py, Py, v)e 2mVi=rl/ey (3.78)

the spectral distribution of the light field obtained by superposing the two beams may
differ from the spectral distributions of the light fields due to the individual beams.
The only situation where no modification of the spectral distribution is to be expected
is where no correlation exists between the fields due to the two beams.

The formulation of higher-order coherence functions in the space-frequency
domain has been discussed by Agarwal and Wolf [1993].
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3.9 Nonclassical Light

The normalized correlation function of two measurements of the intensity may be
termed the classical degree of higher-order coherence. However, it is also possible
to define an analogous function, the quantum degree of higher-order coherence, in
terms of the photon counts. It has been shown [Loudon, 1980] that the classical
degree of higher-order coherence has to satisfy three inequalities which do not apply
to its quantum analog. Light whose degree of higher-order coherence falls outside
the range allowed by classical theory can be said to be nonclassical light.

Nonclassical light can be generated by various techniques including a two-photon
cascade and parametric down-conversion (see Section 16.3).

3.10 Effects in Two-Beam Interferometers

While the most important features of the interference patterns observed with two-beam
interferometers can often be obtained quite simply from geometric considerations,
as outlined in Chapter 2, the application of coherence theory makes possible a more
exact analysis and leads to a better understanding of some of the effects observed.
Such a treatment has been developed by Steel [1965, 1983] and is outlined in this
section.

We start by defining two reference planes in the interferometer. One is, as shown
in Fig. 3.3, the source plane S, while the other is the plane of observation O'.

On looking through the interferometer from the source side, two images of the
plane of observation are seen. As shown in Fig. 3.4, these images make an angle ¢
with each other called the tilt. In addition, O and O3, the two images of the origin
O, appear at different distances, z and z + Az. The distance Az between O and
0O, along the line of sight is called the shift. Finally, the two optical paths from C,
the center of the source, to O may differ by an amount pg corresponding to a time
difference, or delay, T = po/c. In a simple interferometer made up of plane mirrors,
the shift Az is equal to the optical path difference pg. However, this may not be so
if the paths contain focusing systems or refractive media, since the distances z and
7+ Az to O and O, are not actual distances, but correspond to the radii of curvature
of the two wavefronts from O when they reach the source plane.

Itis also possible, as shown in Fig. 3.5, for the images of the plane of observation
to be shifted and rotated with respect to each other and even to be of different sizes.
As aresult, Pj, P, the two images of an arbitrary point in the plane of observation
will exhibit a lateral separation. The vector distance S = Pj P, is then called the shear
for P. If P; and P, have position vectors U; and U with respect to O and O3, the
images of O, the origin of the plane of observation, we then have

S=% + U — Uy, (3.79)

where S is the shear for the origin.
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Figure 3.3. Equivalent optical system of an interferometer.

The complementary representation of the interferometer is shown in Fig. 3.6. On
looking through the interferometer from the plane of observation, two images of the
source are seen, whose centers C| and C}, appear to be at distances z’ and 2’ 4- Az’. By
analogy with the shift Az defined earlier, Az’ can be called the source shift; similarly,
S, the lateral separation of S; and Sé, the images of a point S on the source, can be
called the source shear for this point. We then have

S =g +X;—X], (3.80)

where §; is the lateral separation of C{ and C}, and X) and X, are the position vectors
of S} and S} with respect to C| and Cj.

To evaluate the optical path difference between the two beams from any point S
on the source to any point P in the plane of observation, we first calculate the optical
path difference pg for the central ray from C to O’; this is the difference of two
summations, taken over each of the two optical paths, of the products of the thickness
of individual elements and their refractive index, and it can be written as

po=) nd—> nd. (3.81)
2 1
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Figure 3.4. Images of the plane of observation seen from the source side of an

interferometer [Steel, 1983].

Figure 3.5. Sheared images of the plane of observation seen from the source [Steel,

1983].
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Figure 3.6. Complementary representation of an interferometer, showing the two
images of the source seen from the plane of observation [Steel, 1983].

The additional optical path difference to a point P’ in the plane of observation
from a point S on the source, as a function of X, the position vector of S, is then

Apy ~ —s-X/7 — Az|x|* /222 (3.82)

Similarly, the additional optical path difference to a point S in the source plane from
apoint P’ in the plane of observation, as a function of U’ the position vector of P’, is

Apy ~ =S U/ — AZ|U' /227, (3.83)

Accordingly, the total path difference between the pair of points § and P’ is
Ap(X',U) = po+ Apx + Apy. (3.84)
It follows that a two-beam interferometer can be described by six parameters.
Two of these are the tilt and the delay. In addition, we have, looking through the

interferometer from the source side, the shift and the shear. Finally, we have, look-
ing through the interferometer from the plane of observation, the source shift and



3.11. Source-Size Effects 55

the source shear. Diagrams corresponding to Figs. 3.4 and 3.6 can be used to eval-
uate these parameters for any particular configuration. They are constants for many
interferometers but, in some cases, they may vary across the source or the plane of
observation and are, then, functions of the position vectors X or U’. These parameters
completely determine the value of y (U, Uy, T), the complex degree of coherence of
the wave fields at any point in the plane of observation.

The intensity distribution in the plane of observation is then given by Eq. (3.21),
the general equation for interference, which can now be written in the form

IWU) =11+ L+ 211 1b)"? Re {y (uy, us, 7)}. (3.85)

3.11 Source-Size Effects

With monochromatic light, or for small optical path differences with quasi-
monochromatic light, we can replace y (Ug, Uy, ) in Eq. (3.85) by w12, which can be
evaluated from the van Cittert—Zernike theorem (see Section 3.5). We have, in this
case,

2o 100 expligp (x)]dx
Hi2 = Joo = (3.86)
S0 T(0dx
where 7 (X) is the intensity distribution across the source and, from Eq. (3.75),
¢ (X) = k[—S-X/z — Az|x|*/2z°]. (3.87)

Equation (3.87) shows that with a point source (for which X = 0), the shear and
shift have no effect on the visibility of the fringes. However, with a source of finite
size, the fringes will have maximum visibility only where both the shear s and the
shift Az are close to zero; this is the region of localization which we have found
earlier by a purely geometrical analysis (see Section 2.5.2).

As the plane of observation moves away from this region, the visibility of the
fringes decreases until they vanish completely when 1> = 0. An interesting result,
not apparent from a simple geometrical analysis, is the existence of secondary regions
of localization [Hariharan, 1969b]. These regions arise because, beyond the point at
which pip = 0, it is possible for its value to become finite again, though negative,
and pass through a minimum. The fringes then reappear, but with a phase reversal, a
dark fringe taking the place of a bright fringe.

Equations (3.86) and (3.87) also show that, to obtain fringes of good visibility
with a finite shear, the source must be smaller than a certain size. From the van Cittert—
Zernike theorem, this limiting size corresponds to the aperture of a lens which can
barely resolve two points separated by a distance equal to the shear.
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3.12 Spectral Bandwidth Effects

With a source that also emits over a finite spectral bandwidth, Egs. (3.70) and (3.85)
can be used to evaluate the intensity distribution in the fringe pattern, as long as the
paths traverse nondispersive media. Conversely, the spectral energy distribution of
the source can be evaluated from the Fourier transform of the self-coherence function
I'11(7). This was the method first used by Michelson to determine the structure of
isolated spectral lines; it is also the basis of the modern technique of Fourier-transform
spectroscopy (see Chapter 11).

If, however, the beam paths include dispersive media, the delay becomes a
function of the frequency, and Eq. (3.85) is no longer applicable. In this case,
it has been shown that, provided the group velocity can be taken to be constant
over the spectral range involved, we can replace 7 in Eq. (3.85) by the group
delay 7, [Pancharatnam, 1963]. The group delay is defined, by analogy with Eq.
(3.81), as

T, =Y ngdfc—Y nydfc. (3.88)
2 1

where the ng are the group refractive indices given by Eq. (3.15) for the media in
the interferometer. For the fringe visibility to be a maximum, the group delay must
be zero; as we have seen earlier in Section 2.12, this is the condition for achromatic
fringes.

3.13 Spectral Changes Due to Coherence

As discussed in Section 3.8, changes in the spatial coherence of the fields at an
extended source can lead to changes in the spectrum of the radiated field [Wolf, 1987].
An experiment demonstrating shifts of spectral lines produced by partially correlated
sources was performed by Gori et al. [1988], and it was shown by Kandpal, Vaishya,
and Joshi [1989] that the spectrum of light diffracted by an aperture could be affected
by the size of the aperture.

James and Wolf [1991a, 1991b, 1998] have shown that the conditions in which
appreciable spectral changes are produced are, to some extent, complementary
to those required for the formation of an interference pattern. The production of
an extended interference pattern requires light with a narrow spectral bandwidth,
while light with a broad bandwidth is necessary to observe significant spectral
changes.

An analysis of the spectral changes produced by interference in a Mach—Zehnder
interferometer has been made by Agarwal and James [1993]. These changes have
been confirmed experimentally by Rao and Kumar [1994].
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3.14 Polarization Effects

To make the preceding analysis complete, we also have to evaluate the state of polar-
ization of the beams leaving the interferometer. We note, at the outset, that if the light
entering the interferometer is unpolarized or partially polarized, it can be regarded as
made up of two orthogonally polarized components. Each of these components can
be treated separately, and their intensities can be added finally.

If, then, the state of polarization of one of these orthogonal components is spec-
ified by the Jones vector Ag (see Appendix D), the Jones vectors A, A, of the two
beams derived from it, when they leave the interferometer, are given by the relations

A =MAg (3.89)
and

Az = M2Ao, (3.90)
where M | and M, are matrices representing the combined effects of the elements in

each of the arms. The difference in the states of polarization of the two beams can
then be specified by an angle v defined by the relation

cos ¥ = (JATAL), (3.91)

where A;r is the Hermitian conjugate of A;. The intensity in the interference pattern
is, accordingly,

(W) =1+ L +2(I11)"? Re {y(uy, U, 7)} cos ¥, (3.92)
where
I = (AA)), (3.93)
and
L= (AlAy). (3.94)

A comparison with Eq. (3.85) shows that the visibility of the fringes is reduced by
the factor cos . The generalization of this formula to quasi-monochromatic beams
has been discussed by Pancharatnam [1963].

If the polarization states of the two beams leaving the interferometer are to be
the same for unpolarized light (or, in other words, for any incident polarization),
we require M| and M, to be identical. Each of these matrices is the product of
diagonal matrices representing reflection at the mirrors and matrices which represent
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the change of orientation (if any) of the plane of incidence from one mirror to the
next. Even if the two arms contain similar optical elements, the order in which they
are traversed is not the same. As a result M| and M, will not be identical unless the
matrix products commute; this requires all the component matrices to be diagonal
matrices. The interferometer is then said to be compensated for polarization.

A simple case in which the interferometer is compensated for polarization is
when the normals to all the mirrors and beamsplitters are in the same plane. Other
possible cases have been discussed by Steel [1964b]. However, compensation may
not be complete if the interferometer contains elements such as a beamsplitter coated
with a thin metal film, for which the phase shifts on reflection differ for incidence
from the air side and the glass side [Chakraborty, 1970, 1973].

Compensation for polarization is not possible in interferometers in which ele-
ments such as cube corners are used. The resulting effects, which can be quite
complex, have been studied by Leonhardt [1972, 1974, 1981]. In such cases, it
is possible to obtain fringes with good visibility only by using two suitably oriented
polarizers in the interferometer, one just after the source and the other just before the
plane of observation.
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Multiple-Beam Interference

In Chapter 2, when we studied interference phenomena in plates and thin films,
we neglected the contributions of multiple reflected beams. This simplification is
justifiable only when the reflectance of the surfaces is low. We shall now study the
fringe patterns produced when the reflectance of the surfaces is high, and the effects
of multiple reflected beams must be taken into account.

4.1 Fringes in a Plane-Parallel Plate

Consider a plane-parallel plate of refractive index n on which, as shown in Fig. 4.1,
a plane wave of monochromatic light of unit amplitude is incident. As a result of
multiple reflections within the plate, the ray SA1, which corresponds to this incident
wave, gives rise to a series of transmitted rays whose intensities fall off progressively.
Since these rays are parallel to one another, the interference pattern produced with an
extended source will be localized at infinity.

The optical path difference between successive transmitted waves can be
evaluated from Eq. (2.31): the corresponding phase difference is

¢ = (4 /\)nd cos 6;. 4.1

If, then, the complex reflection and transmission coefficients for amplitude at the two
surfaces are rq, t; and ry, 2, respectively, for a wave incident on the surfaces from
the surrounding medium, and r{, t{, 7}, t;, for a wave incident on them from within
the plate, the complex amplitudes of the transmitted waves C1D1, Co Dy, C3Ds3 ...
can be written, as shown in Fig. 4.1, as 111, exp(—i¢/2), t12jr|r) exp(—i3¢/2),

t1tyr2ri? exp(—i5¢/2) . ... Accordingly, the resultant complex amplitude due to all

59
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Figure4.1. Multiple-beam interference in a plane-parallel plate.

the transmitted waves is

118y exp(—ig/2)[1 + rirs exp(—ip) + ri?ri exp(—i2¢) + - - -
_ htyexp(=ig/2)
1 —r{ryexp(—ip)’

A(9)

4.2)

The complex reflection coefficients | and r can be written in the form r{ =
|rilexp(—iB}) and r) = |r}|exp(—ip}), where B and B, are the phase shifts on
reflection at the surfaces. The intensity in the interference pattern is, therefore,

T\ T
14+ RiRy —2(RiRy)Y2cos vy’

1Y) = 4.3)

where T = |12, T» = |té|2, R = |ri|2, Ry = |r§|2 are, respectively, the transmit-
tances and reflectances for intensity of the two surfaces and ¢ = ¢ + ] + 5. In the
special case when Ry = R, = R, and 71 = T, = T, Eq. (4.3) reduces to

T2
14+ R%2 —2Rcos
T2
(1= R)2+4Rsin(y/2)

1Y) =

(4.4)

This is known as the Airy formula.
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A further simplification is possible if we are dealing with reflection at interfaces
between transparent media. In this case, if the media above and below the plate are
the same, the sum of the phase shifts due to successive reflections at the two surfaces,
B; + B5 =0, or 277, and can be neglected.

The intensity in the fringe pattern is a maximum when sin(y¥/2) = 0, and a
minimum when sin(y/2) = 1. The maximum intensity is

Imax = T?/(1 — R)?, (4.5)
while the minimum intensity is
Inin = T%/(1 + R)*. (4.6)
If we define a function G such that
G =4R/(1 - R)?, 4.7
we can write Eq. (4.4) as

Imax

I - = @
W) 1 4+ G sin®(y/2)

(4.8)

and Eq. (4.6) as

Imax

1+G’

Imin = (49)

It follows from Eq. (4.5) thatif T + R = 1, I;max = 1. This is not the case when
thin metal coatings are used to obtain a higher reflectance, since such coatings always
exhibit absorption, and 7 + R < 1. However, as we will see later, a reflectance
approaching unity can now be obtained with multilayer dielectric films, which have
negligible losses and for which 74 R =~ 1. Under these conditions, the peak intensity
in the fringes is always close to unity. The intensity distribution in the fringe pattern
is then given by the relation

1

1 - -
W) 1 + Gsin?(y/2)

(4.10)

and is shown in Fig. 4.2 as a function of the phase difference v for different values
of the reflectance R. As R increases, the intensity of the minimum decreases, and the
maxima become sharper. Near normal incidence, the pattern observed in transmitted
light consists of very narrow bright circular fringes on an almost completely dark
background. Such a device, consisting either of a plane-parallel plate with reflecting
coatings on its two faces, or of two plates with reflecting coatings separated by an air
space, is known as a Fabry—Perot interferometer, or Fabry—Perot etalon.
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Figure 4.2. Intensity distribution in multiple-beam fringes of equal inclination
formed in transmitted light for different values of the reflectance.

We can define W, the half-width of the fringes, as the interval between two points
on either side of a maximum at which the intensity is equal to half its maximum value.
At these points, we have, from Eq. (4.8),

Imax _ Imax (4 11)
2 1+4Gsin2(y/2) '
or
sin(y/2) = £G~ /2. (4.12)

Since G is large, sin(y//2) is small, so that we can set sin(y/2) ~ (¥/2). The
half-width of the fringe then corresponds to a change in ¥ given by the relation

W =4G~'/2, (4.13)

The ratio of the separation of adjacent fringes to their half-width is called their
finesse. Since the separation of the fringes corresponds to a change in ¥ of 27, their
finesse is given by the relation

2 wGY?  mR/?
F=tr=——=7T—% (4.14)
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4.2 Fringes by Reflection

In addition to the fringes produced by the transmitted beams, a fringe system is
produced by the reflected beams. The resultant complex amplitude due to all the
reflected waves is, from Fig. 4.1,

ri + tit{ry exp(—ig)[1 + r{r exp(—ig) + ri’rf exp(—i2¢p) + - - |
(11117} exp(—ip)]
"= exp(—ig)]

A(9)

=r

(4.15)

Now, if we consider the simplest case of reflection at interfaces between dielectric
layers, r; = —ri. In addition, from the Stokes relations (see Appendix C.2),

P nn =1 (4.16)
Accordingly, Eq. (4.15) can be simplified and written as

—ry + ryexp(—ig)
1 — rirhexp(—ig)

A(p) = (4.17)

In this case also, if the media above and below the plate are the same, the phase shift
due to two reflections within the plate must be either O or 27r and can be neglected.
The intensity in the fringe pattern is, therefore,

Ri+ Ry —2(RiR2)'?cos ¢
14+ RiRy —2(RRy)!/? COS¢.

I(¢) = (4.18)

In the special case when R} = R», Eq. (4.18) reduces to

2R(1 — cos ¢)
1+ R2—2Rcos¢
B 4R sin’(¢/2)
"~ (1—R)2+4Rsin%(¢/2)
_ Gsin*(¢/2)
1+ Gsin¥(¢/2)

1($) =

(4.19)

where, as defined by Eq. (4.7), G =4R/(1 — R)z.
In this case, the pattern consists of narrow dark fringes on a nearly uniform bright
background and is complementary to the pattern formed by the transmitted beams.
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4.3 Fringes of Equal Thickness

Very narrow fringes of equal thickness can be observed between two highly reflecting
surfaces enclosing a thin film. The formation of such fringes has been analyzed by
Brossel [1947].

We consider, as shown in Fig. 4.3, a wedge-shaped film whose faces make an
angle € with each other, illuminated by a monochromatic plane wave W incident at
an angle 6. The transmitted light then contains, in addition to the directly transmitted
wave W), a family of plane waves Wy, W», ... formed by multiple reflections at the
film. The angle between successive members of the family is 2¢, and their amplitude
decreases in geometric progression.

For simplicity, we will assume that the surfaces are interfaces between dielectrics.
The phase shifts on reflection can then be neglected, and all the members of the family
will be in phase at O.

If, now, we consider a point P(x, y), the optical path to the wave which has
undergone 2m reflections is

Pm =nP My
= n[x cos(@ + 2me) + y sin(f + 2me)], (4.20)
y
2e

P(xy)

Figure4.3. Formation of multiple-beam fringes of equal thickness in a wedged film.
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where n is the refractive index of the film. Accordingly, the optical path differ-
ence between the directly transmitted wave and the wave which has undergone 2m
reflections is

Apm = Pm — Po
= n{x[cos(f + 2me) — cos O] + y[sin(6 + 2me) — sinO]}. 4.21)

Equation (4.21) can be simplified for normal incidence, in which case 8 = 0, and the
fringes are localized at the film. The point of observation P is then located in the film
(x = 0), and we have

Apy = ny sin 2me. (4.22)
If, then, the thickness of the film at the point of observation P (0, y) is d, we have
y=dJe, (4.23)

and Eq. (4.22) can be expanded to give

Apy = (nd/e€) sin 2me
= (nd/€)[2me — 2me)> /3 + - --]. (4.24)

Equation (4.24) shows that, with a wedged film, the optical path difference between
successive waves is not exactly constant, because of the presence of higher order
terms. If these higher order terms are to be neglected, this additional optical path
difference must not exceed X /4; the condition for this is

8m3e’nd /3 < A /4. (4.25)

This condition usually imposes severe restrictions on the angle of the wedge and the
thickness of the film.

Typically, for . = 633 nm, if we have (say) 1 fringe per mm in an air wedge,
so that € = 3.16 x 10~%, and surfaces with coatings having a reflectance of 0.9,
corresponding to about 50 effective beams, Eq. (4.25) gives a maximum value of d
of about 5 wm.

If the thickness of the film is greater than the limit set by Eq. (4.25), the intensity
distribution is no longer given by the Airy formula. Numerical calculations [Kinosita,
1953] show that the maximum intensity of the fringes drops, and their width increases;
in addition, they may, as shown in Fig. 4.4, suffer a displacement away from the apex
of the wedge and become asymmetrical with secondary maxima on the thicker side.

Fringes of equal thickness are also seen in reflected light. If there are no absorption
losses, the intensity distribution in these fringes is complementary to that seen by
transmission.
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Phase difference (@)

Figure 4.4. Intensity distribution in multiple-beam fringes formed in a wedged film
(solid line) compared with that given by the Airy formula (broken line) [Kinosita,
1953].

An important application of multiple-beam fringes of equal thickness is in the
study of surface structure [Tolansky, 1955, 1961]. The surface to be studied is
coated with a highly reflecting layer of silver, and a small reference flat which
has a semitransparent silver film on its front face is placed in contact with it. The
reflection fringes can then be viewed by means of a microscope with a vertical
illuminator.

4.4 Fringes of Equal Chromatic Order

We have seen in Section 2.11 that when a thin film illuminated with white light is
viewed through a spectroscope, a channeled spectrum is obtained. Such fringes can
also be produced by multiple-beam interference.

Consider the setup shown in Fig. 4.5 in which a film is illuminated at normal
incidence with a collimated beam of white light, and an image of the film is formed
on the slit of a spectrograph. The transmitted amplitude is a maximum at wavelengths
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-
e -

source Thin film Spectrograph

Figure4.5. Optical system used to observe fringes of equal chromatic order (FECO
fringes) in a thin film.

which satisfy the condition
4 /Am)nd + B1 + Bo = 2mm, (4.26)

where 81 and B, are the phase shifts on reflection at the two surfaces, and m is an
integer. If the reflectance of the surfaces is high, the spectrum is crossed by narrow
bright fringes separated by relatively broad, dark regions.

If the thickness of the film is constant, the fringes are straight lines parallel to the
slit. On the assumption that the phase shifts on reflection at the surfaces do not vary
with wavelength, we then have from Eq. (4.26),

(1/2n) = (1/d1) = 1/2nd. 4.27)

On the other hand, if the thickness of the film varies along the section imaged on
the slit, the values of A,, along each fringe will reflect these variations. Such fringes
are known as fringes of equal chromatic order, or FECO fringes [Tolansky, 1945],
and have been used widely for the study of surface structure.

To implement this technique, fringes are formed between the surface under study
and a flat surface. If, then, d| and d» are the thicknesses of the film at two points and
the wavelengths corresponding to the fringe maximum of order m at these points are
A1(m) and L, (m), respectively, we have, from Eq. (4.26),

Ad =dy — d;
= (m/2)[A2(m) — A1 (m)], (4.28)

provided that the phase shifts on reflection do not change appreciably over this range
of wavelengths. With a spectrograph having a linear dispersion, the outline of the
fringe corresponds directly to the profile of the surface. To obtain absolute values
of the surface deviation Ad, the interference order can be evaluated from Eq. (4.27)
using the values of the wavelengths corresponding to two adjacent orders, say m and
(m + 1), for the same point on the surface.

FECO fringes have several advantages over fringes of equal thickness for the
study of surface structure. The most important is that the wedge angle between the
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Figure 4.6. Measurement of the residual irregularities of polished surfaces using
fringes of equal chromatic order (courtesy J. M. Bennett, Michelson Laboratory).

surfaces can be virtually eliminated, so that highly reflecting coatings can be used
effectively to obtain fringes with extremely high finesse. As shown in Fig. 4.6, surface
irregularities < 1 nm in height can be measured with this technique [Bennett and
Bennett, 1967].

4.5 Fringes of Superposition

Although it is not possible to observe interference fringes with white light in a thick,
plane-parallel plate, it is possible to obtain fringes by superposing two plates of very
nearly the same thickness, so that the optical path differences introduced in one set
of beams by reflection in the first plate are matched by the optical path differences
introduced in the other set of beams by reflection in the second plate. Such fringes
were first observed by Brewster in 1817 and are called fringes of superposition.

To understand how such fringes are formed, consider two plane-parallel plates
Mj and M> of equal thickness, which, as shown in Fig. 4.7, make a small angle ¢
with each other. Any ray incident on M| will give rise to a series of rays by reflection
within M1; each of these will then give rise to a series of rays by reflection within
M>. For simplicity, we select two rays B and B, which originate from a single ray
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Figure 4.7. Formation of fringes of superposition.

incident on M1, B; being reflected at the two surfaces of M| and directly transmitted
through M», while B; is transmitted through M7 and reflected at the two surfaces
of M».

Let r; and rp be the angles of refraction at the two plates. The optical path
difference between these two rays is then

Ap = 2nd(cosry — cosrp), (4.29)

where n is the refractive index of the plates and d is their thickness. Since r; and ro
are small, we can rewrite Eq. (4.29) as

Ap = 2nd[(1 —r}/2) — (1 = r3/2)]
~nd(r; —r}). (4.30)

If the incident ray SA makes an angle 6 with the normal to the bisector of the
angle between M| and M, the angles of incidence on M and M, are, respectively,

i1 =60+¢/2 4.31)
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and
ir=0—¢/2. (4.32)
However, i1 = nry and i & nry. Accordingly, Eq. (4.30) reduces to
Ap = 20ed/n. (4.33)

Equation (4.33) shows that the optical path difference between these two beams
is proportional to 6 and drops to zero when 6 = 0. Straight-line fringes parallel to the
apex of the wedge and localized at infinity can be seen with an extended white light
source, though their visibility is low because they are superposed on a uniform bright
background produced by the other beams, for which the optical path differences are
too large for them to interfere.

From Eq. (4.33), the condition for an intensity maximum is

20ed/n = maA, (4.34)
where m is an integer. The angular separation of the fringes is, therefore,
Om — Om+1 = nr/2ed, (4.35)

and increases as €, the angle between the plates, decreases. When the plates are
parallel (¢ = 0), a uniform interference field is obtained.

A more complete analysis of this phenomenon requires us to take into account
all the beams formed by multiple reflections at M| and M». In addition, we have to
consider the general case in which the thicknesses of M| and M, are no longer equal.

We first consider M alone and assume that a monochromatic wave of wavelength
A and unit amplitude is incident on it. If the reflectance and transmittance for amplitude
for both its faces are ri and ¢1, respectively, for a wave incident on them from the
surrounding medium, and r{ and t]’ for a wave incident from within, the complex
amplitude of the transmitted wave is (see Section 4.1)

A1(A) = tlti exp(—ip1/2)[1 + riz exp(—iy) + ri4 exp(—i2y) +---]

= Ty exp(—ig1/2) Y R} exp(—ilgy), (4.36)
=0

where 77 and R; are the transmittance and reflectance, for intensity, of the faces,
¢ is the phase delay on transmission through the plate, ¥ is the phase difference
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between successive beams, and / is an integer. The intensity of the transmitted wave
is therefore

L) =TEY YRR expl—i(l — m)y]. (4.37)

=0 m=0

Equation (4.37) can be simplified if we set/ — m = a; we then have

L) =T Y R { 1+ ) Rilexp(iay) + eXP(—iw/n)]}
[=0 a=1
= [TZ2/(1 — R¥)] (1 +2) Rf cosawl). (4.38)

a=1

In the same manner, if we consider M, alone, the intensity of the transmitted
wave would be

L(\) =[T#/(1 — R3)) (1 +2) " Ricos bwz) : (4.39)

b=1

where T> and R, are, respectively, the transmittance and reflectance, for intensity, of
its faces, and r; is the phase difference between successive beams. Equations (4.38)
and (4.39) represent the effective transmittances of M and M;. Accordingly, if we
neglect the effects of beams reflected backward and forward between M; and M>,
the intensity of the wave transmitted through them is given by the product of 71 (L)
and I, (1),

Lio(A) = [TETE/(1 — RH(1 — RY)]

x (1 +22R’f cosaw1> (1 +22R§cosb¢2). (4.40)

a=1 b=1

With a source emitting over a wide spectral bandwidth, the intensity of the
transmitted wave is the sum of the intensities of the monochromatic components.
If we assume that the incident light has a spectral energy distribution 7 (1), and that
the reflectance and transmittance of the surfaces do not vary with wavelength, the
total transmitted intensity is

Iip = [TET3/(1 — RY)(1 — R3)]

() o0
X /I(A) |:1 +22R‘fcosaw1 +22R§cosb¢2

a=1 b=1
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9]

o0
+zZ

Ri’Ré’ cos(ayry + byr)
a=1 b=1

WK

+2 Z RYRS cos(ayry — bl//z)i| da. 4.41)

1 b=

—_

a

If the spectral bandwidth of the source is broad enough that fringes cannot be seen
with either of the plates taken singly, it means that over this range of wavelengths
and v, vary by amounts that are large compared to 27. As aresult, the terms involving
cos ary, cos by, and cos(ayr; +byp) in Eq. (4.41) change sign many times, and their
contribution to the integral can be neglected. Equation (4.41), therefore, reduces to

Lo =[TfTE/(1 — RH(A — RY)]

x / 100 [1 +2) Y R{R} cos(ay — bl/fz)} dx. (4.42)

a=1b=1

Further consideration of Eq. (4.42) shows that the contribution of the terms
involving cos(ayr; — byrn) is also negligible, except in the particular case when
Y1/yn is close to g/f, where g and f are two small integers. In this case, those
terms involving m(fy; — gv2), where m is an integer, remain, and Eq. (4.42) can
be written as

Iip = [TETE/(1 — RI)(1 — RY)]

x / 100 !1 +2 > (R R§)™ coslm(fy — ng)]} dx. (4.43)

m=1

The series within the braces in Eq. (4.43) is similar to that on the right-hand side
of Eq. (4.38); the latter is the expression for the intensity of a monochromatic wave
transmitted by a single plate and its sum is given by Eq. (4.10). Accordingly, we have

1+2 Y (RY R§)™ coslm(f 1 — )]

m=1

[1— (R RS2

T (1= RVRS) +4R] RS sin?[(f 1 — g92)/2] (49
and
Lo = {TET21 — (R{ R$HA/(1 — RH(1 — RH(1 — R] R$)?)
X / IMWM{1+G sin2[(f1ﬂ1 — gl//z)/Z]}_ldA, (4.45)

where G = 4R/ RS /(1 — R] R$)2.
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The intensity distribution defined by Eq. (4.45) is equivalent to the superposition
of a number of monochromatic fringe patterns similar to that defined by Eq. (4.8).
The zero-order maxima of all these patterns, which must satisfy the condition
(fv¥1—gy¥) = 0, coincide. In the vicinity of this zero-order maximum, the intensity
distribution is similar to that in a thin film whose surfaces have a reflectance le Rg.
Accordingly, the visibility of the fringes decreases for higher values of f and g.
From Eq. (4.35), the angular separation of the fringes is

O — Ot = nh/2efd
=nk/2egd>. (4.46)

Because their separation is proportional to the wavelength, successive maxima on
either side of the zero-order maximum get increasingly out of step, and the visibility
of the pattern falls off. With white light, the fringes on either side of the white zero-
order fringe are colored; these colors progressively become less and less distinct
and, finally, give way to uniform illumination. Some applications of such fringes of
superposition have been discussed by Cagnet [1954].

4.6 Three-Beam Fringes

With two-beam interference, it is difficult to measure the position of a fringe by visual
estimation to better than 1/20 of the interfringe distance. However, visual intensity
matching of two uniform interference fields, one of which contains a small phase step,
makes it possible to detect a change in the optical path of A/1000 [Kennedy, 1926;
Hariharan and Sen, 1960a]. Zernike [1950] therefore proposed the following simple
technique, using three beams, which permits a photometric setting on a system of
interference fringes.

As shown schematically in Fig. 4.8, two plane waves of equal amplitude ag are
used as reference wavefronts. These two wavefronts make angles ¢ with the plane
of observation and intersect at a point O in this plane. The complex amplitudes due
to these wavefronts at a point P in the plane of observation at a distance x from O
are then

ay; = agexp(—ikex) 4.47)
and

az = ap exp(ikex), (4.48)
and they produce an interference pattern consisting of equally spaced, parallel, straight
fringes.

A third wavefront which is parallel to the plane of observation is now superposed
on the first two. We assume that this wave also has an amplitude ag, and that its optical



74 Chapter 4. Multiple-Beam Interference

Plane of
observation

Figure 4.8. Formation of three-beam fringes [Zernike, 1950].

path differs by an amount Az from the optical paths of the first two waves to the point
O. The resultant complex amplitude at P can then be written as

A = agexp(—iy) + agexp(iy) + ag exp(—i¢), (4.49)
where v = kex and ¢ = kAz, and the resultant intensity is

I = Iy[3+2cos2y +4cospcosy], (4.50)

where Iy = a%.

Curves of the intensity distribution in the fringes when ¢ = 2mm, 2mn + /2,
and (2m+-1)m are presented in Fig. 4.9. These curves show that the introduction of the
third wavefront results in a modulation of the intensity of the fringes. The intensities
of adjacent maxima are, in general, unequal except when ¢ is an odd multiple of 7 /2.

We can therefore use a photometric setting criterion which involves adjusting the
phase of the third wavefront by means of a compensator until all the fringes have the
same intensity. To evaluate the precision with which this setting can be made, consider
the situation when ¢ = (2m + 1) /2 + A¢ where A¢p <K m/2. The intensities at
adjacent maxima are then given by the relations

Iy = Ip(5 —4A¢) 4.51)
and
Luy1 = Io(5 +4A9). (4.52)
The relative difference in their intensities is, therefore,

AT/l = (8/5)A¢. (4.53)
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Figure4.9. Intensity distribution in three-beam fringes for different values of ¢, the
phase difference between the third beam and the other two beams [Hariharan and
Sen, 1959a].

If we assume that a difference of 5% in the intensities of adjacent fringes can just
be detected visually, the setting error is

A¢ ~ 27 /200, (4.54)
and measurements of the optical path can be made with a precision

Ap = 1/200. (4.55)
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Figure 4.10. Zernike’s three-beam interferometer.
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In the optical arrangement used by Zernike [1950], which is shown in Fig. 4.10,
the three waves are produced by division of a plane wavefront at a screen containing
three equidistant parallel slits. The two outer slits, whose center lines are separated
by a distance 2d, provide the reference beams, while the beam from the middle slit
is used for measurements.

In this arrangement, the optical paths of all the three beams are equal at a point
on the axis in the back focal plane of the lens L,. However, at a plane located at a
distance z from L, the optical path of the middle beam will be longer by an amount

Ap = @*/2)[(/f) — (1/2)]. (4.56)

There will, therefore, be two positions of the plane of observation that correspond to
values of Ap of =X /4. Any small optical path difference introduced in the middle
beam can be measured from the shift in these positions.

This interferometer is easy to set up and very stable. It has been used to cali-
brate phase-retardation plates as well as to measure very small changes in the optical
thickness of a specimen [Vittoz, 1956]. However, because the beams are obtained by
wavefront division, the amplitudes of the individual beams are not uniform over the
field. As a result, the photometric setting has to be made using only the fringes on
either side of the central fringe. In addition, since a very narrow slit source must be
used, the intensity of the fringes is low.

A brighter fringe system can be obtained if the source slit is replaced by a grating
whose period is equal to the spacing of the fringes [Maréchal, Lostis, and Simon,
1967]. Both problems are eliminated if the three beams are produced by amplitude
division, using an optical system similar to that employed in the Jamin interferometer
[Hariharan and Sen, 1959a].

4.7 Double-Passed Fringes

In three-beam interference, the intensity distribution in a two-beam fringe pattern is
modulated by the wavefront whose phase is to be measured. A similar modulation of
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Figure4.11. Double-passed Michelson interferometer [Hariharan and Sen, 1960b].

the fringes can also be obtained by reflecting the beams emerging from a two-beam
interferometer back through it [Hariharan and Sen, 1960b].

To study the formation of these fringes, consider a Michelson interferometer
illuminated with collimated light, in which, as shown in Fig. 4.11, the beams emerging
from the interferometer are reflected back through it by a mirror placed at the focus
of the lens L,. The double-passed fringes are viewed, by means of an auxiliary
beamsplitter, at O. The beams reflected back from the interferometer after only a
single pass are eliminated by the polarizer P>, whose axis is at right angles to Py, while
the double-passed beams, which have traversed the A /4 plate twice, are transmitted
freely. A gas-cell compensator in one beam is used to vary the optical path difference.

Four beams are formed in this case as a result of the double passage through the
interferometer; their total optical paths may be designated as pi1, p12, p21, and pao
corresponding to the paths traversed on the outward and return journeys. If therefore,
M and M), the image of M, in the beamsplitter, make an angle 2¢ with each other
and are separated by a distance d at the center of the field, the optical paths of the
double-passed beams at a point P at a distance x from the center of the field can be
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written as
pi1 = po —2d,
P12 = po + 4xe,
p21 = po — 4xe,
p22 = po+2d.

The resultant complex amplitude at P can then be written as
A = Ao[exp(i2¢) + exp(—i2y) + exp(i2y/) + exp(—i2¢)],
where ¢ = kd and { = kxe, and the resultant intensity at P is
I = Iy[cos2¢ + cos 21//]2.
In this case also, the intensity of adjacent fringes is equal when
¢ =02m+1)m/2,
but the precision of measurements is

Ap = A/1000.

(4.57)
(4.58)
(4.59)
(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

The formation of double-passed fringes in other types of interferometers has
been discussed by Hariharan and Sen [1960c, 1961a]; they have also made a detailed

analysis of possible sources of errors [Hariharan and Sen, 1961b].



Chapter 5

Lasers

As we have seen, many types of interferometers require a source of coherent light. The
closest approximation to such a source was, for many years, a pinhole illuminated,
through a narrow-band filter, by a mercury vapor lamp. However, such a thermal
source has two major drawbacks. One is its very low intensity; the other is the limited
spatial and temporal coherence of the light. The high intensity and high degree of
spatial and temporal coherence of laser light eliminate most of the problems associated
with the use of thermal sources and make the laser an almost ideal light source for
interferometry [Hariharan, 1987a].

The principles of operation of lasers have been described in detail in several
books [see Siegman, 1971; Svelto, 1989; Silfvast, 1996].

5.1 Lasers for Interferometry

Some of the lasers that are commonly used for interferometry are listed in Table 5.1.

Helium—neon (He-Ne) lasers are widely used for interferometry because they are
inexpensive and easy to operate. The most common output wavelengths are 0.63 and
0.54 pm.

Argon-ion (ArT) lasers normally require water cooling and a wavelength-
selecting prism, but are useful in applications which require higher powers or multiple
wavelengths.

Carbon-dioxide (COy) lasers can be operated on any one of a number of lines
in the 9-pm and 10.6-pwm bands. They are very useful for measurements over long
distances.

Because of the very large number of dyes available, dye lasers can be operated
at a number of wavelengths. In addition, they can be tuned continuously over a range
of wavelengths (typically, about 70 nm) [see Schifer, 1973].
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Table5.1. Lasers for interferometry

Laser Type Wavelength (iwm) Output

He-Ne 3.39, 1.15, 0.63, 0.5-25 mW
0.61,0.54

Art 0.51,0.49 0.5-afew W

CO, ~10.6, ~9.0 few W—few kW

Dye ~1.08—~0.41 ~10-~100 mW

Diode ~0.87, ~0.75, ~0.67 few mW—few W

Ruby 0.69 0.6-107J

Nd:YAG 1.06 0.1-0.157J

(cw) few mW-few W

Diode lasers [Thompson, 1980] are cheap, are very compact, and use little
power. They can be tuned over a limited range by varying the injection current
or the temperature. The output beam is divergent and astigmatic, but packages are
available with additional optics to produce a collimated beam.

Alaser can also be built using as the active medium a solid rod of a suitably doped
crystal or glass which is irradiated with light from a flash lamp. The laser output takes
the form of a pulse or a series of pulses lasting a few microseconds. Commonly
used materials are ruby (A = 694 nm) and neodymium-doped yttrium aluminum
garnet (Nd:YAG) (A = 1.06 wm), the output from which can be converted to visible
light by means of a frequency-doubling crystal [see Koechner, 1976]. Diode-pumped
Nd:YAG lasers can give a cw output.

Very short pulses of light (=15 ns duration) can be produced by using a Q switch
in the laser cavity. Such a Q-switched ruby laser can be used for interferometric studies
of high-speed gas flows [Tanner, 1966, 1967]. Shorter pulses, with a duration less
than 500 ps, produced by a pulsed nitrogen laser (A = 337 nm), have been used for
interferometric studies of plasmas [Schmidt, Salzmann, and Strowald, 1975]. Even
shorter pulses can be produced by a mode-locked Ti—sapphire laser.

5.2 Laser Modes

The two mirrors in a laser constitute a resonant cavity whose length L is much greater
than its lateral dimensions. The modes of such a resonant cavity can be defined as
stationary configurations of the electromagnetic field within the cavity which satisfy
the boundary conditions.

The simplest form of resonant cavity is the plane-parallel, or Fabry—Perot, res-
onator. The modes of such a resonator correspond to two systems of plane waves
propagating in opposite senses along the axis of the cavity, and meeting the condi-
tion that the optical path for each round trip is an integral number of wavelengths.
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The resonant frequencies are then defined by the relation
v =gq(c/2L), (.1

where ¢ is an integer. Plane-parallel resonators were used in the earliest lasers, but
they are difficult to align and only marginally stable. A better configuration consists
of two spherical mirrors with the same radius of curvature b, separated by a distance
L = b. Since the focal points of the two mirrors coincide, this arrangement is called
a confocal resonator.

5.2.1 Modes of a Confocal Resonator

The modes of a confocal resonator have been analyzed by Boyd and Gordon [1961],
who have shown that any eigenfunction (a spatial mode) must satisfy the condition
that it is its own Fourier transform. The eigenfunctions that satisfy this condition are
the products of Hermite polynomials H;, H,, and a Gaussian function.

Since all these modes have negligible electric and magnetic fields along the axis,
they are identified by a designation TEMy,,,4, where the indices / and m correspond
to the orders of the Hermite polynomials H; and H,,, and ¢ is an integer.

The lowest-order mode, which corresponds to / = 0, m = 0 (the TEMp mode),
is of particular interest since its eigenfunction is

Eoo(x, y) = exp[—7 (x* + y?)/LA]. (5.2)

The field at the mirrors has a Gaussian profile, and its amplitude drops to (1/e) of its
maximum value at a distance w from the axis, known as the spot size, where

w = (\L/m)"/2. (5.3)

This mode has the lowest losses and does not exhibit any phase reversals in the electric
field across the beam, so that the output beam exhibits complete spatial coherence.
For this reason, lasers used as light sources for interferometry should operate in the
TEMgo mode.

The confocal resonator has the disadvantage that the spot size is too small to
make effective use of the available cross-section of the laser medium. The most
commonly used resonator configuration consists, therefore, either of two concave
mirrors with a radius of curvature greater than the resonator length, or of a plane
mirror in conjunction with a long-radius concave mirror. Such a resonator gives a
larger spot size than a confocal resonator and can, at the same time, be aligned easily.

The theory of such generalized spherical resonators has been analyzed by Boyd
and Kogelnik [1962] and by Kogelnik and Li [1966] by reducing the problem to that
of an equivalent confocal resonator.
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5.2.2 Longitudinal Modes

The active medium in a gas laser has a significant gain over a finite frequency range
due to various line-broadening mechanisms such as collisions between atoms and
Doppler broadening. The latter is the principal effect at low gas pressures, as in the
He-Ne laser, while the former becomes dominant at higher gas pressures. Sustained
oscillation is possible at any frequency at which the gain in the active medium exceeds
the losses in the resonator. Even for the TEMgy mode, the cavity has a number of
resonant frequencies which are given, for a confocal resonator, by the expression

vy = (¢/2L) (g + 1/2), 5.4)

where ¢ is an integer. Accordingly, if more than one of these resonant frequencies falls
within the gain profile of the medium, as shown in Fig. 5.1a, the laser will oscillate
in a number of longitudinal modes.

Oscillating modes
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Figure5.1. (a) Frequency spectrum of a gas laser oscillating in a single transverse
mode, but in a number of longitudinal modes. (b) Transmittance of an intracavity
etalon. (c) Single-frequency output obtained with an intracavity etalon.
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With low-power gas lasers, in which the mirrors are sealed directly onto the
ends of the discharge tube, mode competition results in adjacent longitudinal modes
having orthogonal polarizations. In higher-power lasers, the tube containing the active
medium is sealed with windows set at the Brewster angle, and separate mirrors are
used. Losses for the TM wave (the wave polarized in the plane of incidence) are then
close to zero, while losses for the TE wave are high enough to prevent oscillation. As
a result, all the longitudinal modes are polarized in the same plane.

The width of the individual modes depends on the mechanical stability of the
cavity structure as well as on the losses and is typically about 3 MHz in the visible
region. With a laser oscillating in a single longitudinal mode, the coherence length of
the output could therefore be as much as 100 m. However, the existence of more than
one longitudinal mode reduces the coherence length severely. If we assume, that, as a
first approximation, the output spectrum of the beam can be represented by Q equally
spaced delta functions, so that it can be written as

i=q+0-1
S = > sv—v), (5.5)

i=q
the degree of temporal coherence for an optical path difference p is

sin(Qrp/2L)

. . (5.6)
Qsin(rp/2L)

yi(p) =

If O > 1, this is an oscillatory function and the coherence length is defined
conventionally by its first zero, which occurs when

p=2L/Q. (5.7)

Interference fringes will be obtained once again as the optical path difference is
increased beyond this point, but with reversed contrast.

5.2.3 Single-Frequency Operation

The simplest way to force a gas laser to operate in a single longitudinal mode is to
use a very short cavity. The frequency difference between the longitudinal modes can
then be made greater than the width of the gain profile (about 1.7 GHz for a He-Ne
laser), so that only one longitudinal mode is sustained. However, the gain available
with such a small length of the active medium is limited, so that the power output is
very low.

If single-mode operation at higher power levels is required, some method of
longitudinal-mode selection has to be applied to the laser. One technique described
by Smith [1965] involves the use of an auxiliary resonant cavity. A simpler method
of obtaining single-frequency operation is to use an etalon in the laser cavity. This
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is usually a plane-parallel plate of fused silica [Hercher, 1969], though alignment is
easier with an etalon having concentric spherical surfaces [Hariharan, 1982]. Oscilla-
tion is then possible only on a mode common to both cavities, as shown in Figs. 5.1b
and c, for which the combined losses are low.

Single-frequency operation of diode lasers is fairly easy since, with proper
design, the number of longitudinal modes decreases rapidly as the injection cur-
rent is increased [Streifer, Burnham, and Scifres, 1977; Aiki et al., 1978; Kajimura
et al., 1979; Henry, 1991]. Above a critical value of the current, a single-frequency
output is obtained.

A narrower line width as well as a more stable output frequency can be obtained
by antireflection coating the end faces of the chip and operating it in an external
cavity with two low-finesse Fabry—Perot etalons as wavelength-selecting elements
[Voumard, 1977].

5.3 Comparison of Laser Frequencies

The coherence time for light from a laser can be long enough that it is possible to
observe beats between light waves from two lasers operating on the same transition
[Javan, Ballik, and Bond, 1962]. Measurements of the beat frequency and its variance
over time can be used to estimate the frequency stability of a laser.

To observe such beats, the beams from the two lasers are combined at a semi-
transparent mirror and allowed to fall on a photodetector. The resultant electric field
at the detector can then be represented by the real vibration

E(@r) = E1(1) + Ex(1), (5.8)

where E1(t) and E»(¢) are the real vibrations corresponding to the two superimposed
fields. These vibrations can be written as
Ey(1) = ay cos2mvit + 1), (5.9)
E>(t) = az cosQmvat + ¢o), (5.10)
where a; and aj are the amplitudes, v; and v, are the frequencies, and ¢ and ¢, are
the phases of the two waves.

With a square-law detector, the output current i (r) is proportional to [E(1)]* so
that

i(t) = [E1(t) + E2(0)]
= (1/2)(a? + a3) + (1/2)[cos 2Q2mvyt + ¢1) + cos 22 vat + ¢2)]
+ ajaz cos[2m (v1 + v2)f + @1 + ¢2]
+ ajap cos[2mw (vi — o)t + ¢ — ¢al. (5.11)
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The second and third terms on the right-hand side of Eq. (5.11) correspond to
oscillatory components at frequencies of 2v1, 2v,, and (v; + v2) which are too high
for the detector to follow. Accordingly Eq. (5.11) reduces to

i(t) = (1/2)(af + a3)
+ ajap cos[2w (vi — )t + ¢ — ¢2]. (5.12)

The output from the detector consists of a steady current, on which is superposed an
oscillatory component at the beat frequency (v; — v7); since this beat frequency is,
typically, in the radio-frequency domain, it can be observed.

We can also interpret Eq. (5.12) as implying the formation of a set of moving
interference fringes, the number of fringes passing any point on the detector in unit
time being equal to the beat frequency. Obviously, for the beats to be detected, it is
necessary for the dimensions of the detector to be small compared to the interfringe
distance, or in other words,

d K \/sinb, (5.13)

where d is the diameter of the sensitive area of the detector and 0 is the angle between
the interfering beams. Siegman [1966] has shown that there is a trade-off between the
angular field of view of the detector and its effective area, their product being equal
to A2.

Beats can even be observed with a single laser if it is oscillating in more than one
axial mode [Herriot, 1962]. The frequency separation of these modes and, therefore,
the beat frequency is given, as we have seen earlier, by the relation

Av =c/2L, (5.14)

where c is the speed of light and L is the length of the laser cavity. With a typical
He-Ne laser having a cavity length of 250 mm, this beat frequency is about 600 MHz
and can be measured either with a spectrum analyzer, using a fast photodiode as the
detector, or by direct frequency counting.

The phenomenon of beats is easily explained in classical terms on the basis that
the amplitude and phase of each beam do not vary appreciably over the coherence time
1/Av, where Av is the laser line width. A more detailed analysis made by Mandel
[1964] shows that even with two light beams derived from completely independent
sources, the correlation between the intensities at two space-time points is a periodic
function of their separation, indicating the presence of transient interference effects.
These effects cannot be observed with light from thermal sources, for which the
degeneracy parameter § (the average number of photons in the same spin state falling
on a coherence area in the coherence time) is less than 10~3. However, they become
observable with laser beams for which § > 1.



86 Chapter 5. Lasers

5.4 Frequency Stabilization

Many interferometric measurements require a source whose frequency is very stable.
In addition, for measurements of length (see Chapter 7) this frequency must be pre-
cisely known. The output from a free-running gas laser, even when it is oscillating in
a single longitudinal mode, does not meet these requirements to better than about 1
part in 10°. The reason for this is that the output frequency is inversely proportional
to the optical distance between the end mirrors, which can vary because of thermal
or mechanical effects. As a result, although such a laser can, in principle, produce an
output with a bandwidth less than 500 Hz, the mean frequency of this output can vary
over the much wider bandwidth of the gain profile. Because of this, some method of
stabilizing the output frequency of a laser is necessary. Some of the commonly used
methods will be described briefly here.

5.4.1 Stabilization with a Reference Etalon

The simplest way of stabilizing the output frequency of a laser is by locking its output
wavelength to the transmission peak of a reference Fabry-Perot etalon. With a diode
laser this can be a short length of a single-mode optical fiber [Wolfelschneider and
Kist, 1984].

5.4.2 Polarization-Stabilized Laser

A simple method of stabilizing the output frequency of a He-Ne laser involves using
a laser tube with internal mirrors, whose length is chosen so that it operates simulta-
neously on just two longitudinal modes. Normally, these two modes are orthogonally
polarized and their directions of polarization remain fixed. It is therefore possible
to divide the beam from the rear mirror of the laser at a polarizing beamsplitter, as
shown in Fig. 5.2, and to compare the intensities of the two modes. The difference of
the two intensities is used as the error signal in a servo amplifier that controls either
the discharge current [Balhorn, Kunzmann, and Lebowsky, 1972] or the current in
a heater wound on the plasma tube [Bennett, Ward, and Wilson, 1973; Gordon and
Jacobs, 1974], so that the intensities of the two modes are held equal. The frequencies
of the two modes are then symmetrically positioned about the center frequency of the
gain profile. One of the modes can be selected by means of a polarizer in the main
beam to obtain a single-frequency output.

Measurements with such lasers show that their frequency variations can be held
to less than & 50 kHz for short periods and &= 5 MHz, or 1 part in 108, over quite long
periods [Ciddor and Duffy, 1983]. However, care must be taken to avoid systematic
offsets due to optical feedback arising from external reflections [Brown, 1981].

5.4.3 Stabilized Transverse Zeeman Laser

As mentioned earlier, a low-power He-Ne laser with internal mirrors usually oscil-
lates in two or three longitudinal modes which are linearly polarized in orthogonal
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Figure5.2. Frequency stabilization system for a He-Ne laser using two orthogonally
polarized modes [Gordon and Jacobs, 1974].

directions. Morris, Ferguson, and Warniak [1975] found that the application of a
transverse magnetic field to such a laser results in the modes splitting. If the value
of the magnetic field is properly chosen, adjacent components of two modes can
be made to overlap near the line center, while the outer components move to the
wings of the gain curve and are suppressed. As a result the laser oscillates on a single
axial mode composed of two orthogonally polarized waves. These two components
exhibit a small frequency difference due to the magnetically induced birefringence of
the gas in the laser tube, and this frequency difference depends on the position of the
mode within the gain profile. This property has been exploited to stabilize the output
frequency of the laser.

As shown in Fig. 5.3, the two frequencies in the back beam of the laser are
mixed with a polarizer, and the beat frequency is detected with a phototransistor.
The output from a frequency-to-voltage converter circuit is then used to control the
length of the cavity through a servo amplifier and a heating coil on the laser tube. The
properties of lasers using this method of frequency stabilization have been studied in
detail by Ferguson and Morris [1978] and by Umeda, Tsukiji, and Takasaki [1980].
Brown [1981] has shown that the frequency variations are of the same order as
those cited earlier for polarization stabilization but, since stabilization is effected by
measurements of a beat frequency, this system is less influenced by optical feedback;
however, problems can arise due to stray magnetic fields.
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Figure 5.3. Frequency stabilization system for a He-Ne laser using a transverse
magnetic field [Morris, Ferguson, and Warniak, 1975].

5.4.4 Stabilization on the Lamb Dip

When a laser oscillates, the number of atoms available in the upper (or excited) state
drops, so that the available gain is reduced. However, this reduction is not uniformly
spread over the whole gain profile. With a laser operating at a single frequency, only
those atoms whose Doppler-shifted frequencies match the laser frequency within
narrow limits will interact with the radiation field. As a result, there is a local dip in
the gain profile; this effect is known as hole burning. If the laser frequency is not at
the center of the gain profile, two holes are burned in the gain profile, as shown in
Fig. 5.4, because of the interaction of waves traveling in opposite directions along
the axis of the resonator with two groups of atoms having equal but opposite Doppler
shifts. However, if the laser frequency coincides with the center of the gain profile,
these two holes coalesce to produce a single deeper hole. Under these conditions,
saturation of the stimulated emission produces a drop in the output power known as
the Lamb dip. The width of the Lamb dip is about a tenth of the Doppler width for the
He-Ne laser and it has been used, by modulating the laser frequency and monitoring
the output with a phase-sensitive detector, to stabilize the frequency of a He-Ne laser
to about 1 part in 103 [Rowley and Wilson, 1972].

5.4.5 Stabilization by Saturated Absorption

Stabilization on the Lamb dip has been superseded by a similar technique based
on saturated absorption. When a cell containing gas molecules with an absorption
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Figure 5.4. Hole burning due to saturation of stimulated emission: (a) mode fre-
quency offset from the center of the gain profile, and (b) mode frequency at the center
of the gain profile.

line at a suitable frequency is placed within a laser cavity, two groups of molecules
with equal but opposite velocity components will normally interact with the two
counterpropagating waves. However, when the laser frequency coincides with the
unshifted absorption frequency, the same group of molecules will interact with the
two counterpropagating waves, and there is a dip in the observed absorption due to
saturation of the absorption. The width of this dip is limited only by the lifetimes of
the energy states involved and the interaction time, and is typically less than 1073 of
the Doppler width.

Frequency stabilization by this technique was first proposed by Lee and Skolnick
[1967], and later achieved by Hall [1968] using the 3.39-wm line of a He-Ne laser
with CHy as the absorber. Malyshev et al. [1980] have reported that this line is
reproducible to 5 parts in 10'3, and its frequency has been measured with an accuracy
of +3 parts in 10! [Knight et al., 1980].
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In the visible region, both 1271, and '*°1, have absorption lines that coincide with
the He-Ne laser line at 633 nm [Hanes and Dahlstrom, 1969; Knox and Pao, 1970].
Because the saturated absorption peaks in iodine are very small (<1%) and are super-
posed on a sloping background, it is necessary to use a third-harmonic servo system to
eliminate systematic frequency shifts due to this slope [Wallard, 1972; Hanes, Baird,
and De Remigis, 1973]. A detailed description of such an iodine-stabilized He-Ne laser
operating at a wavelength of 633 nm has been given by Layer [1980]. This laser has an
output whose frequency is stable to 3 parts in 10'3 over 1000 s and reproducible to bet-
ter than 5 parts in 10'°. This technique of frequency stabilization has been the subject
of intensive research [Brillet and Cerez, 1981], and lasers using it provide a num-
ber of wavelengths which are used for interferometric measurements of length (see
Section 7.9).

5.4.6 Stabilization by Saturated Fluorescence

The most common infrared laser is the CO; laser. A widely used method of frequency
stabilization for this laser is an interesting variation of the technique of saturated
absorption. Low-pressure CO; in an auxiliary cell absorbs weakly at 10.6 wm, because
the lower laser level has a small thermal population, and, as a result, fluoresces in
the 4.3 wm band, which connects the upper laser level to the ground state. Saturation
of the absorption results in the fluorescence efficiency exhibiting a dip at the line
center. If the frequency of the laser is modulated, the resultant signal can be used
very effectively to stabilize the laser center frequency [Freed and Javan, 1970]. This
technique has the advantage that it permits stabilization on any one of a number of
transitions in the 10.6 wm band on which the CO; laser can oscillate. A frequency
stability of 1 part in 10" can be obtained, with a reproducibility of about 2 parts
in 1010

5.4.7 Diode Lasers

A considerable amount of work has been done on frequency stabilization of diode
lasers. The most common technique for locking a diode laser to an absorption line
uses wavelength modulation to generate a signal approximating the derivative of
absorption as a function of wavelength. The zero crossing of the first derivative,
which occurs at the line center, and the linear region around the zero crossing are
used to generate a feedback signal to drive the laser toward line center [Ikegami,
Sudo, and Sakai, 1995].

Diode lasers have been stabilized on the lines of rubidium at 780 nm and 795 nm.
In addition, water vapor has a large number of absorption lines in the 8§10 to 840 nm
region, as well as around 944 nm and 791 nm, offering the possibility of stabilizing
a diode laser at several neighboring wavelengths [Koch et al., 2001; Grohe €t al.,
2001].
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5.5 Laser Beams

The beam from a laser oscillating in the TEMp mode has a Gaussian intensity profile
and its diameter is often much smaller than the aperture of the interferometer. It is then
necessary to expand the beam to obtain a reasonably uniform intensity distribution
over the field. This can be done by a microscope objective which brings the beam to a
focus, followed, where a collimated beam is required, by a lens of an appropriate focal
length. The expanded beam may exhibit diffraction patterns (spatial noise) due to dust
on the surfaces of the microscope objective, but these patterns can be eliminated by
a pinhole placed at the focus of the objective which acts as a spatial filter and blocks
the diffracted light. If the diameter of the pinhole is slightly greater than the central
maximum of the image (the Airy disc), the loss of light is negligible.

With a diode laser, because of the small dimensions of the active region, a single
spatial mode has a nearly Gaussian profile. However, the divergence of the output
beam is quite large and is greater in one direction than the other, typically 5° x 50°.
Interferometric measurements of the astigmatism of the output wavefront have been
made by Tatsuno and Arimoto [1981] and Creath [1985].

Laser light can also give rise to problems because of its high spatial and temporal
coherence. If a diffuser is introduced in the beam to obtain an extended diffuse
source, speckle (see Appendix G) can be a nuisance. Speckle can be minimized
when observing or photographing interference fringes by using a moving diffuser or
a combination of two moving diffusers [Lowenthal and Arsenault, 1970].

A more serious problem is reflected light from the various surfaces in the optical
paths in the interferometer. Because this stray light is coherent with the main beam,
but has traversed an additional optical path d, its amplitude a; adds vectorially to
the amplitude a of the main beam, as shown in Fig. 5.5, resulting in a phase shift
(assuming a; < a)

A ~ (ay/a) sinp, (5.15)

Figure 5.5. Phase shift of a beam produced by coherent light that has traversed an
additional optical path.
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where ¢ = (2 /A)d. Spatial or temporal variations in either the amplitude of the
stray light or its phase relative to that of the main beam will give rise to noise in the
interferogram.

Feedback due to light reflected back from the interferometer into the laser must
also be avoided, since changes in the amplitude or the phase of the reflected light
can cause changes in the output or even (see Section 5.4.2) the frequency of the laser
[Brown, 1981].

Finally, it is very important, when working with lasers, to see that adequate
precautions are taken to avoid damage to the retina, including the use of protec-
tive eye wear, where necessary (see Sliney and Wolbarsht, 1980; ANSI Standard
7 136.1-1993).



Chapter 6

Electronic Phase Measurements

Another development which has revolutionized interferometry has been the increasing
use of electronic techniques for direct measurements of phase differences in inter-
ference patterns with very high accuracy. Photodetector arrays, in conjunction with
digital computers, have made it possible to extend these techniques to map optical
phase differences at a network of points covering an interference pattern in a very
short time. As a result, traditional methods of recording and analyzing interference
patterns have been largely replaced by electronic techniques.

6.1 Photoelectric Settings

Photoelectric detection has been used for many years to obtain increased precision
in interferometric measurements. One of the earliest techniques was a null method in
which a small modulation of the optical path difference was introduced [Baird, 1954;
Bruce and Hill, 1961]. The fringe pattern was imaged on a small aperture, and the
transmitted flux was analyzed into its harmonic components. The disappearance of the
component at the modulation frequency defined a setting on an intensity maximum
or minimum.

The precision attainable with this technique has been discussed by Hill and Bruce
[1962, 1963], Hanes [1963], and Ciddor [1973], who have shown that the major
limitations with thermal radiation arise from its limited coherence and low intensity.
With a laser, the precision of measurements is limited, in practice, by the mechanical
stability of the interferometer.

6.2 Fringe Counting

Another technique, which was first described by Peck and Obetz [1953], but has now
become increasingly important, is electronic fringe counting. Basically, this involves

93
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an optical system giving two uniform interference fields, in one of which there is an
additional phase difference of /2 between the interfering beams. The two fields can
be produced conveniently by using a beamsplitter with a multilayer semireflecting
metal coating [Raine and Downs, 1978]; the interference pattern formed by the normal
output beams and that formed by the beams going back to the source then meet this
condition. Two detectors viewing these two fields provide two signals in quadrature
which can drive a bidirectional counter. The same signals can also be used to determine
the fractional interference order. One way of doing this is to apply these signals to the
horizontal and vertical deflection amplifiers of an oscilloscope. A circular pattern is
obtained, which is traversed once each time the phase difference between the beams
changes by 27. Fringe counting interferometers of this type have been described by
Gilliland et al. [1966] and by Matsumoto, Seino, and Sakurai [1980]. Fringe-counting
systems have also been used in free-fall instruments for absolute measurements of
gravitational acceleration (g) [Zumberge, Rinker, and Faller, 1982; Arnautov et al.,
1983], and more recently for measurements of the Newtonian gravity constant (G)
[Schwarz et al., 1999].

An alternative method of fringe counting is based on polarization coding [Dyson
et al., 1972]. In this technique, the two beams emerging from the interferometer are
linearly polarized at right angles to each other and traverse a A /4 plate oriented at 45°,
which converts one beam into right-handed, and the other into left-handed, circularly
polarized light. If the amplitudes of the two beams are the same, they add to produce a
linearly polarized beam whose plane of polarization rotates through 360° for a change
in the optical path difference between the beams of two wavelengths. The rotation of
the plane of polarization can be followed by a polarizer controlled by a servo system
[Roberts, 1975]. The effect of dc drifts can be minimized by modulating the output
intensity by a Pockels cell or a Faraday cell and using a phase-sensitive detector.
A detailed analysis of the possible errors in such a system (also known as an optical
screw) has been made by Hopkinson [1978].

A drawback of both these fringe counting systems is that the inherent low-
frequency intensity fluctuations in a laser can affect their operation. This problem
can be avoided with a system that uses two different optical frequencies [Dahlquist,
Peterson, and Culshaw, 1966; Dukes and Gordon, 1970]. The two optical frequencies
are generated by a single He-Ne laser, which is forced to oscillate simultaneously on
two frequencies, vy and v,, separated by a constant difference of about 2 MHz, by
the application of an axial magnetic field. The beam from the laser consisting of these
two waves, which are circularly polarized in opposite senses, goes through a A /4
plate, which converts them to orthogonal linear polarizations, and a beam-expanding
telescope before entering the interferometer.

In the interferometer, as shown schematically in Fig. 6.1, a portion of the beam is
split off initially and, after going through a polarizer which mixes the two frequencies,
is incident on a detector Dg. The output from this detector, which is at the beat
frequency (v — vj), constitutes a reference frequency. The main beam goes to a
polarizing beamsplitter at which one frequency (say v;) is reflected to a fixed cube
corner Cy, while the other, v;, is transmitted to a movable cube corner C, which
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Figure6.1. Fringe counting interferometer using a two-frequency laser [after Dukes
and Gordon, 1970]. © Copyright 1970 Hewlett-Packard Company. Reproduced with
permission.

constitutes the measuring element. Both frequencies then return along a common
axis and, after passing through a polarizer, are incident on another detector Dy.

When both the cube corners are stationary, the output signal from the detector
Dyg is also at the beat frequency (v, — v1). However, if the cube corner C; is moved
slowly, the frequency v; is shifted up or down because of the Doppler effect. Typically,
a velocity of 0.1 m/s causes a shift Av of approximately 300 kHz. As a result, the
frequency at the output from the detector Dg becomes (v2 — v; & Av).

The outputs from the two photodetectors Dg and Dg go to a differential counter.
One frequency drives the counter forward, while the other drives it backward. If
the cube corner C, is stationary, the two frequencies are equal and no net count
accumulates. However, if C, is moved, a net positive or negative count is produced,
which gives the change in optical path in wavelengths of light.

This type of interferometer can be used for accurate measurements over paths as
long as 60 m [Liu and Klinger, 1979; Bobroff, 1993]. Simultaneous measurements
over a number of axes can be made with a system using a two-longitudinal-mode
He-Ne laser yielding a higher output power by down-converting the high intermode
beat frequency [Kim and Kim, 2002].

6.3 Heterodyne Interferometry

In this method, a small frequency shift is introduced in one beam of the interferometer
[Crane, 1969; Lavan, Cadwallender, and De Young, 1975]. Systems which have been
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used for this purpose include a rotating 1 /4 plate and a rotating grating. However,
the most common method is to use two acousto-optic modulators operated at slightly
different frequencies.

The output current from a photodetector is then, from Eq. (5.12),

i(x,y,0) = (1/2)[a3(x,y) + a3 (x, y)]
+ai(x, y)aa(x, y) cos[2m (v — v2)t — Ap(x, M1,  (6.1)

where vy, vy are the two optical frequencies, aj (x, y) and az(x, y) are the amplitudes
of the two waves, ¢ (x, y) and ¢, (x, y) are their phases, and A¢ (x, y) = ¢1(x, y) —
$2(x, y).

It follows from Eq. (6.1) that the output from a photodetector at this point is
modulated at a frequency (v; — v), and the phase of this modulation corresponds
to the original phase difference between the interfering wavefronts. The phase of the
modulation can be measured electronically with respect to a reference signal derived
either from a second detector to which the optical paths remain unchanged, or from
the source driving the modulator. This technique is capable of very high precision
and has been used for a variety of measurements [Ohtsuka and Sasaki, 1974; Lavan
et al., 1976; Kristal and Peterson, 1976].

The light source normally used for heterodyne interferometry (a frequency-
stabilized single-mode He-Ne laser) has an output less than 1 mW, which is not
adequate for multiple-axis and high-target-speed interferometry. This requirement
can be met by a system using a 5-mW He-Ne laser operating in three longitudinal
modes, along with super-heterodyne detection [Yokoyama et al., 2001]. An added
benefit is that the sensitivity is doubled.

As can be seen, the heterodyne technique replaces measurements of the positions
of fringes by measurements in the frequency domain, which can be made with very
high precision.

6.4 Phase-Locked Interferometry

In this technique, the phase is sinusoidally modulated with a small amplitude while
an additional reference phase «(#) is introduced, either by moving a mirror [Johnson,
Leiner, and Moore, 1979; Matthews, Hamilton, and Sheppard, 1986] or by using a
diode laser as the light source and controlling the injection current [Suzuki, Sasaki,
and Maruyama, 1989; Suzuki et al., 1991].

The time varying output from a point detector is then filtered to obtain a signal
proportional to the sine of the sum of the original phase ¢ () and the additional
reference phase «(¢). The value of this signal is held at zero by means of a feedback
loop, so that the value of «/(#) is a direct measure of the value of ¢ (¢). The effects
of external disturbances can be eliminated by making simultaneous measurements at
two points: a fixed point which gives information on any disturbances and a point
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which is scanned along the surface of the object. The surface profile is then obtained
by subtracting the former from the latter [Suzuki et al., 1992].

6.5 Computer-Aided Fringe Analysis

For many years, the chief disadvantage of interferometry as a tool for quantitative mea-
surements was the labor involved in analyzing an interferogram. Digital techniques
are now used widely to process images of the fringes for very rapid and very precise
measurements [Robinson and Reid, 1993; Dorrio and Fernandez, 1999].

Computer-aided analysis of fringe patterns is possible either by plotting the loci
of the centers of the fringes [Womack et al., 1979], using a television camera linked
to a digital computer, or by directly measuring the phase difference between the two
interfering wavefronts at an array of points covering the field. The latter approach is
preferable, since it is capable of higher precision and is not affected by variations in
the illumination over the field. The techniques described for this purpose fall into two
broad groups.

One approach is based on point-by-point measurements using mechanical or
optical scanning of the fringe pattern. Measurements of the phase difference between
the interfering wavefronts can be made either by a null-detection technique using a
small phase modulation of one of the beams [Pearson €t al., 1976; Johnson, Leiner,
and Moore, 1977], or by heterodyne techniques [Sommargren and Thompson, 1973;
Massie, Nelson, and Holly, 1979]. The time involved in making such measurements
can be reduced by using an image dissector camera to scan the interference pattern
[Mottier, 1979; Massie, 1980].

Real-time measurements can be made by using two orthogonally polarized
beams and a system of polarizing beamsplitters and retarders at the output of the
interferometer to generate four signals in quadrature [Smythe and Moore, 1984].

6.5.1 Fourier-Transform Techniques

Atilt introduced in one of the beams (say, along the x direction) generates background
fringes corresponding to a spatial carrier frequency &y [Takeda, Ina, and Kobayashi,
1982]. This spatial carrier is modulated by the local variations A¢ (x, y) in the phase
difference between the beams, so that the intensity in the interference pattern is given
by the relation

I(x,y) =a(x,y) + b(x,y)cos[2n&ox + Ad(x, y)]
=a(x,y) + c(x, y) expRmi&ox) + ¢*(x, y) exp(—2mwi&ox), (6.2)

where c(x, y) = (1/2)b(x, y) exp[iA¢(x, y)].
The Fourier transform of the intensity with respect to x is then [Macy, 1983]

Z¢.y) = AG.y) + CE — &0, y) + C* (€ + &0, ). (6.3)
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where £ is the spatial frequency in the x direction. If the spatial carrier frequency &g
is sufficiently high, the term C (& — &, y) can be isolated and processed to obtain
C(&, y). The inverse Fourier transform of C(&, y) then yields c(x, y), from which
the phase difference at any point can be calculated using the relation

(6.4)

A¢(x, y) = arctan [M} .

Refc(x, y)}

Fourier transform techniques are most useful where it is possible to produce straight,
equally spaced carrier fringes, and the local phase variations are small as, for example,
in studies of plasmas [Nugent, 1985; Bone, Bachor, and Sandemann, 1986; Toyooka,
Nishida, and Takezaki, 1989]. The application of such techniques to fringe analysis
has been reviewed by Takeda [1990] and Kujawinska and Wojciak [1991].

It has also been shown that this technique can be extended to closed-fringe
patterns [Garcia-Marquez, Malacara-Hernandez, and Servin, 1998; Ge et al., 2001].
A continuous wavelet-transform ridge-extraction technique can be used to analyze
lower-quality images [Tomassini €t al., 2001].

6.6 Phase-Shifting Interferometry

Phase-shifting techniques permit simultaneous measurements on a number of points,
using a charge-coupled-detector (CCD) array [see Creath, 1988]. This approach also
has the advantage that a better signal-to-noise (S/N) ratio is possible at low light
levels, since the signal at each element is integrated over the whole measurement
period. Figure 6.2 is a schematic of a system used for phase-shifting interferometry.

In one method [Bruning €t al., 1974], the optical path difference is changed in
equal steps by means of a mirror mounted on a PZT, and the corresponding values
of the intensity at each point in the interference pattern are recorded. If the complex
amplitudes of the reference and test wavefronts are written as

a(x, y) = ag exp(—ikp) (6.5)
and
b(x,y) = byexp[—ikW(x, y)], (6.6)

where W (x, y) represents the profile of the test wavefront, the intensity in the
interference pattern is

1(x,y, p) = ai + b} + 2apbo cos k[W (x, y) — pl. 6.7)
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Figure 6.2. Schematic of a system for phase-shifting interferometry [Hariharan,
Oreb, and Leistner, 1984].

An alternative representation for Eq. (6.7) is
I(x,y,p)= f+gi1coskp+ hysinkp, (6.8)

where the coefficients f, g1, and /1 are functions of x and y. This is a Fourier series
consisting only of the dc term and the first harmonics. Accordingly, the coefficients at
any point can be found by measuring the intensity / (x, y, p) for values of p given by

p=rpj=Jjr/2m, (6.9)
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where j = 1,2, ..., mq, and m and g are integers. We then have

mq

g1 = (2/mq) Z I(x,y, pj)coskp;j
j=1

= 2aobgcos kW (x, y), (6.10)
and
mq
hi = (2/mq) Y I(x,y, pj)sinkp;
j=1
= 2apbo sinkW(x, y), (6.11)
so that
Wi(x,y) = (1/k)arctan(h/g1). (6.12)

While as many as 100 readings (m = 25, ¢ = 4) have been used, a typical
implementation of this technique used an eight-step staircase modulation (m = 8,
q = 1) of the optical path difference.

A simpler method [Carré, 1966] involves only four measurements of the intensity
at a point corresponding to three equal increments of the phase. It is then possible to
calculate the original phase difference between the beams as well as the magnitude
of the phase shifts [Cheng and Wyant, 1985b].

A further simplification is possible if the phase shifts are known, in which case
only three measurements of the intensity are necessary. Typically, one value of the
phase shift can be zero, while the other two are 7/2 and 7 [Frantz, Sawchuk, and
von der Ohe, 1979; Dorband, 1982]. Alternatively, it is possible to use phase shifts
of £2m /3 [Hariharan, Oreb, and Brown, 1982].

However, the most commonly used algorithm for calculations of the phase dif-
ference is one using four frames of intensity data recorded with phase shifts of 0, 7 /2,
7, and 377/2. In this case,

16T/~ 1()2)
WP =10~ Ian)

(6.13)

In another method [Wyant, 1975; Stumpf, 1979; Schaham, 1982], the optical
path difference between the interfering wavefronts is made to vary linearly with time.
The intensity at any point P (x, y) in the interference pattern can then be written as a
function of time,

I(x,y) = Ip(x, y){1 + Vsin[Rrt/T) + ¢ (x, y)]1}, (6.14)
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where Ip(x, y) is the average intensity at P, V is the visibility of the fringes, T is
the period of the resulting modulation, and the phase difference between the two
interfering wavefronts at P, whent = 0, is ¢ (x, y) — 7 /2.

To determine ¢ (x, y), the integrated output from each of the elements is read out
at the end of four equal intervals covering one such period. If these outputs are taken
as A, B, C, and D, respectively, it follows that

tan$(x, y) = (A — C)/(B — D). (6.15)

This system requires the variation of the optical path with time to be strictly
linear, though the effect of nonlinearities can be reduced by increasing the number of
integration periods per cycle to eight.

Since measurements can be made rapidly, and the data can be stored, the effects
of air currents and mechanical instability can be reduced by averaging a number of
observations. Similarly, it is possible to eliminate systematic errors due to imperfec-
tions in the interferometer by subtracting from the readings made with the test piece
a set of readings made without it or with a standard test piece [Hariharan, Oreb, and
Leistner, 1984; Greivenkamp and Bruning, 1992].

6.6.1 Error-Correcting Algorithms

With the algorithms described in the previous section, systematic errors can arise in
the measured value of the phase difference from several causes. The most important
of these are: (1) miscalibration of the phase shifter, (2) nonlinearity and hysteresis
of the phase shifter, (3) nonlinearity of the photodetector, and (4) deviations of the
intensity distribution in the fringes from a sinusoid due to multiply reflected beams
[Schwider et al., 1983; Hariharan, 1987b; Creath, 1991]. All these effects produce
errors involving terms of the form cosn¢(x, y) and sinn¢(x, y), where n is an
integer: that is to say, sinusoidal functions of ¢ (x, y) with spatial frequencies that are
integer multiples of the interference fringe frequency [Kinstaetter et al., 1988; van
Wingerden, Frankena, and Smorenburg, 1991; Joenathan, 1994].

One way to eliminate phase-shift errors is by using a general least-squares algo-
rithm in which the phase shifts are also considered as unknowns and identified through
an iterative numerical procedure [Okada, Sato, and Tsujiuchi, 1991; Kim, Kang, and
Han, 1997]. Another is to use algorithms with a larger number of phase shifts, the
simplest being one using five frames of intensity data recorded with nominal phase
increments of /2 [Hariharan, Oreb, and Eiju, 1987].

The characteristics of these algorithms can be evaluated by an analysis in the
Fourier domain [Freischlad and Koliopoulos, 1990; Larkin and Oreb, 1992; Malacara,
Servin, and Malacara, 1998]. Several algorithms using a larger number of phase
shifts have been developed, using the Fourier-transform approach [Hibino, Oreb, and
Farrant, 1995; Hibino et al., 1997]. Other algorithms have been developed using
an averaging technique, first introduced by Schwider et al. [1993] and extended by
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Schmit and Creath [1995, 1996] and Zhang, Lalor, and Burton [1999], as well as a
data-windowing technique [de Groot, 1995].

Surrel [1993] showed that while an m-frame algorithm, with phase increments
of 2w /m, was quite sensitive to miscalibration of the phase shifter, an (m + 1)-
frame algorithm (with one redundant frame) offered insensitivity to phase-shifter
miscalibration as well as the possibility of using many frames to improve the signal-
to-noise ratio. An alternative approach to the design of efficient algorithms, based on
the use of a characteristic polynomial, was also proposed by Surrel [1996, 1997b,
1998], who showed that to obtain insensitivity to harmonics up to the mth harmonic,
the minimum number of frames required was 2m + 2, with phase increments of
2w /(m + 2).

The susceptibility of error-compensating algorithms to random noise has been
analyzed by Hibino [1997] and Surrel [1997a], while Zhao [1997] has evaluated
the errors due to intensity quantization with an m-frame algorithm. Data-processing
techniques for suppressing phase errors due to vibration have also been developed
[Huntley, 1998].

General methods for generating algorithms insensitive to various sources of error
have been described by Phillion [1997], Wei, Chen, and Wang [1999], and Zhu and
Gemma [2001].

6.7 Techniques of Phase Shifting

The most common method of introducing phase shifts is by mounting one of the
mirrors of the interferometer on a piezoelectric transducer (PZT) to which appropriate
voltages are applied. However, two other techniques have advantages for specific
applications.

6.7.1 Frequency Shifting

An alternative method of phase shifting is by using a diode laser whose output fre-
quency can be varied by varying the drive current. In this case, the interferometer is
setup initially with a known optical path difference p between the beams. A frequency
change Av then introduces an additional phase difference

Ap = 2rp/v)Av (6.16)

between the two wavefronts [Ishii, Chen, and Murata, 1987]. The phase is calculated
using the output from a CCD array sensor that integrates the intensity at each point
over four successive intervals of one-quarter period [Chen, Ishii, and Murata, 1988].

Dynamic phenomena can be monitored by synchronizing the variation of the
injection current with the field pulse of a CCD camera and storing, on a videotape,
a series of interferograms recorded with phase increments of 7 /2 at video rates.
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Four successive phase-shifted interferograms can then be used to evaluate the phase
distribution at any time [Onodera and Ishii, 1999b].

A problem is that a change in the drive current also affects the intensity of the
laser beam, resulting in errors [Hariharan, 1989]. One way to avoid this problem is by
using photothermal modulation. In this technique, the radiation from an external pump
laser is focused onto the active region of the diode laser used as the source [Klimcak
and Camparo, 1988]. The resulting changes in the temperature and the charge carrier
density produce a frequency shift with a much smaller change in intensity [Anderson
and Jones, 1992]. A combination of both techniques can be used to produce frequency
modulation free from intensity modulation [Suzuki et al., 1999b].

The phase shift can be precisely controlled and the effects of external distur-
bances minimized by a feedback-control system [Yamaguchi, Liu, and Kato, 1996;
Yoshino and Yamaguchi, 1998; Yokota, Asaka, and Yoshino, 2001; Suzuki, Zhao,
and Sasaki, 2001].

6.7.2 Polarization Techniques

Yet another way of shifting the phase of a beam is by means of a cyclic change in its
state of polarization (the Pancharatnam phase; see Appendix E.2).

With a linearly polarized beam, it is possible to use a A/2 plate (H) mounted
between two /4 plates (Q) as a phase shifter [Pancharatnam, 1956]. The two 1 /4
plates have their optic axes fixed at an azimuth of 45°, while the A/2 plate can be
rotated. Rotation of the A /2 plate through an angle 6 shifts the phase of the linearly
polarized output beam by 26. With two orthogonally polarized beams, it is possible
to use a simpler system consisting of a A /4 plate, with its axis at 45°, followed by
a rotatable polarizer [Hariharan and Sen, 1960e]. Rotation of the polarizer through
an angle 6 introduces a phase difference of 26 between the two beams. Some other
systems which can be used as phase shifters with polarized beams have been reviewed
by Kothiyal and Delisle [1985].

Because the Pancharatnam phase is a geometric phase and, therefore, a topolog-
ical phenomenon, it is, in principle, independent of the wavelength. As a result, the
phase shift with a QHQ system, even with simple retarders, is very nearly achromatic
[Hariharan and Ciddor, 1994; Hariharan, Larkin, and Roy, 1994]. Switchable achro-
matic phase shifts of £90° and £120° can be obtained by replacing the A /2 plate
by two ferroelectric liquid-crystal cells [Hariharan and Ciddor, 1999]. Achromatic
phase shifters using a rotating polarizer have been discussed by Helen, Kothiyal, and
Sirohi [1998].

6.7.3 Simultaneous Measurements

In order to make measurements under adverse conditions, or measurements of
dynamic events, at least three phase-shifted interferograms need to be recorded simul-
taneously. The use of beamsplitters [Smythe and Moore, 1984] requires separate
cameras, involving problems of synchronization. An alternative is to use a grating,



104 Chapter 6. Electronic Phase Measurements

in which case a single camera is sufficient [Kwon, 1984; Hettwer, Kranz, and
Schwider, 2000].

6.8 Sinusoidal Phase Modulation

In this method, the phase of the reference beam is modulated by a sinusoidally vibrat-
ing mirror, and a CCD image sensor is used to detect the time-varying intensity
distribution in the interference pattern. The profile of the test surface is then derived
from the frequency components of the detected signal [Sasaki and Okazaki, 1986].

In a variation of this method, the phase is modulated sinusoidally, and a video
camera integrates the time-varying intensity at each point of the interference pattern
over a quarter of the period of the sinusoidal modulation. If the modulation param-
eters are properly chosen, the phase at each point can then be calculated from four
successive patterns obtained in a single modulation period [Sasaki, Okazaki, and
Sakai, 1987].

This method can be implemented conveniently by using a diode laser as the light
source and modulating the injection current [Sasaki, Takahashi, and Suzuki, 1990].
It has the advantage of being relatively insensitive to temperature fluctuations and
low-frequency vibration.



Chapter 7

Measurements of Length

One of the main applications of interferometry is in accurate measurements of length.
This essentially involves the determination of the mean interference order over a spec-
ified area of the interference pattern. Such length measurements are usually carried
out on material standards of two types: line standards, consisting of a set of fine lines
engraved on a polished surface, and end standards, consisting of a bar with polished,
flat, parallel ends.

7.1 Line Standards

Measurements on line standards, such as scales, are carried out with an interference
comparator (see the review by Baird [1963]). The scale to be calibrated is mounted on
amovable carriage which also carries one of the mirrors of a Michelson interferometer.
Successive graduations on the scale are located by a fixed photoelectric microscope,
while the displacement of the mirror is evaluated from the corresponding change in
the interference order [Ciddor and Bruce, 1967].

7.2 End Standards

Measurements of end standards are commonly made with a Kosters interferometer. As
shown in Fig. 7.1, this is basically a Michelson interferometer using collimated light
and incorporating a dispersing prism to select a single spectral line from the source.
The end standard is wrung on to a metal platen, which is used as one of the mirrors
in the interferometer. The image of the reference mirror is positioned halfway between
the platen and the top of the end standard to minimize the optical path differences,
and the difference in the interference orders for the two fields is determined. The
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Figure 7.1. Kosters interferometer for end standards.

length of the end standard can then be evaluated using the method of exact fractions
(see Section 7.4).

The value of the length obtained by this method includes the thickness of a con-
tacting layer between the face of the platen and the surface of the gauge which depends
on a number of factors. Uncertainties due to this cause can be eliminated by using
an interferometric arrangement in which both ends of the gauge are viewed directly
without the need for an auxiliary platen [Hariharan and Sen, 1959b; Khavinson, 1999].

7.3 The Integral Interference Order

Aproblem in all interferometric measurements of length is that if the interference order
with monochromatic light of wavelength A is, say, (m+¢€), where m is an integer and €
is a fraction, observations on the fringes only yield the value of the fraction €. Various
methods have been used to find m, the integral interference order. A direct method
is to count the fringes which pass a given point in the field while one of the mirrors
of the interferometer is moved over the distance to be measured; this method can be
used very effectively with photoelectric fringe counting techniques (see Section 6.2).

Another method involves the use of the zero-order white-light fringe to judge the
equality of the two optical paths in the interferometer; this criterion can be used when
comparing two end standards of very nearly the same length. Yet another method is
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optical multiplication. If two Fabry—Perot interferometers are placed in series, the
spacings of the plates in the two interferometers can be adjusted using fringes of
superposition (see Section 4.5), so that they are in an integral ratio. This technique
makes it possible to compare a long optical path with a shorter, known optical path.
However, the most commonly used procedure is the method of exact fractions.

7.4 Exact Fractions

In this method, the interferometer is illuminated successively with different wave-
lengths Ay, A2...A,, and the fractional orders of interference €1,€;...€, are
measured for these wavelengths. If p is the optical path difference, we then have

p = (my + e, (7.1
p = (m2 + €2)Az, (7.2)
p = (my + €;)n, (7.3)

where m1, mj ... m, are the corresponding integral orders. Since the value of p is
already known within fairly close limits from mechanical measurements, an approx-
imate estimate of the integral order can be made for one of the wavelengths, say
A1. A range of integral values for m, centered on this value, is then taken, and the
corresponding values of €5 . . . €, are calculated from Egs. (7.1) to (7.3). The correct
value of m is then that for which the calculated values of all the excess fractions
agree with the measured values to within the experimental uncertainty.

The method of exact fractions can be applied very effectively with a CO» laser,
since it can generate a number of lines whose wavelengths are known with a high
degree of accuracy [Bourdet and Orszag, 1979; Gillard, Buholz, and Ridder, 1981;
Gillard and Buholz, 1983]. A set of analytical equations amenable to automatic com-
putation has been developed by Tilford [1977] that permit the length to be calculated
by a series of approximations in terms of the wavelengths and the measured fractional
interference orders. These equations can also be used to choose suitable wavelengths
for the range to be covered.

7.5 The Refractive Index of Air

A problem closely related to the measurement of length is the measurement of the
refractive index of air. Unless a length measurement is carried out in a vacuum, the
value obtained for the optical path length has to be divided by the refractive index of
the air within the interferometer to obtain the true length.
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The first detailed measurements of the refractive index of air were made by Barrell
and Sears [1939] using two Fabry—Perot interferometers of almost the same length in
series. To start with, the shorter one was filled with air while the other was evacuated.
The first interferometer was then slowly evacuated and the change in the interference
order was measured from observations on the fringes of superposition. These values
have been used in formulas developed by Edlen [1966] and by Jones [1981] which
can be applied to estimate the refractive index correction, provided the air is free from
contamination. More recent work on the refractive index of air has been reviewed by
Ciddor [1996] and Ciddor and Hill [1999], who have combined these results to obtain
a set of equations that can be used over a wide range of atmospheric parameters and
wavelengths.

Interferometry has also been widely used to measure the refractive indices of
other gases, as well as mixtures of gases, since they are all so close to unity that
measurements by conventional methods of refractometry are not possible. Two inter-
ferometers that have been used for this purpose are the Rayleigh interferometer and
the Jamin interferometer. As shown in Fig. 7.2, the two beams pass through two cells
of the same length containing the gases whose refractive indices are to be compared.
For absolute measurements of the refractive index, one cell is evacuated and the num-
ber of fringes crossing a given point in the field is counted as the gas is admitted to the
cell. Since this procedure can be rather tedious, a compensator is frequently used. This
consists of a fixed glass plate in one beam, and an identical plate in the other beam
which can be tilted to introduce a known change in the optical path. However, it should
be noted that, as discussed in Section 3.3, such measurements only give the phase
index when the actual interference order is measured with a quasi-monochromatic
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Figure 7.2. (a) Rayleigh and (b) Jamin interferometers.
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source. Measurements which involve judgments of equality of the two optical paths
using white-light fringes give values of the group refractive index.

7.6 The International Prototype Metre

The first measurement of the length of the International Prototype Metre, in wave-
lengths of the red cadmium line (A & 644 nm), was carried out by Michelson in
1892, using a set of nine transfer standards, each consisting, as shown in Fig. 7.3,
of two mirrors M7, M| set parallel to each other on a metal support. The distance d
separating the mirrors increased by a factor of 2 from approximately 0.39 mm in the
shortest (standard 1) to 100 mm in the longest (standard 9).

The first step was to measure the separation of the mirrors My, M{ in standard
1, in wavelengths. For this, standard 1 was set up in an interferometer, as shown
in Fig. 7.4a. The half of the field covered by M; and M| was illuminated with
white light, while the other half was illuminated with monochromatic light from the
cadmium lamp.

To start with, the end mirror Mp of the interferometer was set so that its image
M, coincided with M, by locating the zero-order fringe at the center of Mj. The
end mirror Mp was then moved slowly until M 1’9 coincided with M 1’, and the number
of fringes passing a given point in the other half of the field was counted.

To compare standard 1 with standard 2, the two standards MM i and MzMé
were set up, side by side, in one arm of the interferometer, as shown in Fig. 7.4b.
Observations of the zero-order fringe were then used to move standard 1 through a
distance exactly equal to its own length, and the residual difference was measured by
fringe counting. This process was repeated with successive standards.

In the final step, a microscope was used to bring a line on standard 9 into coin-
cidence with a line on the prototype metre, which was placed next to it. Standard 9
was then moved in steps, as described above, through a distance equal to 10 times
its length. The residual distance separating the line on standard 9 and the line at the
other end of the prototype metre was then read off, using another microscope.

Another series of measurements was carried out by Benoit, Fabry, and Perot
in 1913 using multiple-beam fringes formed between pairs of plane, semitransparent
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Figure 7.3. Transfer standard used by Michelson.
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Figure 7.4. (a) Measurement of transfer standard 1 in wavelengths, and (b)
comparison of transfer standard 1 with transfer standard 2.

mirrors (etalons). Five etalons were used with U-shaped invar separators, their lengths
being 0.0625 m, 0.125 m, 0.25 m, 0.5 m, and 1 m. The last etalon had two fine lines
engraved on the upper edges of the mirrors, parallel to their surfaces.

In the first step, the distance between the two marks on the 1-m etalon was
determined with reference to the prototype metre, using an optical comparator. In the
next step, No, the sum of the distances between the lines and the faces of the mirrors
(expressed in wavelengths) was measured by mounting the plates to form, in turn,
two short etalons, in one of which the distance between the lines was twice that in
the other. If Ni and N, are the orders of interference with these two short etalons,
No =2N> — Nj.

Finally, the separation of the plates in the 0.0625-m etalon was measured by the
method of exact fractions. This etalon was then compared with the next longer one
using fringes of superposition, the residual difference being measured, as shown in
Fig. 7.5, by means of a third, slightly wedged air film, which could be moved across
the field to introduce an additional optical path. This process was repeated to obtain,
in wavelengths, the distance between the faces of the plates in the 1-m etalon.

\
\
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\

Etalon Etalon Air
1 2 wedge

Figure 7.5. Comparison of two etalons using fringes of superposition.
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7.7 The 3°Kr Standard

The measurements described in Section 7.6, as well as subsequent measurements at
a number of national laboratories and the Bureau International des Poids et Mésures
(BIPM), showed that while the definition of the metre based on the International
Prototype Metre was significant to about 0.2 wm, or 2 parts in 107, lengths could
be measured to a much higher degree of precision in terms of the wavelength of a
suitable spectral line. This resulted in a considerable body of opinion that favored
replacement of the International Prototype Metre by a spectral line. Finally, after
detailed studies of the characteristics of the spectral lines of ''*Cd, 18 Hg, and 3¢Kr,
the metre was redefined in 1960 in terms of the wavelength of the orange line of 80Kr
(A = 606 nm). Because 8Kr has no nuclear magnetic moment, this line exhibited no
hyperfine structure and had a symmetrical profile. In addition, the broadening of the
line due to the Doppler effect could be minimized by operating the source in a bath of
nitrogen at its triple point (64 K). Measurements with this source were reproducible
to better than 1 part in 108 [Baird and Howlett, 1963].

7.8 Frequency Measurements

With the development of frequency-stabilized lasers (see Section 5.4) sources of
monochromatic light became available with much narrower line widths and much
better reproducibility than the 8Kr lamp. The wavelength of the 3.39-jum line from
the He-Ne laser stabilized by saturated absorption in CHy was the first to be measured
with high accuracy relative to the 3Kr standard by several national laboratories and
the BIPM. These measurements had a spread of only 6 parts in 10°, which was largely
attributable to the uncertainty associated with the 3°Kr standard itself.

Simultaneously, the major national laboratories undertook measurements to com-
pare the frequency of the same laser with the frequency of the '33Cs clock, which
is the primary standard of time. This comparison, necessarily, had to be carried out
in stages. In one experiment [Evenson ef al., 1972, 1973], the first stage involved a
klystron oscillating at 74 GHz whose frequency could be compared directly with the
133Cs standard (v ~ 9.19 GHz). The 12th harmonic of this klystron gave a beat fre-
quency of about 2 GHz with an HCN laser (v ~ 890 GHz), which could be measured
precisely using a diode detector consisting of a tungsten wire, a few micrometres in
diameter with a sharpened end, contacting a polished nickel surface. Measurements
were made, in a similar manner, of the beat frequency between the 12th harmonic of
the HCN laser and a HyO laser (v & 10.72 THz). The third harmonic of this laser
gave a measurable beat with a CO, laser (v &~ 32.13 THz). This laser was, in turn,
compared with a CO; laser oscillating on another transition (v ~ 29.44 THz) whose
third harmonic gave a beat with the He-Ne laser (v &~ 88.38 THz). It was possible,
in this fashion, to measure the frequency of the He-Ne laser with an uncertainty of 6
parts in 1010,
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A simpler setup for such a frequency chain using beats between five CO,
lasers, with different isotope fillings, operating on slightly different wavelengths
was described by Whitford [1979], while the extension of frequency measurements
to the visible region was discussed by Evenson, Jennings, and Petersen [1981] and
Baird [1981, 1983a].

Since the speed of light is given by the product of the wavelength of a source
and its frequency, these results gave a value for the speed of light which brought into
question the value

c=299792458m s (7.4)

which had been formally adopted in 1975. The accuracy of this value was limited
essentially by the uncertainties relating to the standard of length at the time, that is to
say, the wavelength of the 80Kr lamp.

7.9 The Definition of the Metre

It is apparent from Section 7.8 that a point had been reached at which the 80Kr
standard was no longer adequate for absolute measurements of the wavelengths of
stabilized lasers with the degree of precision justified by their characteristics, and an
improved standard of length was necessary. An obvious possibility was to replace
the 80Kr lamp by a stabilized laser. However, this could lead to the need for further
revisions, each time a better laser source was developed. After careful consideration
of various alternatives, the Comité Consultatif pour la Definition du Métre (CCDM)
therefore proposed a different solution which offered many advantages in the long
term [Terrien, 1976; see also the review by Petley, 1983]. This was to assign a fixed
value, based on the best results obtained so far, to the speed of light, which is a
physical constant. Specified laser radiations would then be involved in the methods
of realization of the metre, rather than in its definition.
Accordingly, from October 1983, the metre was redefined as follows:

The metre is the length of the path traveled by light in vacuum during a time interval of
1/229 792 458 of a second.

Three distinct methods of realizing the metre were recommended by the CCDM. The
first was by direct measurements of the travel time of an electromagnetic wave. The
second was by measurements in terms of the wavelength in vacuum of an electromag-
netic wave of known frequency. The third was by means of the vacuum wavelengths
of a number of specified sources; these included spectral lamps using 3°Kr, 1%8Hg,
and ''4Cd as well as lasers stabilized by saturated absorption (see Sections 5.4.5
and 10.11).
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7.10 Length Measurements with Lasers

Problems due to the limited coherence length of light from thermal sources, such as
discharge lamps, have been virtually eliminated with laser sources, making possible
direct measurements of quite large lengths. Lasers have also opened up new appli-
cations of length interferometry, such as the measurement of earth strains, for which
interferometers with a length of more than a kilometre have been used [Vali and
Bostrom, 1968; Berger and Lovberg, 1969]. These interferometers provide a strain
sensitivity of a few parts in 10!! for strain rates up to a maximum value of 10™* s~1,
with a long-term stability of the same order.

More recently, an absolute determination of the length (=~ 300 m) of a Fabry—Perot
cavity in the TAMA gravitational wave detector (see Section 15.4) has been carried out
by measuring the frequency difference between a carrier and the sidebands produced
by phase modulation, both of which resonate in the cavity [Araya et al., 1999].

The range of wavelengths available with lasers also makes it possible to apply
the method of exact fractions very effectively to absolute measurements of large
lengths. The CO; laser is very well suited to such measurements, since it can be
tuned rapidly, under computer control, to a number of wavelengths that are known
to a high degree of accuracy [Bourdet and Orszag, 1979; Gillard and Buholz, 1983;
Walsh and Brown, 1985].

7.10.1 Two-Wavelength Interferometry

Lasers have also made possible new techniques in length interferometry.

In one method, the interferometer is illuminated simultaneously with two wave-
lengths, A1 and A;. The envelope of the fringes then yields the interference pattern
that would be obtained with a synthetic wavelength

AAo

= M (7.5)
[A1 — Az]

N

This method has been implemented by switching a CO; laser rapidly between two
wavelengths as one of the interferometer mirrors is moved over the distance to be
measured. The output signal from the detector is squared, low-pass filtered, and
processed in a computer to obtain the phase difference. Distances up to 100 m can be
measured with an accuracy of 1 part in 107 using synthetic wavelengths of 300 pm
and 3.5 mm [Matsumoto, 1986].

Measurements with a large ambiguity-free range can be made using a stable
and accurate synthetic wavelength generated by using two CO; lasers locked to two
different lines of the CO; molecule [Walsh, 1987] or two diode-pumped Nd:YAG
lasers locked to sub-Doppler transitions of 133Cs; or 1?1, [Mahal and Arie, 1996]. The
dense spectra of the molecular absorbers allow selection of the synthetic wavelength
over a wide range. With a synthetic wavelength of ~ 19 mm, an accuracy of 70 pm
can be achieved by phase shifting.
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High accuracy can also be obtained with diode lasers using dual-wavelength
phase-shifting interferometry [Ishii and Onodera, 1991], dual-wavelength sinu-
soidal phase-modulating interferometry [Sasaki, Sasazaki, and Suzuki, 1991],
dual-wavelength phase-locked interferometry [Suzuki, Sasaki, and Maruyama, 1996;
Suzuki et al., 1997a], or dual-wavelength heterodyne interferometry [Tiziani, Rothe,
and Maier, 1996; Onodera and Ishii, 1999a; Yokoyama et al., 1999; Zhao, Zhou,
and Li, 1999]. Onodera and Ishii [1994] have described a two-wavelength phase-
shifting interferometer that uses a phase-extraction algorithm that is insensitive to the
intensity variations associated with frequency shifting as well as a two-wavelength
interferometer using a fractional-fringe technique with two frequency-ramped diode
lasers [Onodera and Ishii, 1995].

Some unusual techniques for absolute distance measurements have been
reviewed by de Groot [2001].

7.10.2 Wavelength-Scanning Interferometry

The earliest implementation of this technique involved measurements, at a mean
wavelength A, of A, the change in the wavelength required to change the phase
difference between the two interfering beams by an integral multiple (say, N) of 2
[Olsson and Tang, 1981]. The optical path difference d can then be obtained from the
relation

N =dAxr/)%. (7.6)

Several later implementations have used the ability of diode lasers to be
tuned electrically over a range of wavelengths to make absolute measurements of
distance.

In a system described by Kubota, Nara, and Yoshino [1987], shown in Fig. 7.6,
interference takes place between a reference beam reflected from the front surface
of the fixed A/8 plate and the signal beam reflected from the movable end mirror.
The signal beam returns as a circularly polarized beam, since it has traversed the A /8
plate twice, and its two orthogonally polarized components are divided at a polarizing
beamsplitter. As a result the two photodetectors see fringe patterns whose intensities
vary in quadrature. Fringe counting techniques can then be used to determine the
magnitude and sign of a displacement of the mirror.

Absolute measurements of distance are made by sweeping the frequency of the
laser linearly with time by using a function generator to ramp the injection current of
the laser. If the optical path difference between the two beams in the interferometer
is L, they reach the detector with a time delay L /c, where c is the speed of light, and
interfere to yield a beat signal with a frequency

F = (L/)(df/dr), (7.7)

where d f/dz is the rate at which the laser frequency varies with time.
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Figure 7.6. Laser interferometer for measurements of displacements and absolute
distances [Kubota, Nara, and Yoshino, 1987].

Absolute measurements of length can also be made by counting fringes as the laser
wavelength is swept. The fringe count is proportional to the product of the amount
by which the frequency of the laser source is shifted and the difference in the lengths
of the two arms of the interferometer [Stone, Stejskal, and Howard, 1999]. Higher
accuracy can be obtained by using wavelength scanning to determine the integral
fringe order and heterodyne interferometry to determine the fractional fringe order
[Dai and Seta, 1998].

Wavelength scanning can also be used for surface profilometry by changing the
wavelength in a stepwise manner and storing the interference patterns obtained at
each step. The image data obtained at a sequence of steps (typically 256—1024 steps)
are then analyzed to obtain the period and the phase at each point [Kuwamura and
Yamaguchi, 1997; Yamaguchi, Yamamoto, and Yano, 2000].

7.10.3 Sinusoidal Wavelength Scanning

In an arrangement described by Kikuta, Iwata, and Nagata [1986], the input wave-
length to a heterodyne interferometer is varied sinusoidally by varying the injection
current of a diode laser. If the wavelength variation is known, the optical path dif-
ference can be obtained from the resulting variation in the phase difference between
the interfering beams. Real-time measurements of displacements can be made by
sampling the interference signal at times that satisfy certain conditions [Suzuki
et al., 1989].

Sasaki, Yoshida, and Suzuki [1991] have also described a double sinusoidal
phase-modulating interferometer using a diode laser as the source, in which a carrier
signal is provided by a vibrating mirror, and the signal used for measurements of
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the optical path difference is produced by modulating the injection current of the
diode laser (see Section 6.8). Phase fluctuations caused by mechanical vibrations are
eliminated by a feedback control system using the carrier signal.

Higher accuracy can be obtained by filtering the spectrum of a superluminescent
diode by a sinusoidally moving slit, to scan over a larger range of wavelengths [Sasaki,
Murata, and Suzuki, 2000].

Steps whose height is greater than one-half of one wavelength can be measured
by two-wavelength interferometry using a technique of time-shared sinusoidal phase
modulation in which two diode lasers are alternately modulated with a sinusoidal
signal, and the overlapping interference images detected by a CCD camera are sep-
arated by an integrating-bucket method [Sasaki, Okazaki, and Sakai, 1987; Suzuki,
Yazawa, and Sasaki, 2002].

711 Changes in Length

An important application of heterodyne interferometry is for precise measurements
of changes in length, such as in measurements of coefficients of thermal expansion
[White, 1967].

Figure 7.7 is a schematic of an experimental arrangement used for such measure-
ments on low-expansion materials such as fused silica [Jacobs and Shough, 1981].
In this arrangement, mirrors are attached to the two ends of the sample to form a
Fabry—Perot interferometer, and the frequency of a slave laser is locked to a transmis-
sion peak of this interferometer, so that the wavelength of the slave laser is an integral
submultiple of the optical path difference in the interferometer. Any change in the
separation of the mirrors then results in a corresponding change in the wavelength of
the slave laser and, hence, in its frequency. These changes are measured by mixing
the beam from the slave laser with the beam from a frequency-stabilized reference
laser at a fast photodiode and measuring the beat frequency.

A problem with such a setup is that measurements can only be made over a very
limited range, beyond which the transmission peak of the Fabry—Perot interferometer
moves outside the gain profile of the laser. Accordingly, after a preassigned frequency
excursion, the slave laser is locked to an adjacent transmission peak of the Fabry—Perot
interferometer that lies well within the gain profile of the laser.

Measurements have been made by this method, using a 100-mm sample, with a
precision better than 1 part in 108. A modified version of this method has also been
described for comparing the coefficients of thermal expansion of samples taken from
different parts of a large mirror blank of low-expansion material [Jacobs, Shough,
and Connors, 1984].

712 Displacements

A simple arrangement for measuring small displacements with high accuracy uses
two diode lasers with external cavities. A displacement of the reflecting mirror of one
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Figure 7.7. Interferometer for measurements of thermal expansion [Jacobs and
Shough, 1981].

cavity causes a shift in the laser frequency which can be evaluated from measurements
of the heterodyne beat frequency [Takahashi, Kakuma, and Ohba, 1996].

Real-time measurements of large, high-velocity displacements present a problem
with conventional techniques of heterodyne interferometry, since the precision of
measurements decreases as the bandwidth of phase detection is increased.

One approach to this problem is by combining two complementary techniques:
fringe counting at a high beat frequency (20 MHz) for initial measurements of dis-
placements at high velocity, and synchronous phase demodulation with a 2-kHz beat
frequency for final high-resolution measurements [Yim, Eom, and Kim, 2000]. The
two techniques are operated in a switching mode, in accordance with the speed of
movement of the object.

Another approach uses two-wavelength interferometry. However, the usual
method of estimating a displacement by two-wavelength interferometry involves
evaluating the change in the difference of the phases obtained for the two wavelengths
used. Since each of the phases is measured separately, real-time measurements present
difficulties.

This problem can be solved by using two diode lasers whose output wavelengths
are modulated by two separate sinusoidal currents at the same frequency [Suzuki,
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Kobayashi, and Sasaki, 2000]. Changes in the phase difference between the two
beams can then be monitored in real time.

7.12.1 Vibrations

Real-time measurements of low-frequency (=50 Hz) vibrations can be made with
sinusoidal phase-modulating interferometry by sampling the interference signal in
synchronism with the sinusoidal phase-modulating signal at specified times [Suzuki
etal., 1989].

An alternative method is based on phase-locked interferometry [Suzuki, Sasaki,
and Maruyama, 1989], where the fluctuations in the feedback signal are a measure of
the amplitude of the vibration [Suzuki et al., 1997b].

7.13 Dynamic Angle Measurements

In a simple technique for dynamic angle measurements described by Malacara and
Harris [1970], two beams reflected, respectively, from the front and rear surfaces of a
plane-parallel glass plate are made to interfere. A rotation of the glass plate results in
a change in the optical path difference between the beams. This technique can cover a
large range of angles, but the variation of the optical path difference has a significant
nonlinear component.

This technique was extended by Shi and Stijns [1993], who used a right-angle
prism in the probe beam and calculated its optimum position by a parametric com-
pensation method to obtain an improvement in linearity. More recently, Ikram and
Hussain [1999] were able to reduce the error by up to three orders of magnitude, for
a rotation angle of £20°, by using a glass plate and a prism, or two plates and two
prisms, at an angle to the input beam.
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Optical Testing

Interferometry can be used to study phase variations across an optical wavefront.
As mentioned in Chapter 2, one field of applications is in studies of gas flows, com-
bustion, and diffusion, where local changes in the refractive index can be related to
changes in the pressure, the temperature or the relative concentration of different com-
ponents. Another important application is in testing optical components and optical
systems.

8.1 The Fizeau Interferometer

Fringes of equal thickness (see Section 2.4.2) can be used to compare a nominally flat
surface with a standard flat surface. The simplest way to do this is to bring the two
surfaces together and view, at near normal incidence, the fringes formed in the thin
air film separating them. If the deviations of the test surface from flatness are small,
the top plate is tilted slightly to obtain a wedged air film. If, then, the fringe spacing
is a, and the peak deviation of the diametral fringe from straightness is §, the peak
error of the surface is (§/a)(1/2).

However, as shown in Section 2.4.3, fringes of equal thickness are obtained with
an extended source only when the air gap between the surfaces is less than a few
micrometres. To obtain fringes of equal thickness with a larger air gap, it is necessary
to use collimated light. Figure 8.1 is a schematic diagram of a Fizeau interferometer
using a lens for collimation; alternatively, a concave mirror can be used for this
purpose. Higher accuracy can be obtained if reflecting coatings are applied to the
reference flat and the surface under test, so that multiple-beam fringes (see Section
4.3) are formed [Koppelmann and Krebs, 1961a, 1961b].

Fairman et al. [1999] have described a 300-mm aperture digital phase-shifting
Fizeau interferometer for precision metrology of optical components; the calibration
of this instrument has been discussed by Oreb et al. [2000].

119
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Reference flat

He-Ne laser

Collimating le{; /
Test surface

Figure 8.1. Optical system of a Fizeau interferometer.

With a Fizeau interferometer it is possible, provided care is taken to exclude
vibrations, to make absolute measurements of deviations from flatness by using a
liquid surface as a reference flat surface [Biinnagel, 1956, 1965]. Alternatively, three
surfaces can be tested in a series of combinations to evaluate their individual errors
[Schulz and Schwider, 1967, 1976] (see Section 8.10.1).

One common application of the Fizeau interferometer is to check the parallelism
of the faces of a transparent plate. With a laser source, problems of coherence are
eliminated and quite thick plates can be tested.

Modified forms of the Fizeau interferometer have also been described using
convergent or divergent light to test curved surfaces [Heintze, 1967; Biddles, 1969;
Shack and Hopkins, 1979]. The best arrangement is one in which, as shown in Fig. 8.2,

Reference flat  Converging lens R 4>‘
/ /

Concave surface test

Convex surface test

Figure 8.2. Fizeau interferometer used to test concave and convex surfaces.
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the collimated beam leaving the plane reference surface is brought to a focus by a
well-corrected converging lens, so that a plane wavefront is reflected back.

A simpler system is obtained if the last surface of the lens is used as the reference
surface [Mantravadi, 1992a]. However, this arrangement can produce errors with high
numerical-aperture surfaces in a phase-shifting interferometer [Creath and Hariharan,
1994]. These errors can be minimized by a proper choice of the algorithm used to
calculate the phase.

A problem, commonly encountered in flatness testing of transparent plates, is
unwanted interference effects (ghost fringes) arising from reflections from the back
surface. This problem can be overcome by using a multimode laser. The coherence
function of such a laser is periodic, with very narrow maxima, and ghost fringes
can be eliminated by placing the test surface at a distance from the reference surface
equal to a multiple of the length of the laser cavity [Ai, 1997]. It is also possible
to use a tunable source and a phase-shifting algorithm that suppresses interference
modulations due to spurious reflections [Okada et al., 1990; de Groot, 2000b].

8.2 The Twyman-Green Interferometer

A wider range of optical components can be tested with the Twyman—Green inter-
ferometer [see Twyman, 1957]. This is a Michelson interferometer modified to use
collimated light, so that fringes of equal thickness are obtained. Detailed descriptions
of a number of test setups for various optical elements have been given by Briers
[1972] and by Malacara [1992a]. The optical arrangement used to test a prism is
shown in Fig. 8.3a, while that used to test a lens is shown in Fig. 8.3b. With the
addition of a nodal slide, lenses can also be tested off-axis.

Test lens

A \ \ Y

Test prism )\

‘ A
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Figure 8.3. Twyman—Green interferometer used to test (a) a prism and (b) a lens.
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Figure8.4. Laser unequal-path interferometer used for testing a large concave mirror
[Shack and Hopkins, 1979].

8.3 Unequal-Path Interferometers

To obtain fringes of good contrast with a thermal source, its size and spectral band-
width must satisfy the conditions for spatial and temporal coherence [Hansen, 1955;
Hansen and Kinder, 1958] (see Sections 3.10 and 3.11). However, with a laser source,
these problems disappear, and fringes can be obtained even with large optical path
differences between the beams [Houston, Buccini, and O’Neill, 1967].

Figure 8.4 shows a compact unequal path interferometer which can be used for
testing large concave mirrors [Shack and Hopkins, 1979]. This interferometer contains
only one precision optical component, a beamsplitter cube with a plano-convex lens
cemented to one surface. The image of the center of curvature of the convex surface
of this lens lies just outside the input face of the cube. A pinhole spatial filter is placed
at this point in the beam from the laser, which is brought to a focus by a microscope
objective. Interference fringes are formed by the beams reflected from the surface
under test and the spherical surface of the lens cemented to the beamsplitter cube.

8.4 Phase Unwrapping

Aproblemin analyzing an interferogram is that values of the phase difference obtained
at any point are known only to modulo 2. The process of determining the number
of 27 steps to be added to these raw values to obtain the actual phase difference is
called phase unwrapping [see Malacara, Servin, and Malacara, 1998].

Phase unwrapping requires a knowledge of the sign as well as the magnitude of the
raw phase [Bone, 1991]. It is then possible, by starting from a point at which the phase
difference is known to be zero, and checking the values of the raw phase at successive
pixels along a line, to decide whether to add or subtract 2 when crossing each fringe.
This procedure is extended to two dimensions by taking the values of the unwrapped
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phase at successive pixels along this line as new starting points. Phase unwrapping
can also be carried out along an edge [Stetson, 1992], or along lines chosen so that
the change in phase between adjacent data points is a minimum [Judge, Quan, and
Bryanston-Cross, 1992].

In another method for phase unwrapping, a simple operation for local phase
unwrapping is repeated many times over a given area to generate a consistent phase
distribution [Ghiglia, Mastin, and Romero, 1987]. Subsequently, a major step toward
a path-independent phase unwrapping procedure was taken by Ghiglia and Romero
[1994], who used the wrapped phase differences along the x and y directions to obtain
the phase gradients along these directions. These wrapped phase gradients were then
least-squares integrated to obtain the unwrapped phase.

A basic problem in two-dimensional phase unwrapping arises from the assump-
tion that the phase difference between adjacent pixels is less than 7. This assumption
can result in errors with noisy phase maps, since a single error along any of the paths
is propagated up to the end of that path. A number of image-processing schemes have
been suggested to handle this problem, including the use of adaptive filters [Ghiglia
and Pritt, 1998; Qian €t al., 2001].

An alternative way of obtaining the phase function without phase unwrapping
is by line integration of the phase gradients [Paez and Strojnik, 1997, 1999]. This
technique is insensitive to spatial nonuniformity of the illuminating beam and the
shape of the boundary of the interferogram. It can also be applied to undersampled
interferograms to obtain a first approximation to the phase function. An iterative
method of successive approximations (the method of synthetic interferograms) is
then used to determine the unknown phase with the required degree of precision
[Paez and Strojnik, 1998, 2000]. A comparison of global and local phase-unwrapping
techniques has been presented by Fornaro et al. [1997].

The problem of 27 ambiguities is particularly serious in wavefront sensing with
segmented mirrors, where normal phase unwrapping methods, which work within
segment boundaries, break down between neighboring segments. One way of solving
this problem is by using multiple wavelengths to extend the capture range [Lofdahl
and Eriksson, 2001].

In addition, the application of wavelength-scanning interferometry to surface
profiling (see Section 7.10.2) has led to the development of a technique known as
temporal phase unwrapping for such data [Saldner and Huntley, 1997]. Paulsson et al.
[2000] have identified two strategies that have advantages; one minimizes the number
of frames needed, while the other has superior reliability.

8.5 Analysis of Wavefront Aberrations

For a lens used off-axis, the deviation of the transmitted wavefront from a sphere
centered on the Gaussian image point can be written as

W(x,y) = AG? +y)% + By(x? + y2) + C(x> 4 3)?)
+ D(x*+ y?) + Ey + Fx, 8.1
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where A is the coefficient of spherical aberration, B the coma coefficient, C the
astigmatism coefficient, D the defocusing coefficient and E and F are measures of
tilt about the x and y axes, respectively [Kingslake, 1925-26].

Pictures of interferograms corresponding to the various primary aberrations have
been presented by Kingslake [1925-26] and by Malacara [1992a]. An interferogram
containing a mixture of aberrations can be evaluated by measuring the optical path
difference at several points on the x and y axes and then calculating the coefficients
in Eq. (8.1) from a set of linear equations.

Equation (8.1) can be generalized and written in polar coordinates in the form

k n

W(p.0) =Y > p"(ancos 6 + by sin'9), (8.2)
n=0 =0

where p and 6 are polar coordinates over a circle of unit radius defining the pupil.

8.5.1 Zernike Polynomials

The Zernike polynomials are a convenient way of representing wavefront aberrations
over a circular pupil. Any wavefront W (p, 0) of degree k can be expressed as a linear
combination of Zernike circular polynomials as

k n
W(p,0) = Z Z CuR!el. (8.3)

n=0Il=—n

The orthogonality of the polynomials simplifies the process of fitting the polynomials
to the interferometric data. They are also easily related to the classical aberrations
[Malacara and DeVore, 1992].

8.5.2 Wavefront Fitting

The data obtained from measurements is at discrete points, while the polynomials
represent continuous functions. It is, therefore, necessary to fit the chosen functions
to the data; this can be done using a least-squares program [Rimmer, King, and Fox,
1972; Freniere, Toler, and Race, 1981; Malacara, Carpio-Valadez, and Sanchez-
Mondragon, 1987, 1990]. Swantner and Chow [1994] have described the use of the
Gram—Schmidt method for fitting polynomials with general aperture shapes.

8.6 Shearing Interferometers

In a shearing interferometer, both wavefronts are derived from the system under test,
and the interference pattern is produced by shearing one wavefront with respect to the
other. Shearing interferometers have the advantage that they do not require a reference
surface of the same dimensions as the system under test. In addition, since both the
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interfering beams traverse very nearly the same optical path, the fringe pattern is less
affected by mechanical disturbances.

To produce fringes of good visibility with a shearing interferometer, the beams
must have adequate spatial coherence. With thermal radiation, this requires a very
small illuminated pinhole and, hence, an intense source, usually generating radiation
with limited temporal coherence. As a result, much effort went into the design of
shearing interferometers which were compensated for white light (see Bryngdahl
[1965]). With the availability of lasers, which give light with a high degree of spatial
and temporal coherence, many simpler arrangements have come into use.

8.6.1 Lateral Shear

The simplest type of shear is a lateral shear (see Section 3.10). With a nearly plane
wavefront, this involves producing two images of the wavefront with a mutual lateral
displacement, whereas with a nearly spherical wavefront it requires a similar displace-
ment of the two images of the wavefront over the surface of the reference sphere.
Figure 8.5 shows three typical optical systems which can be used with converging
wavefronts. These systems, which are based on the Michelson, Mach—Zehnder, and
Sagnac interferometers, were described, respectively, by Lenouvel and Lenouvel
[1938], Bates [1947], and Hariharan and Sen [1960d]. A number of modifications
of these systems for use with spherical and plane wavefronts have been reviewed by
Mantravadi [1992b].

A particularly simple arrangement devised by Murty [1964], which can be used
with a laser source, consists of a plane-parallel plate. As shown in Fig. 8.6, the light
from the laser is focused by a microscope objective on a pinhole located at the focus
of the lens under test. The beam emerging from this lens gives rise to two wavefronts
reflected from the front and back surfaces of the plate. The lateral shear between these
wavefronts can be varied by tilting the plate and is given by the relation

s = (n® — sin?0)~/2d sin 26, (8.4)

where d is the thickness of the plate and 6 is the angle of incidence. A modification
of this arrangement [Hariharan, 1975b] uses two separate plates with a variable air
gap; this has the advantage that a tilt can be introduced between the two sheared
wavefronts to make the interpretation of the fringes easier. The use of a liquid-crystal
phase retarder for phase-shifting has been described by Griffin [2001].

A vectorial shearing interferometer based on the Mach—Zehnder configuration,
incorporating a pair of wedge prisms, has been described by Paez, Strojnik, and
Torales [2000]. Variable shear and tilt can be implemented along any direction,
permitting the number of fringes and their direction to be controlled.

8.6.2 Interpretation of Interferograms

The interpretation of a lateral shearing interferogram is more difficult than that of
an interferogram obtained with a Twyman—Green interferometer, since interference
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Figure 85. Lateral shearing interferometers based on (a) the Michelson, (b) the
Mach-Zehnder, and (c) the Sagnac interferometers.
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Figure 8.6. Lateral shearing interferometer using a laser source and a tilted plane-
parallel plate [Murty, 1964].

takes place between two aberrated wavefronts instead of between the aberrated wave-
front and a perfect reference wavefront. The analysis of such an interferogram has
been discussed by Malacara and Mendez [1968] and by Rimmer and Wyant [1975].
A polynomial AW (x, y) is fitted to the measured values of the optical path difference
in two interferograms with mutually perpendicular directions of shear; the coeffi-
cients of W (x, y) the polynomial representing the errors of the test wavefront, can
then be derived from the coefficients of AW (x, y) [Servin, Malacara, and Marroquin,
1996; Harbers, Kunst, and Leibbrandt, 1996; Shen, Chang, and Wan, 1997; Okuda
etal., 2000]. Other approaches use Fourier filtering [Loheide, 1997] or a least-squares
method [Elster and Weingirtner, 1999a, 1999b; Elster, 2000]. Alternatively, the dif-
ferences obtained by shearing the test wavefront in a number of directions can be
analyzed [Nomura et al., 2002].

A possibility that is being explored is the use of a neural network for rapidly
identifying and evaluating the primary aberrations in an interferogram [Yang and
Oh, 2001].

8.6.3 Rotational and Radial Shearing

As can be seen from Fig. 3.5, other forms of shear besides a lateral shear are possible.
One is rotational shear in which interference takes place between two images of
the test wavefront, one of which is rotated with respect to the other [Armitage and
Lohmann, 1965; Murty and Hagerott, 1966]. Another is reversal shear [Gates, 1955;
Saunders, 1955]. Perhaps the most useful is radial shear, in which one of the images
of the wavefront is contracted or expanded with respect to the other [Brown, 1959;
Hariharan and Sen, 1961c].

A number of optical arrangements for radial shearing interferometers are avail-
able, which have been described by Malacara [1992b]. With a thermal light source, a
convenient arrangement uses a triangular path (Sagnac) interferometer in which two
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Figure 8.7. Radial shear interferometer for use with a laser source [Zhou, 1985].

images of the test wavefront of different sizes are produced by a lens system which is
traversed in opposite directions by the two beams [Hariharan and Sen, 1961c]. With
a laser source, a simple system can be used, consisting of a thick lens [Steel, 1975].
In this arrangement, interference takes place between the directly transmitted wave-
front and the wavefront which has undergone one reflection at each surface. An even
simpler system is shown in Fig. 8.7, in which interference takes place between the
wavefronts reflected from two spherical surfaces [Zhou, 1984, 1985]. A compact,
in-line, radial shearing interferometer using a beamsplitting cube has been described
by Shukla, Moghbel, and Venkateswarlu [1992]; one can also be set up with two zone
plates [Smartt and Hariharan, 1985; Kohno et al., 2000].

To analyze a radial shearing interferogram it is convenient to express the devia-
tions of the wavefront under test from a reference sphere in the form presented in Eq.
(8.2), namely,

k n

W(p,0) =Y Y p"(ancos' 0 + by sin' 0), (8.5)
n=0 [=0

where p and 6 are polar coordinates over a circle of unit radius defining the pupil.

If the wavefront with which the test wavefront is compared is magnified by a
factor (1/S), where S(< 1) is known as the shear ratio, the deviations of this magnified
wavefront from the same reference sphere are

k n

W(p,0) = 5" p"(au cos' 6 + by sin' 9). (8.6)
n=0 [=0

Accordingly, the optical path differences in the interferogram are given by the relation
p(p,6) =W(p,0)—W(p,0)

n

k
=> "> (1= 8")p"(an cos' 6 + by sin' 9). (8.7)
n=0 [=0
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Itis apparent from a comparison of Eq. (8.7) with Eq. (8.5) that, with a reasonably
small value of the shear ratio (S < 0.5), the radial shear interferogram is very similar
to the interferogram that would be obtained with a Twyman—Green interferometer,
and the wavefront aberrations can be computed in a very similar fashion [Hariharan
and Sen, 1961c; Malacara, 1974].

8.7 Grating Interferometers

Gratings can be used, instead of thin-film beamsplitters, in any of the conventional
two-beam interferometers such as the Michelson, Mach—Zehnder, or Sagnac interfer-
ometers. Such an arrangement is very stable, and the angle between the two beams
is affected only to a small extent by the orientation of the grating. With reflecting
gratings, it is possible to build an interferometer for use in the infrared or far ultravio-
let regions, where good-quality thin-film beamsplitters are not available [Munnerlyn,
1969].

A very simple type of grating interferometer is based on the Talbot effect. It can
be shown that when a grating is illuminated with collimated monochromatic light, a
series of images of the grating are formed at distances from it given by the relation

Zm = 2mA% /A, (8.8)

where A is the period of the grating and m is an integer. This phenomenon is also
known as Fourier or self-imaging. If another identical grating is placed in the plane
of one of these images and rotated slightly, high-contrast moire fringes are obtained.
If, then, a phase object is introduced between the gratings, close to the first grating,
the moire fringes are deformed and correspond to lines of equal deflection of the rays
[Lohmann and Silva, 1971; Yokozeki and Suzuki, 1971]. The smallest detectable
deflection is

an = N[22y,
— A/mA. (8.9)

The sensitivity, therefore, increases with the separation of the gratings.

Similar interference phenomena can also be seen even with an extended white
light source (the Lau effect). In this case, colored moire fringes are formed. The
theory of these fringes has been discussed by Jahns and Lohmann [1979], who have
shown their similarity to Talbot fringes, and by Sudol and Thompson [1979]. They
can also be used to study phase objects with a modified system in which one grating
is imaged on the other by a telecentric optical system [Bartelt and Jahns, 1979].

A simple type of grating interferometer is the Ronchi interferometer (see Ronchi
[1964]). As shown in Fig. 8.8a, a coarse grating (=10 lines/mm) is placed at the focus
of a converging wavefront from the system under test, and the resulting interfer-
ence fringes are observed from behind the grating. This arrangement can be regarded
as a shearing interferometer in which interference takes place between the directly
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Figure8.8. Production of (a) shear and (b) shear with tilt in the Ronchi interferometer.

transmitted wave and the diffracted orders which overlap it. The shear is determined
by the period of the grating, while the tilt introduced between the interfering wave-
fronts can be increased by moving the grating away from the focus, as shown in Fig.
8.8b. Additional phase shifts can be introduced, by moving the grating sideways, for
synchronous phase detection [Omura and Yatagai, 1988].

The Ronchi interferometer is easy to set up, but has the drawback that, for small
shears, different orders overlap and interfere with each other. One solution to this
problem is the use of a double-frequency grating [Wyant, 1973]. The lower of the
two grating frequencies is chosen so that the diffracted orders from both the gratings
are separated from the directly transmitted beam, while the difference in the grating
frequencies is chosen to give the required shear. A better solution is, as shown in
Fig. 8.9a, to use two gratings with the same spacing [Hariharan, Steel, and Wyant,
1974; Rimmer and Wyant, 1975]. In this case, as shown in Fig. 8.9b, the shear can be
varied by rotating one grating in its own plane. In addition, the amount and direction
of the tilt introduced can be controlled by varying the separation of the gratings and
their position with respect to the focus.
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Figure 8.9. Double-grating interferometer: (a) optical system, and (b) sheared
wavefronts [Hariharan, Steel, and Wyant, 1974].

Modified two-grating interferometers which can be used with collimated beams
have been described by Hariharan and Hegedus [1974], Leibbrandt, Harbers, and
Kunst [1996], and Schreiber and Schwider [1997]. The shear can be varied by varying
the separation of the gratings, and phase shifts can be introduced by a lateral movement
of one grating. The use of such a two-grating interferometer for testing extreme-UV
optics at the wavelength at which they are to be used has been described by Hegeman
et al. [2001].

8.8 The Scatter-Plate Interferometer

The scatter-plate interferometer [Burch, 1953, 1972] also makes use of diffraction,
but gives a fringe pattern which can be interpreted directly. A detailed description
of its use has been given by Scott [1969]. To understand its operation, consider the
optical system shown in Fig. 8.10, which can be used to test a concave mirror. In
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Figure8.10. Scatter-plate interferometer used to test a concave mirror.

this arrangement, a lens L1 forms an image of a point source on the mirror under test
through a scatter plate S;. This is a weak diffuser which transmits part of the light
and scatters the rest to fill the aperture of the mirror. The scattered light is brought
back to a focus, by means of a small beamsplitter, at another scatter plate Sy which
is identical to S; and is positioned so that it coincides with its image. Interference
takes place between the wavefront transmitted by S; and scattered by S, and the
wavefront scattered by S; and transmitted by S». The interference pattern is similar
to that produced in a Twyman—Green interferometer, since the wavefront from the
mirror interferes with a virtually perfect reference wavefront reflected from its central
zone. A displacement of Sy or S, along the axis changes the radius of curvature of the
reference wavefront, while tilt can be introduced between the wavefronts by moving
S1 or S in its own plane.

A very similar arrangement is possible using Fresnel zone plates [Murty, 1963;
Smartt, 1974], which behave like lenses with multiple foci.

A computer-generated scatter plate with a large scattering angle and negligible
symmetry error can be produced using an electron beam writer [Risénen et al., 1997].
A birefringent scatter plate can also be used to separate the test and reference beams
and permit measurements by phase shifting [North-Morris, VanDelden, and Wyant,
2002].

8.9 The Point-Diffraction Interferometer

Another, very simple, common-path interferometer is the point-diffraction interfer-
ometer (PDI) [Smartt and Steel, 1975]. In this interferometer, as shown in Fig. 8.11, a
pinhole in a partially transmitting film is placed at the focus of a converging wavefront
from the system under test. Interference takes place between the test wavefront, which
is transmitted through the film, and a reference wavefront produced by diffraction at
the pinhole. With a film having a transmittance of about 0.01, the amplitudes of the
two wavefronts are very nearly equal, and fringes with good contrast can be obtained.
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Figure 8.11. Point-diffraction interferometer [Smartt and Steel, 1975].

If the pinhole is smaller than the Airy disc for an aberration-free wavefront, the ref-
erence wave is a spherical wave, and the fringe pattern resembles a Twyman—Green
interferogram. A major advantage of the PDI is that it can be used to test a telescope
objective, under actual working conditions, with light from a bright star. The PDI
has also been used to measure temperature profiles in boundary layers and flames
[Goldmeer, Urban, and Yuan, 2001].

With the PDI, a nematic liquid-crystal layer can be used to introduce phase
shifts between the object beam and the reference beam generated by a microsphere
embedded within the liquid-crystal layer [Mercer and Creath, 1996]. Guardalben
et al. [2002] have shown that the main sources of errors in such an interferometer are
frame-to-frame intensity changes caused by alignment distortions of the host liquid
crystal and dichroism of the dye incorporated in it. Accurate measurements can be
made if these effects are minimized.

A modified PDI in which phase-shifting is implemented by translating a grating
has been described by Medecki et al. [1996]. An improved version of this interfer-
ometer [Naulleau and Goldberg, 1999] has been used for measurements on extreme
uv optics at a wavelength of 193 nm [Lee et al., 2000].

8.10 Computerized Test Methods

Computer processing of the test data has opened the way to new test methods for
specific applications.
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8.10.1 Absolute Tests for Flatness

Absolute measurements of the deviations from flatness of optical surfaces can be made
with a Fizeau interferometer. The conventional procedure involves an intercompari-
son of three surfaces, taken two at a time. However, a problem with this simple proce-
dure is that, in any such comparison, the locations of all the points in one of the surfaces
are mirror-reflected about a diameter. As a result, unambiguous values of the surface
errors can be obtained only along this diameter, and there are difficulties in extending
these measurements to cover the whole surface [Schulz and Schwider, 1967, 1976].

Modifications of this procedure, which involve making additional measurements
with one of the surfaces rotated through known angles, have been described by Fritz
[1984] and by Grzanna and Schulz [1990, 1992]. These methods involve fitting
orthogonal polynomials to the data, with the result that information on local irregu-
larities is lost. In another method described by Ai and Wyant [1993], four additional
measurements are made with one of the surfaces rotated in its own plane through
angles of 0°, 45°, 90°, and 135°, yielding a total of six measurements. From these
measurements, it is possible to obtain exact profiles along diameters oriented at
0°,22.5°,45°,...,157.5°, as well as an approximation to the surface deviations
between these diameters. A rotation method for absolute testing of flats, using four
or five positional combinations, has been described by Schulz and Grzanna [1992],
Schulz [1993], Elssner €t al. [1994], and Grzanna [1994].

An alternative approach is based on the fact that averaging a series of measure-
ments made with one surface rotated, in steps, in its own plane, smears out the errors
of that surface which are not rotationally invariant.

In one method, the test data obtained as one of the surfaces is rotated in its own
plane to n equally spaced positions are rotated back to a common orientation by
using appropriate software and are then averaged. All rotationally variant errors of
this surface, except those of angular order kn, where k is an integer, are eliminated
[Evans and Kestner, 1996]. However, a problem is that the original data are acquired
on a square grid of points. With increments in the rotation angle other than 90°,
interpolation is necessary to obtain data on points that are not on the nodes of the
grid, resulting in a loss of information on local irregularities.

One way to solve this problem is by averaging the results of intercomparisons
of a set of three surfaces, taken two at a time, with both surfaces rotated in their
own plane in a series of steps [Hariharan, 1997b]. It is then possible to separate the
rotationally invariant and rotationally variant components of the surface errors. The
absolute values of the errors of each of the surfaces are then obtained directly from
these measurements, with a spatial resolution corresponding to the original sampling
grid. Alternative procedures which require fewer measurements have been discussed
by Evans [1998], Freischlad [2001], and Kiichel [2001].

8.10.2 Small-Scale Irregularities

Some applications place very stringent limits on the amplitude of small-scale surface
irregularities (ripples). Direct measurements of such small-scale irregularities can be
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made with a Fizeau interferometer by translating the reference surface laterally, in
a series of steps in the x and y directions, and recording interferograms with the
reference surface moved to an n x n matrix of positions distributed at random over a
square of dimensions na x na, where a is the average displacement of the reference
surface between measurements. If, then, we average the data obtained at each point
on the test surface, small-scale irregularities on the reference surface, with spatial
wavelengths less than a, are smeared out, and their apparent amplitude is reduced
by a factor of n in the resultant final interferogram. By averaging a sufficiently large
number of data sets (say, n = 10), small-scale irregularities on the test surface can
be mapped with an error less than 10% [Hariharan, 1996b, 1998].

The spatial frequency spectrum of these small-scale irregularities can also be
obtained directly by recording a reference set of values along a diameter and taking
the differences of these values and the values obtained in a series of measurements
with the test surface shifted laterally along this diameter in a series of steps. The
envelope of the values obtained by taking the Fourier transform of these differences
then corresponds to the spatial frequency spectrum of the deviations of the test surface
from a reference plane [Hariharan, 1996a].

8.10.3 Sources of Error

Any aberrated wavefront changes shape as it travels. Accordingly, to avoid errors, the
interference pattern must be imaged on the detector array. To satisfy this requirement,
the separation of the reference and test surfaces must be as small as possible. When
testing lenses, the pupil of the lens must be imaged back on itself [Malacara, Servin,
and Malacara, 1998]. In addition, when making measurements of small-scale surface
irregularities, errors can arise due to scattered light and the transfer function of the
imaging system and the CCD array camera [Hariharan, 1997a].

Finally, with a phase-shifting interferometer, systematic errors can arise due
to errors in the phase shifts and deviations in the fringe profile from a sinusoid.
One way to minimize these errors is by using more sophisticated phase-calculation
algorithms (see Section 6.6.1). A simpler way is to average a series of m measurements
made with the initial optical path difference increased in steps, so as to introduce
additional phase offsets of 25t /m [Hariharan, 2000]. This procedure has the advantage
that it also reduces additive noise and quantization errors [Surrel, 1997a; Zhao and
Surrel, 1997].

8.10.4 Subaperture Testing

Another technique that has become feasible with computer processing of the test
data is subaperture testing. In this method, measurements are made with a small
reference surface at a number of overlapping positions, so as to cover a larger aperture.
Computational techniques are used to link these observations and minimize errors
due to misalignment of the reference surface in the individual measurements [Jensen,
Chow, and Lawrence, 1984; Negro, 1984].
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8.11 Aspheric Surfaces

Another application of computer processing of the test data has been in testing aspheric
surfaces, where it is possible to calculate the theoretical deviations of the wavefront
from the best-fit sphere and subtract these from the measured values. However, this
method breaks down if the phase difference changes by more than 90° between
adjacent elements in the detector array. This problem can be overcome, if some apriori
information is available regarding the shape of the surface, by using a fringe-analysis
technique known as sub-Nyquist interferometry [Greivenkamp, 1987]. Surfaces with
departures of several hundreds of waves from a reference sphere have been measured
using sub-Nyquist interferometry [Greivenkamp, Lowman, and Palum, 1996].

A method of demodulating such undersampled interferograms using a computer-
stored reference wavefront has been described by Servin et al. [1994].

Another approach to this problem is by making measurements of the phase dif-
ferences ¢ and ¢, at two wavelengths 1| and A, (see Section 7.10.1). The difference
of these values (¢ — ¢») corresponds to the phase difference that would have been
obtained with a longer synthetic wavelength [Cheng and Wyant, 1984, 1985a],

Aho

- M2 (8.10)
[A1 — Az

As

Yet another approach is the use of a shearing interferometer, in which case the
sensitivity can be varied by adjusting the amount of shear. With a small lateral shear,
the interferogram yields the derivative of the wavefront errors along the direction
of shear. Integration of the data from two interferograms with orthogonal directions
of shear then gives the wavefront aberrations [Yatagai and Kanou, 1984]. It is also
possible to use a radial shear interferometer in which the shear ratio (the ratio of
the diameters of the two images of the pupil) is close to unity to give a desensitized
interferogram [Hariharan, Oreb, and Wanzhi, 1984]. A polynomial is fitted to the
data; the errors of the test wavefront can then be calculated from the coefficients of
this polynomial and the shear ratio.

A problem in non-null tests of aspheres is systematic errors introduced by the
imaging optics. These errors need to be evaluated in each case and removed [Murphy,
Brown, and Moore, 2000].

8.11.1 Computer-Generated Holograms

In large-scale production, aspheric optical surfaces are often tested by using an
aspheric reference surface or an additional element, called a null lens, which converts
the wavefront leaving the surface under test into a spherical or plane wavefront. An
alternative is to use a computer-generated hologram (CGH) [MacGovern and Wyant,
1971] (see Appendix F.2).

A modified Twyman—Green interferometer using a CGH to test an aspherical
mirror is shown in Fig. 8.12 [Wyant and Bennett, 1972]. The CGH is located in the
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Figure 8.12. Modified Twyman—Green interferometer using a computer-generated
hologram to test an aspherical mirror [Wyant and Bennett, 1972].

plane in which the mirror under test is imaged and is equivalent to the interferogram
formed by the wavefront from an aspheric surface with the desired profile and a
tilted plane wavefront. The moire pattern formed by the superposition of the actual
interference fringes and the CGH gives the deviation of the surface under test from
the ideal surface.

The contrast of the moire pattern is improved by reimaging the hologram. A
small aperture placed in the focal plane of the imaging lens acts as a spatial filter,
passing only the wavefront from the mirror under test which has been transmitted by
the hologram and the wavefront reconstructed by the hologram when it is illuminated
with a plane wavefront. Typical fringe patterns obtained with such an arrangement,
without and with the CGH, are shown in Fig. 8.13.

A limit is set to the deviations from a sphere which can be handled by a CGH
by the requirement that the spatial carrier frequency of the CGH must be at least
three times the highest spatial frequency in the uncorrected interference pattern. This
restriction can be overcome by using a combination of a simple null lens, which
reduces the residual aberrations to an acceptable level, and a CGH [Faulde €t al.,
1973; Wyant and O’Neill, 1974]. In addition, with a binary CGH, it is necessary to
ensure that unwanted diffraction orders do not produce disturbing interference effects
[Lindlein, 2001].

Computer-generated holograms are now used widely to test aspheric surfaces
(see Loomis [1980]). With the development of improved plotting routines and the
use of techniques such as electron-beam recording on layers of photoresist coated on
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Figure 8.13. Interferograms of an aspherical surface (a) without and (b) with a
compensating computer-generated hologram [Wyant and Bennett, 1972].

optically worked substrates, computer-generated holograms of very high quality can
now be produced for such work [Arnold, 1985, 1988, 1989; Dorband and Tiziani,
1985; Urquhart et al., 1989].

In addition, it is possible to use a CGH as a diffractive optical element (DOE).
The use of such a DOE as a beamsplitter to test surfaces with complex forms has been
discussed by Schwider [1998].

8.12 Rough Surfaces

The natural contour interval of half a wavelength (about 0.25 wm with visible light)
with conventional interferometers makes it difficult to use them for measurements on
surfaces whose deviations from flatness, or a reference sphere, exceed about 10 pm.
It is also not possible to obtain fringes with surfaces that are rough on an optical scale
and do not give a specular reflection. A typical example is large aspheric surfaces,
which often need to be checked before polishing.

One way to solve these problems is to use a longer wavelength which is specularly
reflected even from a fine-ground surface. Infrared interferometry with a CO; laser
at a wavelength of 10.6 wm has been used successfully to test ground surfaces, as
well as surfaces with relatively large deviations from a reference sphere [Munnerlyn
and Latta, 1968; Kwon, Wyant, and Hayslett, 1980]. Accurate measurements have
been made with a pyroelectric vidicon using phase-shifting techniques [Stahl and
Koliopoulos, 1987]. A rigorous analysis of the intensity distribution in the fringe
patterns, taking into account the effects of surface roughness, has been presented by
Verma and Han [2001].

A simpler alternative with nominally flat surfaces is to reduce the sensitivity of
the interferometer by using collimated light incident obliquely, instead of normally,
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Figure 8.14. Grazing incidence interferometer using reflection gratings [Hariharan,
1975a].

on the surface [Linnik, 1942]. The contour interval is then A /2 cos 6, where 6 is the
angle of incidence, and interference fringes can be obtained with surfaces such as
fine-ground glass and metal [Abramson, 1969; Birch, 1973]. The low reflectivity of
the test surface can be compensated for by means of a system, such as that shown
in Fig. 8.14, using blazed reflection gratings to divide and recombine the beams
[Hariharan, 1975a], or by using a pair of wedged beamsplitters, coated on only one
side [Murty and Shukla, 1976]. A symmetric geometry, using a reference mirror to
correct for relative inversion of the measurement and reference wavefronts, has been
described by de Groot [2000a].

The use of multiple wavelengths to increase the range of measurements and to
solve ambiguities in the height of steps has been described by Franze and Tiziani
[1998]. An alternative is to use a pair of phase diffraction gratings to illuminate the
object simultaneously at two different angles. The resulting vernier effect provides
an equivalent wavelength of 12.5 pm at angles of incidence less than 25° [de Groot,
de Lega, and Stephenson, 2000].

8.13 The Optical Transfer Function

The intensity distribution in the image of a point yields the point-spread function
(PSF) of an optical system. A useful way of specifying the performance of an optical
system is by the Fourier transform of its PSF, which is known as the optical transfer
function (OTF). This is a measure of the transmittance of the system for different
spatial frequencies in the object and has the advantage that, for a system built up of
a number of linear elements, the OTF of the system is given by the product of the
OTFs of the individual elements.
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It can be shown (see Appendix B) that with coherent illumination g(&, n), the
pupil function of the system, and G (x, y), the amplitude distribution in the image of
an infinitely distant point, are related by a Fourier transform, so that we can write
(see Appendix A.1)

Gx,y) < g, n). (8.11)

With incoherent illumination, the intensity distribution in the image is given by
|G (x, y)|?, so that the OTF is

QE, ) = FUGK, y)IP),
=g, n)xg&,n). (8.12)

The right-hand side of Eq. (8.12) is usually normalized so that it has a maximum
value of unity.

The OTF of an optical system can be measured directly by a shearing interferom-
eter [Hopkins, 1955]. To see how this is done, consider two images of the wavefront
leaving the pupil of the system under test, which have been laterally sheared by an
amount 7, along (say) the n axis, and which have an additional phase difference ¢
introduced between them. The complex amplitudes in these two wavefronts at a point
(&, n) are g(&,n) and g(&, n — ns) exp(ip), respectively. The total flux leaving the
interferometer, which is also the total flux in the image of a point source, is then

1) = f 19(&. 1) + g(&. 1 — ny) exp(i) 2ddn

= / f lg(&, m|*dedn + / / lg(&, n — ny)|*dédn

1 2Re [exp(w) f / g(E. Mg (. — ns)d%‘dn]
= 2111+ |Q(s)| cos(¥ + @)1, (8.13)

where
i— / (& m[2dedn
_ f 8. 0 — no)Pdedy, (8.14)

and Q(s) = |Q2(s)| exp(iyr), where s is a spatial frequency defined by the relation
s =ng/Af.

Equation (8.13) shows that if the additional phase shift ¢ between the two sheared
wavefronts is varied linearly, the transmitted flux varies sinusoidally. The difference
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Figure8.15. Parallel-plate shearing interferometer for measurements of the MTF of
a lens [Wyant, 1976].

between the maximum and minimum values of I (¢) divided by their average I gives
the modulus |Q2(s)| of the OTF (known as the modulation transfer function, or the
MTF) for the spatial frequency s, while its phase i can be evaluated from the values
of ¢ corresponding to these maxima and minima. These measurements are repeated
at increasing values of the shear to trace out the OTF curve.

To carry out such measurements, we require an interferometer in which the shear
can be set at any desired value without introducing tilt between the beams, while
the path difference is varied over a convenient range. Early systems used modi-
fied Twyman—Green [Kelsall, 1959], Sagnac [Hariharan and Sen, 1960e], polarizing
[Tsuruta, 1963], and Mach—Zehnder [Montgomery, 1964] interferometers. Perhaps
the simplest system is that due to Wyant [1976], shown in Fig. 8.15.

In this arrangement, the beam transmitted through a tilted plane-parallel plate and
the beam reflected off its two surfaces interfere to give a lateral-shear interferogram.
The shear is given by the relation

s = (n* —sin?0)"2d sin 26, (8.15)
while the optical path difference is
p = 2nd{[(n* — sin®>0)/n?1"/* — 1}, (8.16)

where n is the refractive index and d the thickness of the plate, and 6 is the angle
of incidence. The two beams are brought to a focus on a detector whose output is
displayed on an oscilloscope, as a function of 9, as the plate is rotated. The envelope
of the time-varying signal of the oscilloscope then gives a direct display of the MTF
of the system under test.






Chapter 9

Interference Microscopy

Two-beam interference microscopes are widely used to study transparent living
objects, which cannot be stained without damaging them, as well as to study the
structure of surfaces. Early instruments used for such studies were based on the
Michelson and Mach—Zehnder interferometers. For high magnifications, a suitable
configuration is that described by Linnik [1933] in which a beamsplitter directs the
light onto two identical objectives, one viewing the test surface, and the other a ref-
erence mirror. However, the arrangement most commonly used now is the Mirau
interferometer.

9.1 The Mirau Interferometer

The Mirau interferometer [Delaunay, 1953] uses a very compact optical system which
can be incorporated in a microscope objective. As shown in Fig. 9.1, light from
an illuminator is incident through the microscope objective on a beamsplitter. The
transmitted beam goes to the test surface, while the reflected beam is directed to an
aluminized spot on the front surface of the microscope objective. The two reflected
beams are recombined at the same beamsplitter and return through the objective. The
interference pattern formed in the image plane contours the deviations from flatness
of the test surface.

9.2 Common Path Interference
Microscopes

Common-path interference microscopes with double-focus or lateral-shearing sys-
tems, using a Sagnac interferometer or birefringent elements, were developed at a

143
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Figure9.1. The Mirau interferometer.

fairly early stage. Details of these instruments are to be found in books by Frangon
[1961] and Krug, Rienitz, and Schulz [1964], as well as in a review by Bryngdahl
[1965]. With a relatively large shear, it is possible to have one beam passing through
a uniform area on the slide, so that an interference pattern corresponding to the actual
variations of the optical thickness of the specimen is obtained. Alternatively, the shear
may be made very small, to give the gradient of the optical thickness. A very simple
interference microscope based on the point-diffraction interferometer has also been
described by Ross and Singh [1983].

9.3 Polarization Interferometers

Polarization interferometers use birefringent elements as beamsplitters (see Frangon
and Mallick [1971]). They can be classified under three broad categories: systems
that produce lateral shear with plane wavefronts, systems that produce lateral shear
with spherical wavefronts, and systems that produce radial shear.

9.3.1 Lateral Shear: Plane Wavefronts

With a plane wavefront, lateral shear can be produced most conveniently with a Savart
polariscope. This consists, as shown in Fig. 9.2, of two identical birefringent plates cut
from a uniaxial crystal (usually calcite or quartz) with the axis at approximately 45°
to the entrance and exit faces and put together with their principal sections crossed.
A ray, linearly polarized at 45° by means of a polarizer Pj, incident on the first
plate, is split into two rays, the ordinary (O) and the extraordinary (E). Because the
second plate is rotated by 90° with respect to the first plate, the ordinary ray in the
first plate becomes the extraordinary (O E) in the second, while the extraordinary
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Figure 9.2. The Savart polariscope.

ray in the first becomes the ordinary (£ O) in the second. Both rays therefore emerge
parallel to each other, but with a mutual displacement

a=2"Y2dn2 —n2)/n2 +n?), 9.1

where d is the thickness of the plates and n,, and n, are the ordinary and extraordinary
indices of refraction of the crystal. Since these rays are orthogonally polarized, a
second polarizer P, is used to make them interfere. For small angles of incidence, the
interference pattern consists of straight, equally spaced fringes localized at infinity,
with an angular separation

o =A/a. 9.2)

Straight fringes can be obtained over a wider field with a modified Savart polar-
iscope [Francon, 1957]. This consists, as shown in Fig. 9.3, of two identical plates
cut, as before, at 45° to the optic axis, but with one plate rotated through 180° so
that, while the principal sections of the two plates are parallel, the optic axes are
perpendicular. A half-wave plate is inserted between the two plates with its axis at
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Figure 9.3. Savart polariscope modified to give a wider field [Frangon, 1957].

45° to the principal sections. In this case, the rays stay in the same plane and their
separation is

a=2dn2—n?/n2+n?). 9.3)

A variable shear can be obtained with this polariscope if the polarizers Py, P, are
fixed to the plates, and the two components are rotated in opposite directions through
the same angle [Steel, 1964a]; if this angle is 6, the lateral shear is

a =2d[(n?> — n?)/(n% + n2)] cos 6. (9.4)

Two identical Savart polariscopes of the type shown in Fig. 9.3 can be used in a
system, such as that shown in Fig. 9.4, for the examination of phase objects. A half-
wave plate with its optic axis at 45° to the principal sections of the two polariscopes Q1,
Q0 is interposed between them. As a result, the O E ray emerging from Q; becomes
the £ O ray in Q2 and vice versa, so that the shear produced by Q; is compensated by
Q. It is, therefore, possible to use an extended white-light source with this system.

9.3.2 Lateral Shear: Spherical Wavefronts

With a spherical wavefront, lateral shear can be produced by a Wollaston prism. This
is made up, as shown in Fig. 9.5a, of two prisms having the same angle 6 and cut
from a uniaxial crystal in such a way that the optic axes are parallel to the outer faces,
but are at right angles to each other. An incident ray is split into two rays making an
angle o with each other which, when 6 is small, is given by the relation

o =2(n, —n,)sinéb. 9.5)
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Figure 9.4. Shearing interferometer using two Savart polariscopes.

A wider useful field can be obtained with the modified form of the Wollaston
prism shown in Fig. 9.5b, in which the optic axes in the two elements are parallel to
each other, and a half-wave plate is inserted between them.

Lateral shearing interferometers using a Wollaston prism have been described by
Philbert [1958] and by Dyson [1963].

9.3.3 Radial Shear

Alens made from a birefringent crystal produces two images at different points along
the axis and can be used to obtain radial shear. Radial shear interferometers using
such birefringent lenses have been described by Dyson [1957] and by Steel [1965].

9.4 The Nomarski Interferometer

The Nomarski interferometer is used widely for interference microscopy. As shown
in Fig. 9.6, it uses two modified Wollaston prisms to split and recombine the beams.

NI ;

Ny<n Z /2 plate
(a) one (b)

Figure 9.5. (a) The Wollaston prism, and (b) modification to give a wider field.
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Figure 9.6. The Nomarski interferometer (transmission version).

Two modes of observation can be used with this system. With small isolated
objects, it is convenient to use a lateral shear that is larger than the dimensions of the
object. Two images of the object are then seen, covered with fringes that contour the
phase changes due to the object. More commonly, the shear is made much smaller than
the dimensions of the object. The interference pattern then shows the phase gradients
and edges are enhanced (differential interference contrast, or DIC microscopy). As
shown in Fig. 9.7, this makes it very easy to detect grain structure and local defects,
such as scratches.

It is possible to use a white-light source with the Nomarski interferometer. Very
small changes in phase are then revealed by changes in color. In addition, ambiguities
arising at steps can be resolved, since corresponding fringes on either side of the step
can be identified easily.

9.5 Electronic Phase Measurements

Extremely high sensitivity can be attained with polarization interferometers by using
heterodyne techniques. One arrangement uses two orthogonally polarized beams with
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Figure 9.7. Nomarski micrograph of a partially polished glass surface, showing
residual grinding pits [Bennett and Mattson, 1989].

a small frequency difference. One of these beams is focused at a fixed reference point
on the sample, while the other scans the surface along a circle around this point
[Sommargren, 1981]. The phase difference between the two beams is measured by a
heterodyne technique. A better arrangement, which eliminates errors due to vibration
almost completely, is a scanning system using two coaxial beams. One of the beams is
focused to a 2-pm spot, while the other illuminates a concentric area with a diameter
of about 50 pm [Huang, 1984].

Polarimetric techniques can also be used to measure the phase difference [Downs,
McGivern, and Ferguson, 1985]. In this case, the two orthogonally polarized beams,
which have the same frequency, pass through a A /4 plate after leaving the interfer-
ometer, yielding a linear vibration whose azimuth depends on their phase difference.
Shifts in the plane of polarization, which correspond to changes in the surface height,
are measured with a Faraday-effect polarimeter. Surface irregularities as small as a
few hundredths of a nanometre rms can be detected with such a system.

9.5.1 Phase-Shifting Techniques

If the beamsplitter in a Mirau interferometer is mounted on a PZT, very accurate
measurements of surface profiles can be made using digital phase-shifting techniques.
Aresolution in depth of 0.5 nm can be attained by averaging the results of several runs
[Bhushan, Wyant, and Koliopoulos, 1985]. Figure 9.8 shows typical results obtained
with a hard-disk head [Wyant and Creath, 1985]. In the case of measurements on rough
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Figure9.8. (a) Three-dimensional map and (b) profile of a hard-disk head, obtained
with a phase-shifting interference microscope [Wyant and Creath, 1985].

surfaces, the data can be processed to plot a histogram of the surface deviations, or
to obtain the rms surface roughness and the autocovariance function of the surface
irregularities.

Phase-shifting techniques can also be implemented with polarization interference
microscopes [Hariharan, 1996¢]. A simple arrangement uses a quarter-wave retarder,
oriented at 45°, inserted in the two orthogonally polarized beams emerging from
the interferometer. This retarder converts one beam into right-handed and the other
into left-handed circularly polarized light. If these two circularly polarized beams are
made to interfere by a linear polarizer, rotation of the polarizer through an angle 6
introduces an additional phase difference between the beams (see Section 6.7.2)

Ad = 26. (9.6)
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Four sets of intensity values recorded with phase shifts of 0°, 90°, 180°, and 270°
can then be used to calculate the original phase distribution in the image [Cogswell
etal., 1997].

It should be noted that, with all these systems, the fringe spacing increases
as the numerical aperture is increased. A correction must be applied for this effect
[Dubois et al., 2000]. In addition, the fringe visibility decreases with the optical path
difference, limiting the range over which measurements can be made.

9.6 Phase Ambiguities

While interferometric profilers using monochromatic light offer excellent vertical
resolution, a serious limitation to their use is 27t phase ambiguities which arise if the
measurement range involves a change in the optical path difference greater than a
wavelength. Phase unwrapping techniques can be used only with smooth continuous
surfaces and break down where the test surface exhibits a sharp step, or a discontinuity.

One way to extend the measurement range is by making measurements of the
phase differences at two wavelengths (see Sections 7.10.1 and 8.11), in which case the
repeat distance corresponds to the longer synthetic wavelength [Cheng and Wyant,
1984; Creath, 1987; Hariharan and Roy, 1996a].

A technique which can be used for large step heights is wavelength scanning
using a tunable diode laser (see Section 7.10.2). A wider frequency-scan range can be
obtained by using a superluminescent diode (SLD) as a light source, in conjunction
with a liquid-crystal Fabry—Perot interferometer as a frequency scanning device. A
constant input to the interferometer is obtained over the entire frequency-scan range
by adjusting the injection current to the SLD. The height distribution of the object is
obtained from the phase information recovered, using a Fourier-transform technique
[Mehta €t al., 2002].

9.7 White-Light Interferometry

The problem of 27 phase ambiguities can be overcome by using white light and
scanning the object in depth [Kino and Chim, 1990; Lee and Strand, 1990]. We
assume that the origin of coordinates is taken at the point on the z axis at which the
two optical paths are equal, and that the test surface is moved along the z axis in a
series of steps of size Az. With a broad-band source, the intensity at any point in the
image plane, corresponding to a point on the object whose height is 4, can then be
written as

1(z) =11 + L+ 2(I1 1) ?g(p) cos[ 27 /X) p + o), 9.7)

where /1 and I, are the intensities of the two beams acting independently, g(p) is
the fringe visibility, or coherence function (which corresponds to the envelope of
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Figure9.9. Output from a white-light interferometer as a function of the position of
one of the end mirrors along the z axis.

the interference fringes), and cos[(27/ ) p + ¢o] is a cosinusoidal modulation. In
Eq. (9.7), A corresponds to the mean wavelength of the source, p = 2(z — h) is the
difference in the lengths of the optical paths traversed by the two beams, and ¢ is
the difference in the phase shifts on reflection at the beamsplitter and the mirrors.

Figure 9.9 shows the variations in intensity at a given point in the image as the
object is scanned along the height (z) axis. Each of these interference patterns can
be processed to obtain the envelope of the intensity variations (the fringe visibility
function) and determine the peak amplitude of the intensity variations as well as
the location of this peak along the scanning axis. The values of the peak amplitude
correspond to an image of the test object, while the values of the location of this
peak along the scanning axis yield the height of the surface at the corresponding
points.

The method most widely used to recover the fringe visibility function from the
sampled data has been by digital filtering in the frequency domain [Lee and Strand,
1990]. This process involves two Fourier transforms (forward and inverse) along the
z direction for each pixel in the sample. It is necessary, therefore, for the step size
in the z direction to correspond to a change in the optical path difference of less
than a fourth of the shortest wavelength; typically, the step Az is around 50 nm.
Consequently, this procedure requires a large amount of memory and processing
time, though these requirements can be reduced to some extent, and good accuracy
obtained, by modified sampling and processing techniques [Chim and Kino, 1992;
Caber, 1993; de Groot and Deck, 1993; de Groot €t al., 2002]. An alternative method
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of analysis uses a wavelet filter and has been shown to have advantages with sub-
Nyquist sampling [Recknagel and Notni, 1998]. A two-step procedure for locating
the true peak of the fringe-visibility function has been described by Park and Kim
[2000].

9.7.1 Phase Shifting

A more direct approach, which is also computationally much less intensive, involves
shifting the phase of the reference wave by three or more known amounts at each
step along the z axis and recording the corresponding values of the intensity; these
intensity values can then be used to evaluate the fringe visibility directly at that step
[Dresel, Hausler, and Venzke, 1992]. If this is done by changing the optical path
difference, two problems arise. The first is that the dynamic phase introduced by a
change in the optical path varies inversely with the wavelength; the second is that,
since the value of p is changing, the value of the envelope function g(p) is not the
same for all the intensity values obtained at a given position of the object. Both these
factors can lead to systematic errors in the values of the fringe visibility.

A way to solve these problems is by using a modified five-step phase-shifting
algorithm to calculate values of the visibility [Larkin, 1996]. The location of the peak
is then found by a simple least-squares fit, after which the phase at this position can
be evaluated. In an alternative approach, the coherence envelope is considered as
locally linear, and a seven-point algorithm is used to calculate the relative phase and
the fringe contrast at each point. The absolute phase is then obtained by combining
the relative phase with the fringe order derived from the value of the contrast [Sandoz,
1996; Sandoz, Devillers, and Plata, 1997].

Another possibility is the analysis of white-light interferograms in the spatial
frequency domain [de Groot and Deck, 1995]. White-light interferograms generated
by scanning the object in a direction perpendicular to its surface may be considered
as the incoherent sum of fringe patterns formed by different wavelengths. Fourier
analysis of these interferograms can recover these virtual single-color fringe patterns
to determine their relative strengths and phases as a function of wavenumber. It is
then possible to measure distances precisely by observing how the phases vary as a
function of wavenumber.

Yet another possibility is a wavelength sampling approach [Sandoz, Calatroni,
and Tribillon, 1999] in which the phase shift is introduced through a variation of the
wavelength. Since the necessary wavelengths can illuminate the object simultane-
ously, a multispectral band image sensor can be used to record the set of phase-shifted
interferograms.

9.7.2 Achromatic Phase Shifting

Another way to solve these problems is by using an achromatic phase shifter oper-
ating on the Pancharatnam phase (see Appendix E.2 and Section 6.7.2). A typical
experimental arrangement used to demonstrate the application of achromatic phase
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Figure 9.10. Schematic of an experimental arrangement used to demonstrate the
application of achromatic phase shifting to white-light interferometry [Hariharan and
Roy, 1994].

shifting to white-light interferometry is shown schematically in Fig. 9.10 [Hariharan
and Roy, 1994]. It consists essentially of a Michelson interferometer illuminated with
a collimated beam of white light. In this interferometer, a linearly polarized beam
is divided at the polarizing beamsplitter PBS into two orthogonally polarized beams
which are incident on the mirrors M1 and M2, respectively. After reflection at M1
and M2, these beams return along their original paths to a second beamsplitter BS,
which sends them through a second polarizer P2 to the CCD array camera.

The phase difference between the beams is varied by a phase shifter consisting
of a rotating A /2 plate (H) mounted between two fixed A /4 plates (Q1, Q2). If the
/2 plate H is rotated through an angle 6, an additional phase difference 46, which
is very nearly independent of the wavelength, is introduced between the beams.

With the phase shifter in the optical path, the total phase difference between the
beams is

Adoral = Adp + Adg, 9.8)

where A¢p is the dynamic phase due to the optical path difference and A¢g is the
geometric (Pancharatnam) phase. However, unlike the dynamic phase, which depends
on the wavelength, the geometric phase is the same for all wavelengths. The effect of
a change in the geometric phase of 2m is therefore to move the fringes formed at all
wavelengths by an integral number of fringe spacings, so that the interference pattern
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formed with white light returns to its original configuration. As a result, the intensity
at any point in the interference pattern varies between its maximum and minimum
values, but the position of the fringe envelope in the field of view remains unchanged
[Hariharan, Larkin, and Roy, 1994].

At each step, four measurements are made of the intensity in the fringe pattern
corresponding to additional phase differences of 0°, 90°, 180°, and 270°. Since the
additional phase differences introduced are the same for all wavelengths, the visibility
of the interference fringes at any given point in the field can be calculated from these
data using the relation

_ 2[(Ip — I180)* + (Ioo — I270)%1'/?

9.9)
Io + 190 + T80 + 1270

g(p)

which, normally, is valid only for monochromatic light. The value of z corresponding
to the peak visibility of the interference fringes can then be obtained directly, from a
curve fit, to within a few nanometres.

In addition, it has been shown that with achromatic phase shifting, when the
optical path difference is less than A, where A is the design wavelength of the A /2
and A /4 plates, we can calculate qﬁ():), the phase difference at this wavelength, from
the relation

o dgg— 1
tan(p, i) = 2210 (9.10)
Ip — 1130

with an error less than 277 /180 [Hariharan and Roy, 1995].

Accordingly, if A = 550 nm, and the object is scanned in depth by moving it
along the z-axis in steps of (say) 250 nm, the intensity values obtained for any point
on the object, at the position nearest to the fringe-contrast maximum, can be used in
Eqg. (9.10) to find the value of the residual optical path difference at this position with
an error less than £3 nm.

9.7.3 Spectrally Resolved Interferometry

Yet another technique that can be used with white light is spectrally resolved inter-
ferometry [Calatroni et al., 1996; Sandoz, Tribillon, and Perrin, 1996]. In this
technique a spectroscope is used to analyze the light from each point on the interfero-
gram. The optical path difference between the beams at this point can then be obtained
from the intensity distribution in the resulting channeled spectrum (see Section 2.11)
or by phase shifting [Helen, Kothiyal, and Sirohi, 2001]. The value of the surface
height obtained in this manner is completely independent of the height of neighboring
points and free from 27 phase ambiguities. A resolution of 1 nm in height is possible
with this technique.

An advantage of this technique is that measurements need be made at only one
position of the object. There is no need to translate the specimen along the height axis,
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and the method is not sensitive to mechanical vibration. However, each interferogram
only yields a profile along a single line.

9.7.4 Sources of Errors

With white light, it is necessary to equalize the geometrical path lengths in disper-
sive (glass) elements in both arms to avoid ghost steps in the measured profile. A
technique for constructing a beamsplitter cube that has closely balanced paths has
been described by Farr and George [1992]. An algorithm that minimizes the effects
of residual deviations from this condition has also been described by Pfortner and
Schwider [2001].

Another problem is skewing of the coherence envelope due to diffraction effects
at steps whose height is less than the coherence length of the radiation [Harasaki and
Wyant, 2000]. This problem can be overcome by using values of the phase obtained
by phase-stepping [Harasaki, Schmit, and Wyant, 2000]. In addition, the presence
of surface films, as well as the variation of the phase change on reflection with the
wavelength, can result in a shift of the position of the peak of the coherence envelope
along the axis [Hariharan and Roy, 1996b; Helen, Kothiyal, and Sirohi, 1999] which
can cause errors when adjacent areas of the test object are made of different materials
[Harasaki, Schmit, and Wyant, 2001].



Chapter 10

Interference Spectroscopy

The instrumental function of a spectroscope is defined by its response a(v — v’) to
a perfectly monochromatic spectral line § (v — V). When the spectroscope is illumi-
nated by a spectral line with a spectral energy distribution b(v), the spectral energy
distribution recorded is

b'(v) = a) % b(v). (10.1)
Two monochromatic lines are resolved when their separation v, — v is greater

than a certain value Av which is determined by the width of a(v). The resolving
power of the spectroscope is then

R =v/Av,
= A/AA. (10.2)

The resolving power available with prisms and gratings is limited to about 10°.
Higher resolving powers can be achieved only by interference spectroscopy.

10.1 Etendue of an Interferometer

An important characteristic of an interferometer, when it is used for the study of faint
spectra, is its light-gathering power or “throughput,” which is defined by an invariant
known as its etendue. In the arrangement shown in Fig. 10.1, the effective areas Ag
and A p of the source and the detector are images of each other. These images subtend
at the lenses L and L p, respectively, the same solid angle

Q= Ag/f§ = Ap/fp. (10.3)

157
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Figure 10.1. Etendue of an interferometer.

The amount of radiation accepted by the lens Lg is proportional to the product
of the area of the source and the solid angle 25 subtended by Lg at a point on the
source. Similarly, the amount of radiation reaching the detector is proportional to the
product of the area of the detector and the solid angle 2p subtended at a point on it
by the lens L p. Since the two lenses have the same effective area A,

Qs = A/f3 (10.4)
and
Qp = A/fp. (10.5)
Accordingly, we have
AsQs = ApQp = AQ =E, (10.6)

where E is known as the etendue of the interferometer.

10.2 The Fabry-Perot Interferometer

Among the instruments developed for direct observation of a spectrum at high reso-
lution, Michelson’s echelon and the Lummer—Gehrcke plate were widely used earlier
[see Candler, 1951], but they have now been replaced by the Fabry—Perot interfer-
ometer (FPI) [see Hernandez, 1986; Vaughan, 1989]. This instrument, which has
been briefly discussed earlier in Section 4.1, typically consists of two fused-silica
plates which may have either a fixed or a variable separation. The inner faces of
the plates are worked flat and are usually coated with highly reflecting multilayer
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dielectric stacks (R > 0.95). However, metal coatings are also used in applications,
such as wavelength comparisons, where it is necessary to minimize the dispersion of
the phase change on reflection. The plates themselves are slightly wedged, so that the
beams reflected from the outer surfaces can be eliminated by a suitably positioned
aperture.

If the surfaces are separated by a distance d, the instrumental function of the FPI
is the Airy function,

aw) = T?/[(1 — R)> + 4R sin’(y/2)], (10.7)

where ¥ = (4mwvnd/c)cos8 + A¢, 6 being the angle of incidence of a ray and A¢
the additional phase shift on reflection at the plates. This function, which is shown
in Fig. 4.2, exhibits sharp peaks separated by a frequency difference c/2nd, which
corresponds to the free spectral range that can be handled without successive orders
overlapping. The half-width of the peaks Av is obtained by dividing the free spectral
range by the finesse F, so that

Av = (1/F)(c/2nd). (10.8)
For an ideal FPI, the finesse is given by the relation (see Eq. 4.14)
F==R"2/(1-R). (10.9)

However, in any practical case, the finesse is always lower because of deviations of
the surfaces from flatness and the finite aperture of the plates; it can be estimated
from more precise formulas given by Ramsay [1969].

In one mode of operation, the spacing of the plates is fixed (the Fabry—Perot
etalon). Each wavelength in the source then gives rise to a system of rings centered
on the normal to the plates. Because of the limited free spectral range of the interfer-
ometer, it is necessary, with a multiwavelength source, to separate the fringes formed
by different spectral lines. This is done by imaging the rings on the slit of a spec-
trograph, as shown in Fig. 10.2, so that each line in the spectrum contains a narrow
strip of the circular fringe pattern corresponding to that line. A single photograph
of the spectrum can then give information on the structure of a number of spectral
lines.

10.3 The Scanning FPI

Because of its circular symmetry, the FPI has a much larger etendue than the echelon
and the Lummer—Gehrcke plate. However, in the configuration shown in Fig. 10.2,
its etendue is limited by the narrow slit of the spectrograph. To obtain its full etendue,
it is necessary to make use of all the rays having the same angle of incidence. For this
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Figure 10.2. Separation of the Fabry—Perot fringes for different spectral lines by a
spectrograph.

reason, the FPI is now commonly used as a scanning spectrometer. In this mode of
operation, a small aperture is placed in the focal plane of a lens behind the FPI, and
the transmitted intensity is recorded with a photomultiplier as the effective spacing
of the plates is varied [Jacquinot and Dufour, 1948]. The size of this aperture is
determined by R, the resolving power of the instrument, the maximum solid angle
which the aperture can subtend at the source without significantly degrading the
resolution being given by the relation

Qn = 27/R. (10.10)

The FPI can be made to scan a selected region of the spectrum by changing
either the spacing of the plates or the refractive index of the medium separating them.
The latter system has the advantage of simplicity. Typically, the FPI is placed in an
airtight box which is evacuated. Air is then allowed to enter at a controlled rate so
that the pressure increases linearly with time. However, the spectral range which can
be covered by pressure scanning is limited (AA/A = 3 x 10~* per atmosphere for
air) and can be increased only by using higher pressures and denser gases [Jacquinot,
1960]. This limitation can be overcome with mechanical scanning. Although a number
of techniques have been described for this purpose, the most common method, with
spacings less than a few centimetres, is to use piezoelectric spacers, parallelism of
the plates being maintained by means of a servo system [Ramsay, 1966; Hicks,
Reay, and Scaddan, 1974; Sandercock, 1976; Atherton et al., 1981]. Herbst and
Beckwith [1989] have described an active stabilization system using a He-Ne laser
and two position-sensitive detectors to monitor and stabilize the cavity spacing of a
Fabry—Perot interferometer. An alternative, which has been used for studies of solar
oscillations, is a thin, solid etalon made of lithium niobate [Burton, Leistner, and
Rust, 1987]. An electric field imposed across the etalon varies its refractive index
through the electrooptic (Pockels) effect, making it possible to use it as a tunable
filter.
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Systems have also been described which utilize a computer to ensure a strictly
linear scan, as well as for the acquisition and storage of intensity data in a digital form
(see Wood [1978]; Yamada, Ikeshima, and Takahashi [1980]).

10.4 The Spherical-Mirror FPI

It is apparent from Egs. (10.6) and (10.10) that, for plates of a given diameter,
the etendue of a FPI with plane mirrors (plane FPI) is inversely proportional to
its resolving power. This limitation is overcome in the spherical-mirror Fabry—Perot
interferometer (spherical FPI) described by Connes [1956, 1958]. This consists, as
shown in Fig. 10.3, of two spherical mirrors whose separation is equal to their radius
of curvature r, so that their paraxial foci coincide, giving an afocal system. Any
incident ray, after traversing the interferometer four times, falls back on itself, thus
giving rise to an infinite number of outgoing rays which are coincident (and not just
parallel, as with the plane FPI), with an increment in optical path Ap = 4r between
successive rays.

The etendue of the spherical FPI is limited only by the spherical aberration of
the mirrors, which restricts their useful aperture. This restriction is less serious with
high-resolution instruments in which the radius of curvature of the mirrors is much
greater than their diameter, and the superiority of the spherical FPI over the plane FPI
is most marked under these conditions. This is apparent from a comparison of a plane
FPI of diameter D and thickness d with a spherical FPI having mirrors of the same
aberration-limited diameter and a separation r = d/2. Both these interferometers
have the same free spectral range and, if the reflectance of the mirrors are properly
chosen, the same finesse and, hence the same resolving power. However, the spherical
FPI exhibits a gain in etendue over the plane FPI

M = 2(d/D)>. (10.11)

This gain is quite high when the separation of the mirrors is large compared to their
diameter.

Y
/
y

\ o 1

Figure 10.3. Spherical-mirror Fabry—Perot interferometer.
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A further advantage of the spherical FPI is that, once the separation of the mirrors
has been set, any angular misalignment merely redefines the optical axis of the system.
With the plane FPI, a similar misalignment is equivalent to an imperfection in the
surfaces of the mirrors.

A spherical FPI is usually operated as a scanning instrument [Herriot, 1963;
Fork, Herriott, and Kogelnik, 1964]. While it has the disadvantage of a fixed
free-spectral range, this is more than offset by its increased etendue and ease of
adjustment. The optimization of the design of a spherical FPI has been discussed
in detail by Hercher [1968]. Scanning spherical FPIs are now used commonly to
examine the pattern of longitudinal and transverse modes in the output of a cw laser.
With pulsed lasers, where the FPI cannot be operated in a scanning mode, the mir-
ror separation can be made slightly less than the common radius of curvature. Such
a defocused spherical FPI produces a pattern of concentric rings, with quasi-linear
spectral dispersion, which can be photographed conveniently [Bradley and Mitchell,
1968].

10.5 The Multiple FPI

To study a complex spectrum with a scanning FPI, it is necessary to use a monochroma-
tor which can supply the FPI with a narrow enough spectral band to avoid overlapping
of successive orders. If the etendue of the combination is not to be limited by the
monochromator, it must have an etendue equal to or greater than that of the FPIL.
This condition cannot be met with a conventional grating or prism monochromator,
but can be satisfied by using two or more FPIs in series [Chabbal, 1958]. If multiple
reflections between the FPIs are eliminated, so that the FPIs are effectively decoupled
(either by tilting them slightly so that they are not parallel, or by introducing a neutral
density filter between them), the overall instrument function is simply the product of
the instrumental functions for the individual FPIs.

In such an arrangement, the second FPI serves to eliminate the unwanted trans-
mission peaks of the first FPI over a relatively wide range. The free spectral range
can be increased by a factor m (typically m < 10) simply by making the separation
of the plates in the second FPI (1/m) times that in the first. However, an alternative
which gives a narrower half-width and higher efficiency is to make the spacing of the
second FPI (m + 1)/m times that of the first [Mack et al., 1963].

To explore a spectrum, the pass bands of all the FPIs must be shifted simulta-
neously. A simple way of doing this is by pressure scanning, maintaining a constant
pressure difference between the individual FPIs [Mack et al., 1963; Ramsay, Kobler,
and Mugridge, 1970]. A more complex system with a computer-controlled scan has
also been described [Winter, 1984]. A tunable Fabry—Perot spectrometer consisting of
two lithium niobate etalons with thicknesses in a vernier ratio, operated in a double-
pass configuration to eliminate the effects of birefringence, has been described by
Netterfield et al. [1997].
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10.6 The Multiple-Pass FPI

The contrast factor of a FPI, defined by the ratio of the intensities at the maxima and
the minima in the instrumental function, is

C=[14R)/(1-R7P, (10.12)

where R is the reflectance of the mirrors. With typical coatings (R ~ 0.95) this figure
is not adequate to ensure that a weak satellite is not masked by the background due to
a neighboring strong spectral line. A much higher contrast factor, close to the square
of that given by Eq. (10.12), can be obtained by passing the light twice through the
same interferometer [Dufour, 1951; Hariharan and Sen, 1961d]. This technique was
extended by Sandercock [1970], who used corner-cube prisms to route the beam three
to five times through different areas of the mirrors. Multiple passing has been applied
very successfully to Brillouin spectroscopy, and resolving powers of 10® with contrast
factors greater than 10'? have been obtained in scanning FPIs [Lindsay and Shepherd,
1977; Vacher, Sussner, and Schickfus, 1980]. The use of a tandem multipass system
to obtain a significantly larger free spectral range as well as higher contrast has been
described by Dil et al. [1981].

10.7 Birefringent Filters

An interferometer consisting of a plate of a birefringent material such as quartz
or calcite, with a thickness d, cut with its faces parallel to the optic axis and set
between parallel polarizers with its optic axis at 45° to the axis of the polarizers, has
a transmission function

aw) = (1/2)cos® 7vT, (10.13)

where T = (n, — n.)d/c is the delay introduced in the interferometer. A single
transmission peak can be obtained by using a number of such interferometers in
series, each one with a delay twice that of the preceding one. This is the principle of
the birefringent filter developed by Lyot [1944] and, independently, by Ohman [1938]
for studies of the solar surface. The filter can be made tunable over one order and a
wider field obtained by splitting each element into two plates of equal thickness with
their axes crossed, and interposing between them a rotatable half-wave plate between
two fixed quarter-wave plates. A detailed description of such a filter with a pass band
only 0.0125 nm wide has been given by Steel, Smartt, and Giovanelli [1961].

An alternative type of birefringent filter described by Solc [1965] consists
of m plates with equal retardations set between two polarizers. In one (fan)
form, the polarizers are set parallel and the plates have their optic axes at angles
w/4m, 3w /4m, ..., (2m — )7 /4m to that of the polarizers, while in another (folded)
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form the polarizers are crossed, and alternate plates are set at angles of 4+ /4m and
—m/4m.

Detailed theories for both these types of birefringent filters have been given by
Harris, Ammann, and Chang [1964] and Ammann and Chang [1965]. These theories
can be used to design filters with any desired periodic transmittance.

A major application of such birefringent filters is as wavelength-selection ele-
ments in the resonators of tunable dye lasers [ Yarborough and Hobart, 1973; Bloom,
1974]. Prisms and gratings have the disadvantage that a large beam diameter is
required to attain high resolution, while etalons have a very limited tuning range.
These problems are avoided with a birefringent filter.

The simplest arrangement for such a wavelength selector consists, as shown
in Fig. 10.4, of a birefringent plate cut with its faces parallel to the optic axis and
mounted in the laser cavity so that the beam is incident on it at the Brewster angle
0p. If the optic axis does not lie in the plane of polarization of the laser beam (the
yz plane) the transmittance of the plate is unity only for wavelengths satisfying the
condition

[(no — ne)d sin® n]/ sin O = mA, (10.14)
where ng and n, are the ordinary and extraordinary refractive indices of the plate,

d is its thickness, 7 is the angle between the ray in the crystal and the optic axis,
and m is an integer. At other wavelengths, the polarization of the beam is modified,

Beam axis

Figure 10.4. Birefringent tuning element for a dye laser.
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as a result of which it suffers increased losses due to reflection at the surface of the
plate. The filter can be tuned by rotating the plate in its own plane. This changes the
angle between the optic axis and the axis of the laser beam and, hence, the angle n in
Eq. (10.14).

The bandwidth of such a filter consisting of a stack of plates (usually three)
whose thickness are in integer ratios is narrower than that of a Lyot filter with the
same free spectral range. Even though the transmittance does not go to zero at the
minima, the drop in transmittance is enough to ensure that the laser oscillates at only
one frequency. Increased discrimination against secondary peaks can be obtained by
adding glass plates at the Brewster angle [Holtom and Teschke, 1974].

A systematic design procedure which yields a filter with the maximum tuning
range and the minimum number of plates has been described by Hodgkinson and
Vukusic [1978]. Typically, a bandwidth of 0.025 nm and a tuning range of 100 nm
can be obtained with a three-element filter.

10.8 Wavelength Meters

The increasing use of tunable dye lasers in spectroscopy has led to the need for an
instrument which can be used to measure their output wavelength, in real time, with
an accuracy commensurate with their line width (<1 part in 10%).

Interference wavelength meters can be divided into two broad categories:
dynamic wavelength meters, in which the measurement involves the movement
of some element or group of elements, and static wavelength meters, which have
no moving parts (other than those needed for initial alignment of the instrument).
Dynamic wavelength meters offer the advantage of greater accuracy, but can only
be used with cw lasers, while static wavelength meters can also be used with pulsed
lasers.

10.8.1 Dynamic Wavelength Meters

The most common type of dynamic wavelength meter uses a two-beam interferometer
in which the number of fringes is counted as the optical path is changed by a known
amount. One form [Kowalski, Hawkins, and Schawlow, 1976] is shown in Fig. 10.5.
In this instrument, two beams, one from the dye laser whose wavelength A1 is to be
determined and the other from a reference laser (a frequency-stabilized He-Ne laser)
whose wavelength A; is known, traverse the same two paths in opposite directions.
Another form [Hall and Lee, 1976] uses a folded Michelson interferometer in which
the two end reflectors are mounted back-to-back on a single carriage, so that, when
the carriage is moved, one optical path increases while the other decreases by the
same amount. In both instruments, the beams from the dye laser and the reference
laser emerge separately, and the fringe systems formed by the two wavelengths are
imaged on separate detectors.
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Figure 10.5. Dynamic wavelength meter [Kowalski et al., 1976].

If, in the interferometer shown in Fig. 10.5, the end reflector is moved through a
distance d, the number of fringes seen by the detector D is

Ny =2n1d/Ay, (10.15)

where n1 is the refractive index of air at the wavelength A;. Similarly, the number of
fringes seen by the detector D> is

Ny =2nad /), (10.16)
where n; is the refractive index of air at the wavelength 1,. Accordingly,
A1 = (Nany/Nin2)hy. (10.17)

If the interferometer is operated in a vacuum, the ratio (n1/n7) is equal to unity,
and the wavelength of the dye laser can be determined directly from Eq. (10.17) by
counting fringes simultaneously at both wavelengths. If the interferometer is operated
atnormal atmospheric pressure, a correction must be made for the ratio (1 /n2) which
can be calculated from established formulas (see Section 7.5).

A convenient feature of these instruments is that the result is independent of the
velocity of the end reflectors. In its simplest form, in which only integer changes in
the order number are counted, the precision is approximately 1/N>, where N, is the
total change in the integer order for the reference laser. Typically, for a change in the
optical path difference of 1 metre, N, & 1.6 x 109, giving a precision of about 7 parts
in 107.

Higher precision can be obtained by phase-locking an oscillator to an exact
multiple m of the frequency of the ac signal from the reference channel and measuring
the frequency of this oscillator. This technique allows the fractional order number
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for the reference laser to be determined to £1/m [Hall and Lee, 1976; Kowalski
et al., 1978]. Higher resolution can also be obtained by digital averaging of the
two modulation frequencies. This allows interpolation of the fractional order number
to N, V2 A precision of the order of 1 part in 10°, with a measuring time of a
few seconds, is possible, though the accuracy may be less because of systematic
errors [Monchalin et al., 1981]. A third alternative is a vernier method in which the
counting cycle starts and stops when the phases of the two signals coincide [Kahane
et al., 1983]. Improvements to these systems have been described that correct for
interference fringe dropouts [Kowalski et al., 1985] and ensure a constant velocity of
the reflectors [Braun, Maier, and Liening, 1987].

A more compact design for a dynamic wavelength meter is based on a scanning
spherical FPI [Salimbeni and Pole, 1980]. If the separation of the mirrors in such an
interferometer is changed while it is illuminated by a single wavelength, the trans-
mitted intensity consists of a series of pulses, each pulse corresponding to a change in
the interference order of unity. With two lasers, coincidences will occur between the
transmission peaks corresponding to the two wavelengths at intervals which satisfy
the condition

miA; = mahy = p, (10.18)

where m and m, are the changes in the integer orders and p is the change in the
optical path difference. If the output pulses due to the two wavelengths are detected
separately and counted over this interval, the wavelength of the dye laser can be
calculated from Eq. (10.18). In this arrangement, the precision is enhanced by a
factor equal to the finesse of the FPI over that obtained by fringe counting over the
same range in a Michelson interferometer. However, defocusing (see Section 10.4)
limits the range of movement of the mirrors. A precision of 1 part in 107 is possible
with a range of movement of 25 mm, in a time of 0.8 s.

10.8.2 Static Wavelength Meters

A number of static wavelength meters have been developed based on the Michelson,
Fabry—Perot, and Fizeau interferometers.

The sigma-meter [Juncar and Pinard, 1975, 1982] uses four Michelson inter-
ferometers with optical path differences of 0.5 mm, 5 mm, 50 mm, and 500 mm
sharing a common beamsplitter and reference mirror. A prism in the reference arm
acts as an achromatic A/4 plate to produce two orthogonally polarized reference
waves with a phase difference of 90°. These two reference waves give rise to two
separate fringe systems in each interferometer, in which the intensity distributions are,
respectively,

I = Ip(1 + cos2mvT), (10.19)
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and
I, = Ip(1 +sin2wvt), (10.20)

so that the fractional fringe order can be determined from these intensities. If the
wavelength of the dye laser is known approximately from measurements with a
monochromator, the integer order of the first interferometer can be calculated. The
wavelength determined with this interferometer is then used to calculate the integer
order for the next interferometer. This process is repeated successively to obtain the
interference order with the last interferometer and, hence, the actual wavelength. An
accuracy of 1 part in 108 is possible with this instrument.

Another type of static wavelength meter used three FPIs with free spectral ranges
of 3 GHz, 30 GHz, and 300 GHz, respectively, along with a monochromator as a
prefilter [Byer, Paul, and Duncan, 1977; Fischer, Kullmer, and Demtroder, 1981]. In
this instrument, the intensity distributions in the fringes are read simultaneously by
three photodiode arrays, and the fractional order for each interferometer is calculated
with an accuracy of 0.01. As with the sigma meter, the approximate wavelength is
given by the setting of the monochromator, and the final wavelength is found by a
sequence of approximations, using each of the interferometers in turn. This instrument
has a potential precision of about 5 parts in 10°.

One of the simplest static wavelength meters is that developed by Snyder [1977],
which uses a single Fizeau interferometer. This consists of two fused-silica opti-
cal flats, about 1 mm apart, making a small angle € (&3 arcminutes) with each
other. Light from the dye laser is collimated by an off-axis parabolic mirror and
used to illuminate the interferometer. Fringes of equal thickness are then formed,
which run parallel to the apex of the wedge. The intensity distribution in these
fringes, along a line perpendicular to the apex of the wedge, is given by the
relation

1(x) = Io[1 + cos(2x /Ae)]. (10.21)

This intensity distribution is recorded directly by a 1024-element, linear photodiode
array which receives the light reflected from the interferometer. The spatial period
of the fringe pattern can then be used to evaluate the integer part of the interference
order, while the fractional part can be calculated from the positions of the minima
and the maxima with respect to a reference point on the wedge.

Errors due to imperfect collimation as well as small changes in the angle of
incidence can be minimized in this arrangement by positioning the detector array
so that the shear between the beams reflected from the two surfaces of the wedge
is zero at the surface of the detector [Snyder, 1981; Gardner, 1983]. A precision
of the order of 1 part in 107 with an update rate of 15 Hz is possible with this
instrument.
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10.9 Heterodyne Techniques

More precise measurements of the frequency of a laser and, hence, of its wavelength
can be made by heterodyne techniques.

In one experiment [Bay, Luther, and White, 1972], electro-optic modulation
of a laser beam (frequency vz ) at a microwave frequency vy (=210'° Hz) produced
two side-band frequencies vy, = vys. The length L of a Fabry—Perot interferometer, as
well as the modulation frequency vy, were then adjusted so that both side bands were
transmitted by the interferometer with maximum intensity. Under these conditions, it
can be shown that

v, = (N/AN)2vy, (10.22)

where N is the order of interference for the frequency vy, and AN is the difference
of the interference orders for the two side bands. This technique gave the frequency
of the laser directly to a few parts in 108,

Another technique for the comparison of the frequencies of two lasers [Baird,
1983b] makes use of two slave lasers which can be tuned around the frequencies
of the two lasers. These slave lasers are locked to two transmission peaks of a very
stable Fabry—Perot interferometer so that their wavelengths are integral submultiples
of the optical path difference in the interferometer. The frequency offsets of the lasers
whose wavelengths are to be compared are then determined by measuring the beat
frequency produced by each laser with the corresponding slave laser.

10.10 Measurement of Laser Line Widths

The widths of laser lines are too small to be measured by conventional methods. A
method which has been developed for such measurements involves mixing light from
the laser at a photodetector with a reference beam derived from the same laser which
has undergone a frequency shift and a delay. Since the two signals are statistically
identical, the self-coherence function of the original signal can be obtained from
measurements in the radio-frequency region on the beat [Halmos and Shamir, 1982;
Abitbol et al., 1984].

In the experimental arrangement shown in Fig. 10.6, the frequency of the refer-
ence beam is shifted by diffraction at an acousto-optic modulator, and a suitable delay
is introduced by a length of single-mode fiber. If the field due to the test beam is

Ei(t) = Egcos[wt + ¢ (2)], (10.23)

the field due to the reference beam, which has undergone a frequency shift 2 and a
delay 7, is

E>(t) = Egcos[(w+ Q)t + ¢t + 7)]. (10.24)
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Figure 10.6. Experimental arrangement used for measurements of laser line width
by heterodyne interferometry [Abitbol et al., 1984].

The beat frequency signal is, therefore, proportional to
cos[Qt +o(t — 1) — ()] (10.25)

If © > (1/Av), where Av is the width of the laser line, ¢(t+ — 1) and ¢ (¢) are
statistically independent. The bandwidth of the beat signal, which can be measured
with a radio-frequency spectral analyzer, is then twice the width of the laser line.

10.11 Laser Frequency Standards

It is now possible to observe extremely narrow optical resonances in cold atoms or
single trapped ions, so that a laser locked to such a narrow optical resonance can serve
as an optical frequency standard. Several transitions with intrinsic offsets estimated
at the 1071 level have been studied, including the 3 P — 150 transition at . = 657 nm
of laser-cooled neutral “°Ca atoms [Schnatz et al., 1996] and the 5528, 2= 4d2D5 2
transition at 674 nm of a single, trapped and laser-cooled ¥3Sr* ion [Bernard et al.,
1999], both of which have been recommended by the CIPM for the realization of the
metre.

A problem in implementing such an optical frequency standard has been the
need for a reliable and simple system that can measure optical frequencies. Frequency
chains (see also Section 7.8) starting with a cesium atomic clock and generating higher
harmonics in nonlinear diode mixers and crystals [Schnatz et al., 1996; Bernard et al.,
1999] are quite complex and require substantial resources to build and operate.

A completely new approach to optical frequency measurements is the use of the
comb of modes of a mode-locked laser to measure, or synthesize, optical frequencies
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with extreme precision. Since the mode spacing is equal to the pulse repetition rate
with an experimental uncertainty of a few parts in 10'°, such a comb can be used
to measure large optical frequency differences by counting modes, if the spacing
between them is known [Eckstein, Ferguson, and Hénsch, 1978]. In addition, since
the spectral width of the comb scales inversely with the pulse duration, the advent of
femtosecond lasers has made it possible to provide a direct link between optical and
microwave frequencies [Udem et al., 1999a; Diddams et al., 2000].

We consider a a laser cavity (length L) with a pulse circulating in it. The out-
put consists of a carrier frequency f. modulated by an envelope function A(¢). This
envelope function defines the pulse repetition time 7 and the pulse repetition fre-
quency f, = T~'. Fourier transformation of A(r) shows that the resulting spectrum
consists of a comb of laser modes, separated by the pulse repetition frequency f;
and centered at the carrier frequency f. [Reichert et al., 1999]. The spectral width of
the frequency comb can be broadened, while maintaining the mode spacing, by self
phase modulation in a nonlinear optical material.

Since f. is not necessarily an integer multiple of f;, the modes are shifted from
frequencies that are exact harmonics of f, by an offset f,, so that the frequency of
the nth mode is

fo=nfr+ fo. (10.26)

where 7 is a large integer. This equation maps two radio frequencies, f and f,, onto
the optical frequencies f,.

The repetition frequency f; is readily measurable. In addition, with a frequency
comb extending over more than one octave, it is possible, as shown in Fig. 10.7, to
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Figure10.7. Measurement of the beat frequency between a frequency-doubled “red”
component of a frequency comb and a “blue” component yields the frequency offset
f» [Holzwarth et al., 2000].
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obtain the frequency offset f, from measurements of the beat frequency between a
frequency-doubled “red” component and a properly chosen “blue” component. It is
then possible to relate all optical frequencies f;, contained within the comb to the
radio frequencies f; and f,, which may be locked to an atomic clock. This allows
the direct comparison of radio and optical frequencies, with an estimated precision
of 5 x 10716, without the need of additional optical frequency dividers or nonlinear
optics [Udem et al., 1999b; Holzwarth et al., 2000].



Chapter 11

Fourier-Transform Spectroscopy

As outlined in Sections 3.6 and 3.12, the spectral energy distribution of a source can
be obtained from measurements of the complex degree of coherence in a two-beam
interferometer, as the path difference between the interfering wavefronts is varied.

Michelson made use of this fact when he inferred the structure of several spectral
lines from a study of their visibility curves. However, measurements of the visibility
only give the modulus of the Fourier transform of the spectral energy distribution,
and a unique spectral distribution can be obtained from the visibility curve only when
the spectral distribution is symmetrical with respect to a central frequency.

In Fourier-transform spectroscopy (FTS), the intensity at a point in the inter-
ference pattern is recorded as a function of the delay in the interferometer (the
interference function). The variable part of the interference function (called the inter-
ferogram), on Fourier transformation, then gives the spectrum without any such
ambiguity. One of the earliest spectra obtained in this manner is shown in Fig. 11.1,
along with the corresponding interferogram [Fellgett, 1958]. This technique has been
described in detail in a number of reviews and books [see Vanasse and Sakai, 1967,
Bell, 1972; Chamberlain, 1979; see also Traub, Winkel, and Goldman, 1996] and is
now used very widely because of the etendue and multiplex advantages.

11.1 The Etendue and Multiplex
Advantages

An interferometer in which the interference pattern exhibits radial symmetry, such
as the FPI, has the advantage over a prism or grating spectrograph of a much greater
etendue (the etendue, or Jacquinot, advantage; see Section 10.3). However, when
such an interferometer is operated in the scanning mode, to make full use of the
available etendue, the total scanning time 7T is divided between, say, m elements of
the spectrum, so that each element is observed only for a time equal to (7'/m). If the

173
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Figure 11.1. (a) Interferogram and (b) spectrum obtained with the 3.5 magnitude
star o Herculis [Fellgett, 1958].

main source of noise is the detector, which is often the case in the far infrared, the
noise power is independent of the signal. This results in a reduction of the signal-to-
noise (S/N) ratio by a factor m'/2, compared to the situation if each spectral element
were recorded over the full time 7.

The Michelson interferometer has the same etendue advantage as the FPI. In addi-
tion, when the delay is made to vary linearly with time, each element of the spectrum
gives rise to an output which is modulated at a frequency inversely proportional to its
wavelength. It is therefore possible to record all these signals simultaneously (or, in
other words, to multiplex them) and decode them later to obtain the spectrum. Since
each spectral element is now recorded over the full scan time 7', an improvement in
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the S/N ratio by a factor of m /2 over a conventional scanning instrument is obtained.
This is known as the multiplex (or Fellgett) advantage.

11.2 Theory

The main component of a Fourier-transform spectrometer is typically, as shown in
Fig. 11.2, a Michelson interferometer illuminated with an approximately collimated
beam. With monochromatic light, the output from the detector is

G(t) = gW)(1 4+ cos2mvt)
=g() +g(v)cos2mvr, (11.1)

where t is the delay, and
gw) =1WTv)d(v) (11.2)

is the product of three spectral distributions: the radiation studied /(v), the transmit-
tance of the spectroscope T (v), and the detector sensitivity d(v). When t varies
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Fixed reflector
A A /
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Chopper
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—— —
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Figure 11.2. Michelson interferometer adapted for Fourier-transform spectroscopy.
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linearly with time, G(t) exhibits a cosinusoidal variation of constant amplitude
extending to T = Fo0.
If, however, the source has a large spectral bandwidth, the output of the detector is

G(t) = /oog(v)dv + foog(v) cos2mvtdy. (11.3)
0 0

Since the first term on the right-hand side of Eq. (11.3) is a constant, the variable
part of the output, which constitutes the interferogram, is

F(r):/ g(v)cos2mvrdv. (11.4)
0

The interferogram initially exhibits large fluctuations when || is increased
from 0, since all the spectral components are in phase when t = 0, but the amplitude
of these fluctuations drops off rapidly as |t| increases.

The actual spectral distribution g(v) exists only for v > 0. However, for con-
venience, we can represent this asymmetrical function, as shown in Fig. 11.3, as the
sum of an even component g.(v) defined by the relation

8e(V) = ge(—V) (11.5)
and an odd component g, (v) defined by the relation
8o(v) = —go(—V), (11.6)
so that
gW) = ge(v) + go(v). (1L.7)
In addition, since the two components are numerically the same,
18 (V)] = |80 (W)]. (11.8)

Accordingly, Eq. (11.4) can be rewritten as

F(t) = / [ge(V) + go(v)] cos2mvTdy

—00

o
= 2/ ge(v)cos2mvtdv. (11.9)
0
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Figure 11.3. Decomposition of the physical spectrum g(v) into an even component
ge(v) and an odd component g, (v).

Fourier inversion of Eq. (11.9) then gives
o
ge(v) = 2/ F(t)cos2mvrdr. (11.10)
0

However, if we consider only positive values of v, g.(v) and g,(v) are identical and
their sum is equal to g(v). Hence, over this range (v > 0),

ge(v) = (1/2)g(v), (11.11)
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so that

gv) = 4/00 F(t)cos2mvtdr. (11.12)
0

11.3 Resolution and Apodization

The calculation of g(v) from Eqgs. (11.10) and (11.12) requires a knowledge of the
interferogram over an infinite range of values of 7, but, in any practical case, the
range of the interferogram is limited by the distance over which the end mirror of
the interferometer can be moved. The effect of limited mirror travel can be taken into
account by rewriting Eq. (11.10) as

g.(v) = 2/00 A(t)F(t)cos2mvtdr, (11.13)
0

where A(7) is a function which drops to zero at the maximum allowed value of 7. In
the frequency domain, Eq. (11.13) becomes

g.(v) = a(w) * g.(v), (11.14)
where (see Appendix A.1)
a(v) < A(7). (11.15)

A comparison of Eq. (11.15) with Eq. (10.1) shows that a(v) is the instrumental
function of the spectrometer.

For the simplest case in which the interferogram is truncated at £7t,,, A(7) is the
rectangular function

|1, when|t| < 1),
AlT) = {0, when |z| > T, (11.16)
and the instrumental function is
a(v) = sincRvty,). (11.17)

If we take the resolution limit Av to be the separation of the first zero of this function
from its peak, we have

Av = 1/27,,. (11.18)

The sinc function is not a desirable instrumental function, since it does not drop
smoothly to zero, and the side lobes due to a strong spectral line could be mistaken
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for other weak spectral lines. These side lobes can be eliminated by a process known
as apodization [Jacquinot and Roizen-Dossier, 1964], which involves multiplying the
interferogram with a weighting function that progressively reduces the contribution
of greater delays and thereby eliminates the sharp cut-off at T = 71,,,. A linear taper is
commonly used, in which case,

=1t/ Tl < T
A(r) = {o, o> o (11.19)
and
a(v) = sinc>(VTy). (11.20)

The side lobes are reduced appreciably, but at the expense of a doubling of the
width of the instrumental function, and a corresponding loss in resolving power.
Other apodization functions and their effects on the instrumental function have been
reviewed by Vanasse and Sakai [1967].

11.4 Sampling

When calculating the Fourier transform of an interferogram by means of a digital
computer, it is necessary to know the minimum number of points at which the inter-
ferogram must be sampled as well as the minimum number of points for which the
transform must be computed to recover an undistorted spectrum. This problem was
analyzed by Strong and Vanasse [1959] and, later, by Connes [1961]. We make use of
the fact that if an interferogram recorded over a range of delays from O to 7,,, is sampled
at M points, that is to say with a sampling interval t,,/ M, the recovered spectrum is
repeated, as shown in Fig. 11.4, at a frequency interval M /t,,. For a physical spectral
distribution covering the range of frequencies 0 to v,,, the recovered spectrum g, (v),
defined by Eq. (11.10), has a spectral bandwidth of 2v,,. Accordingly, to ensure that
there is no overlap (aliasing) of successive repetitions of the recovered spectrum, we
must have

2V < M1y, (11.21)
so that the minimum number of points at which the interferogram must be sampled is
M =2v,1,. (11.22)

In the spectral domain, the number of points N for which the transform must
be computed is given by the bandwidth v, divided by the resolution limit Av. From
Eq. (11.18),

N =v,,Av
=20 T (11.23)

Hence, from Eq. (11.22), N is equal to M.
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ge( V)

Figure 11.4. Repetition of the recovered spectrum g.(v) when the interferogram is
sampled at an interval t,,/M = 1/2vy,.

11.5 Effect of Source and Detector Size

Equation (11.18), which defines the resolution limit, is valid only when the interfer-
ometer is illuminated with a perfectly collimated beam. If the source and the detector
subtend a finite angle 2« at the entrance pupil and the exit pupil, respectively (see Fig.
10.1), there will be, between the axial ray and a limiting off-axis ray, an additional
phase difference

A¢p =2nvt(l —cosa)

~ JTI)‘L'O[2

~vtsl, (11.24)

since 2 = ma?. As aresult, the calculated frequency v’ is no longer the true frequency
v, but is given by the relation

v = v(l — Q/4r). (11.25)

In addition, there is a progressive decrease in the visibility V of the fringes, with
increasing delay. It can be shown [Terrien, 1958] that

V() = sinc(Qvt/27), (11.26)
so that the fringes disappear when

Q = 27/vr. (11.27)
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The maximum solid angle which the source and the detector can subtend at the
collimating optics is then, from Egs. (11.27) and (11.18),

Q= 27/R, (11.28)

where R = v/Av is the resolving power.

11.6 Field Widening

It is possible to increase €2, beyond the limit given by Eq. (11.28) by using a system
in which, as in the spherical FPI, emerging rays derived from the same incident ray
are coincident and not merely parallel. This permits the delay to be increased, while
keeping the shift (see Section 3.10) zero. Systems for this purpose have been described
by Connes [1956] and by Bouchareine and Connes [1963]. Such systems can give an
increase of etendue by a factor as large as 100, but have other drawbacks which limit
their use.

11.7 Phase Correction

If the interferometer is not perfectly compensated (or, in other words, has residual dis-
persion in one path), Eq. (11.4) is no longer valid and the interferogram is represented
by the relation

F,(t) = /vm g)cos[2rvt + ¢ (v)]dv. (11.29)
0

In such a case, the modulus g, (v) can be recovered by taking the absolute value of
the Fourier transform of F, (7). A better method is to generate the required symmetric
interferogram from the measured asymmetric interferogram by convolution with a
phase correction function. Since the phase error is a smooth, slowly varying function,
it can be computed separately from a short, two-sided interferogram [Forman, Steel,
and Vanasse, 1966].

11.8 Noise

Noise can be classified in two categories: noise arising in the detector or interfer-
ometer, which is added to the signal (additive noise), and noise associated with the
incident radiation, whose power varies with the signal level (multiplicative noise).
The latter can again be subdivided into photon noise and signal noise. Photon noise
arises from the random fluctuations in the number of photons arriving in a given time
interval and is therefore proportional to the square root of the signal; signal noise, on
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the other hand, arises from fluctuations in the transmittance of the medium between
the source and the detector, or from fluctuations in the output of the source itself, and
is, therefore, proportional to the signal.

As shown in Section 11.1, the multiplex advantage applies for additive noise,
which is independent of the signal power. With photon noise, it can be shown that
multiplexing results in no advantage, while with signal noise, multiplexing is at a
disadvantage when compared to sequential measurement. Accordingly, the multiplex
advantage disappears in the visible and ultraviolet regions of the spectrum, where the
noise is largely either photon noise or signal noise. Fourier-transform spectroscopy
is therefore most useful in the far infrared, where the energy of individual photons is
low, and detector noise is usually the limiting factor.

11.9 Prefiltering

With a source emitting over a wide spectral band, the dynamic range required to record
an interferogram is very large. This is because all the frequencies contribute to a grand
maximum at zero path difference, while relatively small variations of power at large
path differences correspond to weak absorption lines. To ensure that information on
such weak features is not lost, the dynamic range of the recording system must be
greater than the S/N ratio in the interferogram. If this condition cannot be met, it is
necessary to use optical filters to limit the spectral bandwidth studied and thereby
reduce the dynamic range required.

Dynamic range is not so much of a problem now, since digital recording systems
with a discrimination better than 1 part in 107 are available. However, even with such
systems, a problem which can be encountered is aliased noise.

If the detector is sensitive up to a frequency vp which is higher than the maximum
frequency vmax up to which the spectrum is to be computed, the interferogram will
contain a significant amount of photon noise and signal noise contributed by higher
frequencies which are not of interest. When the interferogram is sampled and Fourier
transformed, noise belonging to the adjacent repetitions of the spectrum, or aliased
noise (see Fig. 11.4), will then overlap the recovered spectrum and degrade it.

Aliased noise can be eliminated, in principle, by the use of a filter which has unit
transmittance between frequencies of Vi, and vmax and zero transmission elsewhere.
The Fourier transform of such a filter is a sinc function. Accordingly, if the original
interferogram is convolved with this sinc function before it is transformed, all noise
at frequencies outside the range of interest will be eliminated and cannot be aliased
back. This procedure is called mathematical filtering [Connes and Nozal, 1961].

11.10 Interferometers for FTS

The most widely used interferometer for FTS is the Michelson interferometer. In the
near infrared, thin films of Ge or Si on BaF or CaF, plates are used as beamsplitters.
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Because of the difficulty of finding suitable beamsplitters which could be used in
the far infrared, Strong and Vanasse [1958, 1960] developed an alternative in the
lamellar-grating interferometer. This consists essentially of two mirrors broken up
into strips so that one mirror can pass through the other. However, this interferometer
must be used with a slit source narrow enough to ensure that adjacent strips are
coherently illuminated; in addition, at longer wavelengths, the delay is determined
by the velocity of the radiation in the slots in the mirrors. Subsequently, it was shown
that a thin film of Mylar could be used as a beamsplitter in the far infrared; wire-
mesh beamsplitters have also been used. A theoretical study of some new designs for
multilayer beamsplitters based on coated pellicles as well as solid substrates has been
made by Dobrowolski and Traub [1996].

In either case, the slide carrying the moving mirror must be of very high qual-
ity to avoid tilting of the mirror; this problem can be minimized in the Michelson
interferometer by replacing the mirrors by cube corners or by “cat’s-eye” reflectors
[Connes and Connes, 1966].

Two approaches to the movement of the mirror (scanning) have been followed.
In one, known as periodic generation, the mirror is moved repeatedly over the desired
scanning range at a sufficiently rapid rate that the fluctuations of the output due to the
passage of the fringes occur at an audio frequency. This technique has the advantage
that ac amplification of the signal is possible without any additional modulation. A
number of values of the output obtained for each value of the delay are then averaged
digitally to give the final interferogram. In the other approach, known as aperiodic
generation, the mirror is moved only once, relatively slowly, over the scanning range
and the detector output is recorded at regular intervals. In this mode, the signal level
is essentially steady during each observation.

Aperiodic generation is possible either with a continuous movement of the mirror
or with a stepped movement. In the former case, the average value of the detector
output is recorded during a brief time interval centered on each sampling point. This
has the advantage that the drive system can be very simple. In the latter case, the
mirror remains stationary during the sampling time and then moves rapidly to the
next position, thus making maximum use of the observing time.

Most systems have used motorized drives combined with voice coils or piezo-
electrics. An electromechanical linear actuator using a piezoelectric device which
overcomes the disadvantages of such drives has been described by Sandford, Luck,
and Rohrbach [1996].

With either system of aperiodic generation, it is necessary to use some form of
flux modulation so that ac amplification and synchronous detection can be used. The
earliest spectrometers used amplitude modulation, usually by means of a chopper, but
a better method is phase modulation [Chamberlain, 1971; Chamberlain and Gebbie,
1971]. In this technique, the mirror, which usually is fixed, is made to oscillate to and
fro at a frequency f so that, at any position of the stepped mirror, the delay varies
with time according to the relation

T(t) =1+ Atcos2uft. (11.30)
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For any input frequency v, the output from the detector is then
I1(t) = Io{1 + cos2mv[t 4+ At cos2mft]}. (11.31)

The right-hand side of Eq. (11.31) can be expressed as the sum of a number of
harmonics; with a filter that passes only the fundamental, the output signal is

I'(t) =21y J1 2 vAT) sin 2 vT. (11.32)

Phase modulation has the advantage over amplitude modulation that, since the beam
is not interrupted by the chopper, the reduction in output is minimal.

An adaptive digital filter permitting flexible fringe subdivision (to increase the
free spectral range) as well as compensation for variations in the drive velocity has
been described by Brault [1996].

Analog-to-digital (A-D) conversion with a high dynamic range and low quanti-
zation error is essential for measurements of weak emission and absorption signals.
Usually, these requirements are satisfied through the use of high bit-number ampli-
tude sampling A-D converters. An alternative, which permits the use of a 1-bit A-D
converter, involves locating the intersections {z; } of the modulation term s(z) of the
interferogram and a reference sinusoid r(z) = A cos(27 f,z), where z is the optical
path difference [Daria and Saloma, 2000].

11.11 Computation of the Spectrum

The total number of operations involved in computing a Fourier transform by conven-
tional routines is approximately 2M?, where M is the number of points at which the
interferogram is sampled. When M is large, this leads to quite long computing times.
Because of this, there were several early experiments exploring the use of analog
techniques. However, digital computing has now become so much faster and cheaper
that these early attempts are only of historic interest. In addition, the fast Fourier-
transform (FFT) algorithm [Cooley and Tukey, 1965; Forman, 1966] has reduced
the number of operations to 3M log, M. In an extreme case, when M =~ 100, the
computing time is reduced by a factor of 25,000, so that the computation of even very
complex spectra becomes feasible. Procedures for computation have been discussed
in detail by Bell [1972].

11.12 Applications

Rapid scanning FTS has found many applications in infrared spectroscopy, including
emission spectra and chemiluminescence, absorption spectra of aqueous solutions
and transient species, and studies of the kinetics of chemical reactions [Bates, 1976].
In addition, because of their high etendue, Fourier-transform spectrometers can be
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used to record spectra from very faint sources. For this reason they have been used
extensively in studies of planetary atmospheres [Connes and Connes, 1966; Hanel
and Kunde, 1975] and night sky emission [Baker, Steed, and Stair, 1973]. Because
of their high resolving power, they have also been used in studies of the molecular
spectra of gases at low pressures [Guelachvili, 1978].

Other applications include contactless temperature measurements, measurements
of spectral emissivity, and measurements of the concentrations of pollutants. Calibra-
tion of an FTS for such applications using three blackbody sources has been described
by Lindermeir et al. [1992].

More recently, FTS has been used for measurements from space of the infrared
solar spectrum [Abrams €t al., 1996a] and remote sensing of 30 constituents of the
earth’s atmosphere [Abrams et al., 1996b]. A possibility which is being explored is
the exploitation of the multiplex advantages of FTS to detect the acoustic oscillations
of giant planets and stars [Maillard, 1996]. Fast time-resolved FTS has been used
to record emission spectra from the products of laser-initiated transient chemical
reactions [Carere, Neil, and Sloan, 1996].

Even though the multiplex advantage does not hold in the visible region, Fourier-
transform spectroscopy retains the advantages over a prism or grating of high
resolving power and high accuracy of measurement of wavelengths, and has been
found very useful for the study of complex molecular spectra [Luc and Gerstenkorn,
1978]. Figure 11.5, which shows a small section of the absorption spectrum of
iodine obtained with a Fourier transform spectrometer having an effective resolv-
ing power of 5 x 10°, gives an idea of the reproducibility and low noise possible
with FTS.

Excellent wavelength accuracy is available with FTS, since wavelength uncer-
tainties arise primarily from the finite size of the aperture and detector and imperfect
alignment of the sample and reference beams. Some practical aspects of calibration
with wavelength standards to eliminate errors due to these causes are discussed by
Salit, Travis, and Winchester [1996].

The combined advantages of high throughput, broad spectral coverage, high
spectral resolution, and accurate wavelength calibration make ultraviolet and visible
FTS an attractive technique for measurements of minor tropospheric constituents
[Vandaele and Carleer, 1999] including the OH radical, which is a key intermediate
in the catalytic ozone destruction cycle [Cageao et al., 2001].

Another interesting application has been in absolute radiometry. Mather et al.
[1990] used a Martin—Puplitt polarizing Michelson interferometer as a far infrared
absolute spectrophotometer (FIRAS), on the Cosmic Background Explorer (COBE),
to record the spectrum of the background radiation between 1 and 20 cm™" (1 cm to
0.5 mm wavelength), with a resolution of 1 cm ™!, from regions near the north galactic
pole. The spectrum is well fitted by a blackbody with a temperature of 2.735+0.06 K,
with a deviation less than 1% of the peak intensity.

The FIRAS instrument also carried out the first all-sky spectral line survey in
the far infrared region, as well as mapping spectra of the galactic dust distribution at
A > 100 pm with a 7° beam. The spectrum observed by FIRAS contained two major
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Figure 11.5. A small section of the absorption spectrum of iodine in the visible (A &~ 540 nm) obtained with a Fourier transform spectrometer
(effective resolving power about 5 x 10°). The two independent traces demonstrate the reproducibility and low noise of the method [Luc and

Gerstenkorn, 1978].
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components: a continuous spectrum due to interstellar dust heated by starlight, and a
line spectrum dominated by the strong 158-pm line from singly ionized carbon, with
a spatial distribution similar to the dust distribution and a luminosity of 0.3% of the
dust luminosity [Boggess et al., 1992].

FTS has also been used to obtain accurately calibrated absolute brightness
temperature spectra of planets [Serabyn and Weisstein, 1996].






Chapter 12

Interferometric Sensors

Advances in the technology of lasers and optical fibers have opened up the use of
interferometers as sensors for a number of physical quantities.

12.1 Rotation Sensors

The use of an interferometer to detect rotation in an inertial frame dates back to
experiments by Sagnac and by Michelson, using an interferometer with two beams
traveling around the same closed circuit in opposite directions (see the reviews by
Post [1967]; Hariharan [1975¢]; Anderson, Bilger, and Stedman [1994]). In this case,
both classical theory and the theory of relativity predict a fringe shift with rotation.
Sagnac was the first to demonstrate, in 1913, the feasibility of such an experiment
with an interferometer of the form shown in Fig. 2.13b. When the whole interferom-
eter, including the light source, was set rotating with an angular velocity @ about an
axis making an angle 6 with the normal to the plane of the interferometer, a fringe shift
was observed corresponding to the introduction of a delay between the two beams

T = 4wAcos6/c?, (12.1)

where A was the area enclosed by the light path. The fringe shift given by Eq. (12.1)
could be doubled by comparing the fringe positions for rotation at the same speed
in opposite directions. Sagnac also established that the effect did not depend on the
shape of the loop or the position of the center of rotation.

Subsequently, in 1925, Michelson and Gale succeeded in demonstrating the
rotation of the Earth by means of a similar experiment. To obtain the necessary
sensitivity, they used a rectangular, 60 m x 15 m path, enclosed in evacuated tubes.
Since the rate of rotation could not be changed, the fringe shift was measured by
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comparing the position of the fringes in the main circuit with the fringes formed in a
comparison circuit enclosing a smaller area.

12.1.1 Ring Lasers

Much higher sensitivity can be obtained by measurements of the optical beat fre-
quency in a ring laser [Rosenthal, 1962; Macek and Davis, 1963], such as that
shown schematically in Fig. 12.1. Rotation of a ring laser shifts the frequencies of
the clockwise-propagating (CW) and counterclockwise-propagating (CCW) modes
by equal amounts in opposite senses. A very stable beat can be obtained, because the
two modes use the same optical cavity and are affected equally by any temperature
changes and mechanical disturbances.

Because of the presence of the active medium within the ring and back scattering
at the mirrors, the two modes in a ring laser are prone to locking at very low rota-
tion rates [Aronowitz, 1971]. Some solutions to this problem have been discussed by
Roland and Agrawal [1981]. A technique commonly used to eliminate mode locking
is to dither the beat frequency by an angular oscillation of the ring laser with a con-
stant small amplitude [Killpatrick, 1967]. An alternative is the four-frequency ring
laser in which a magnetic field forces the cavity to support two pairs of counterprop-
agating waves with opposite circular polarizations. The difference between the beat
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Figure12.1. Ring laser used for rotation sensing [Roland and Agrawal, 1981].
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frequencies then corresponds to the rotation signal [Chow et al., 1980; Roland and
Agrawal, 1981; Statz et al., 1985].

The theoretical limit of sensitivity for the ring laser is given by the relation
[Dorschner et al., 1980]

AQ = A PT/4A(npn1)'/?, (12.2)

where 1 is the vacuum wavelength, P is the optical perimeter and I'. is the line width
of the cavity, npy is the photon flux in the laser beam, and t is the averaging time.
With care, performance close to the sensitivity limit set by spontaneous emission in
the gain medium can be obtained.

Ring-laser rotation sensors have the advantages over mechanical gyroscopes of
fast warm-up, rapid response, large dynamic range, insensitivity to linear motion,
and freedom from cross-coupling errors in multiaxis sensing. For these reasons they
have been used widely in missile guidance and inertial navigation systems [see Chow
etal., 1985].

12.1.2 Ring Interferometers

The problem of mode locking can be avoided by using a passive ring interferometer
with an external laser and measuring the differential shift in the resonant frequency for
the two directions of propagation [Ezekiel and Balsamo, 1977]. One scheme uses only
one laser frequency and a Faraday cell within the cavity to cancel out any difference in
the optical path lengths for the counterpropagating beams. Another uses a single laser
and two acousto-optic modulators to generate two independently controlled optical
frequencies which are locked to the CW and CCW resonant frequencies of the ring
[Sanders, Prentiss, and Ezekiel, 1981].

The relative merits of these and other techniques have been reviewed in a number
of papers [see Ezekiel and Knausenberger, 1978; Ezekiel and Arditty, 1982].

12.2 Fiber Interferometers

The use of single-mode optical fibers to build analogs of conventional two-beam
interferometers became practical with the development of lasers. Since such a fiber
does not allow higher-order modes to propagate, a smooth wavefront is obtained at
the output end. Fiber interferometers can give very high sensitivity for some types of
measurements, because they make possible very long paths with very low noise, in a
small space, permitting the use of sophisticated detection techniques.

12.2.1 Rotation Sensors

The first application of fiber interferometers was in rotation sensing, where a closed
multiturn fiber-optic loop was used, instead of a conventional cavity with mirrors,
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Figure 12.2. All-fiber interferometric rotation sensor [Bergh, Lefevre, and Shaw,
1981a].

to increase the effective area of the ring [Vali and Shorthill, 1976; Leeb, Schiffner,
and Scheiterer, 1979].

Very small phase shifts can be measured and the sense of rotation determined by
introducing a nonreciprocal phase modulation and using a phase-sensitive detector
[Ulrich, 1980]. A wider measurement range can be obtained with a closed loop system,
in which the phase difference caused by rotation is compensated by a nonreciprocal
phase shift generated within the ring by suitably positioned acousto-optic frequency
shifters [Cahill and Udd, 1979; Davis and Ezekiel, 1981].

A typical system based entirely on optical fibers [Bergh, Lefevre, and Shaw,
1981a, 1981b] is shown in Fig. 12.2. In this system, normal beamsplitters are replaced
by optical couplers, and a few turns of the fiber wound around a piezoelectric cylinder
are used as a phase modulator.

Fiber-optic rotation sensors have the advantages of small overall size and low
cost and are an attractive alternative to ring lasers for many applications. An analysis
of the limits to their sensitivity has been made by Lin and Giallorenzi [1979]. One of
the factors ultimately limiting their sensitivity is noise due to back scattering, which
can be controlled by a phase modulator placed in one of the beams before it enters
the resonator [Sanders, Prentiss, and Ezekiel, 1981] or by using a broadband source
such as a superluminescent diode [Bergh, Lefevre, and Shaw, 1984]. Another is
nonreciprocal effects due to fiber birefringence and the earth’s magnetic field, which
can be minimized by using a single-polarization fiber [Burns et al., 1984]. Very small
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phase shifts can be measured by using heterodyne techniques, in conjunction with a
piezoelectric phase modulator placed near one end of the fiber coil [Kim and Shaw,
1984b; Kersey, Lewin, and Jackson, 1984]. If precautions are taken to minimize
the effects of vibration, local temperature variations, and external magnetic fields,
performance close to the limit set by photon noise can be attained [Bergh, Lefevre,
and Shaw, 1984].

Another method of nulling the Sagnac phase shift is by applying a sawtooth
modulation to the phase modulator and adjusting its amplitude or frequency [Kim
and Shaw, 1984a]. This method can be implemented with an integrated-optic phase
modulator [Ebberg and Schiffner, 1985; Chien, Pan, and Chang, 1991]. The phase
shift can also be measured by mixing a train of square pulses with the photodetector
current and adjusting the pulse spacing, using an electronic closed loop [Toyama
etal., 1991].

12.2.2 Sensors for Physical Quantities

Other applications of fiber interferometers use the fact that the optical path length
changes when a fiber is stretched and is also affected by the ambient pressure and
temperature, so that an optical fiber can be used as a sensor for a number of physical
quantities [Culshaw, 1984; Culshaw and Dakin, 1989] (see also Giallorenzi €t al.
[1982]; Kyuma, Tai, and Nunoshita [1982]).

While early fiber interferometers used gas lasers, diode lasers are now employed
widely because, apart from their small size and high output, they can operate at a
wavelength (A &~ 0.9 wm) at which the losses in silica fibers are much lower than
in the visible region. Optical arrangements similar to the Michelson and Fabry—
Perot interferometers have been used [Imai, Ohashi, and Ohtsuka, 1981; Yoshino
et al., 1982a], but the optical layout shown in Fig. 12.3, which is analogous to the
Mach—Zehnder interferometer, has the advantage that it avoids light being reflected
back to the laser, and therefore eliminates optical feedback [Giallorenzi et al.,
1982].

In this arrangement, normal beamsplitters have been replaced by twisted-fiber
optical couplers [Sheem and Giallorenzi, 1979], permitting an all-fiber arrangement
with a considerable reduction in noise. Measurements are usually carried out by a
phase-tracking system or by a heterodyne system [Jackson, Dandridge, and Sheem,
1980; Dandridge and Tveten, 1981]. Phase modulation is introduced by an integrated-
optic phase shifter or by a fiber stretcher [Jackson et al., 1980] in the reference path and
the resultant output signal is picked up by a photodetector followed by a demodulator.
Slow drifts can be eliminated by a phase-tracking system using an electronic feedback
loop, or by tuning the frequency of the diode laser source [Dandridge and Tveten,
1982]. Optical phase shifts as small as 10~ radian can be detected with such a system
[Dandridge and Tveten, 1981].

Other techniques which have been used include a modulated laser source [Gilles
et al., 1983] and laser-frequency switching [Kersey, Jackson, and Corke, 1983a].
A variety of modulation and signal processing schemes based on measurements of
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Figure 12.3. Schematic of an interferometer using a single-mode fiber as a sensing
element [Giallorenzi et al., 1982]. © 1982, IEEE; reproduced with permission.

the amplitude, phase or frequency of the output signal have been described [see Chien,
Chang, and Chang, 1997].

Miniature Fabry—Perot fiber optic sensors have also found many applications
[Yoshino et al., 1982b]. They have the advantages of high sensitivity and lead insen-
sitivity, since light is transmitted to and from the sensor through the same fiber [Kersey,
Jackson, and Corke, 1983b; Jackson and Jones, 1987]. With low-reflectance mirrors,
the output exhibits a cosine variation with cavity length, simplifying data process-
ing. Extrinsic fiber-optic sensors use an air gap between the fiber end and a reflector
[Murphy et al., 1991]. Intrinsic fiber-optic sensors use internal mirrors formed in a
continuous length of fiber by fusion-splicing a second fiber onto a mirror-coated fiber
end [Inci et al., 1992]. A simple signal processing technique that can be used with
miniature low-finesse Fabry—Perot sensors is based on obtaining quadrature outputs
by using two different wavelengths [Wright, 1991; Ezbiri and Tatam, 1995; Potter,
Ezbiri, and Tatam, 1997].

A technique which has received considerable attention is fiber-optic low-
coherence interferometry [Rao and Jackson, 1996]. In the most commonly used
configuration, shown schematically in Fig. 12.4, light from a broadband source is
launched into one arm of a bidirectional fiber coupler. The output optical signal from
the sensing interferometer is coupled via a fiber link into a reference interferometer.
The optical path differences (OPDs) in the two interferometers are larger than the
coherence length of the light but, since they are almost equal, an interference signal
is obtained which is a function of the difference of the OPDs. Any change in the OPD
in the sensing interferometer results in a change in the fringe visibility as well as
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Figure 12.4. Schematic of a fiber-optic low-coherence interferometer [Rao and
Jackson, 1996].

a change in the phase of the signal, and can be evaluated by tracking the reference
interferometer.

Sensors using fiber Bragg gratings have the advantage that the output is encoded
directly as a wavelength shift. As a result, the output is not affected by changes in the
intensity. The wavelength shift induced in the sensing element can be measured by
placing the sensing element and a reference fiber-optic grating in the output legs of
an unbalanced Mach—Zehnder interferometer. With a broadband source, each grating
reflects a narrow spectral band, and the wavelength shift can be evaluated from
measurements of the changes in the phases of the two interference signals [Kersey,
Berkoff, and Morey, 1993].

The earliest applications of fiber interferometer sensors were in the measurement
of strains and temperature differences [Bucaro, Dardy, and Carome, 1977; Butter and
Hocker, 1978; Hocker, 1979; Jackson, Dandridge, and Sheem, 1980; Lacroix et al.,
1984].

A device which has been found very suitable for temperature measurements is
the reflective fiber Fabry—Perot interferometer shown in Fig. 12.5 [Leilabady et al.,
1986]. This instrument uses a section of a highly birefringent single-mode fiber as
the sensing element, so that two separate interferometers are formed with the same
fiber. The outputs from the two detectors correspond to the phase retardations for the
fast and slow eigenmodes of the fiber. Since the phase change in each interferometer
induced by a temperature change in the fiber, as well as the differential phase change,
can be recovered separately, it is possible to obtain high resolution along with a greatly
increased ambiguity-free measurement range. With a 70-mm sensing element, a phase
resolution of 1 mrad corresponds to a change in temperature of less than 0.1 mK; at the
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Figure 12.5. Interferometric sensor using a single highly birefringent single-mode
fiber [Leilabady et al., 1986].

same time, the ambiguity-free measurement range, corresponding to a differential
phase shift of 27, is about 9 K.

Another application is in acoustic pressure sensing. The sensitivity of a fiber
sensing element for this application can be increased by a factor of almost 100, at
low frequencies, by using a compliant coating [Hocker, 1979]. Acoustic sensitivities
of —30 dB (relative to 1 wPa) have been achieved with a 10-m sensing element.

A compact ultrasound sensor with high sensitivity can be obtained by using a
Fabry—Perot cavity mounted on the fiber tip [Beard and Mills, 1996]; a more versatile
system uses a metal-coated fiber tip, which forms the mirror in the measurement arm
of a Michelson interferometer [Koch, 1999].

All-fiber interferometers in which a single-mode fiber is the sensing element
have been used as accelerometers [Tveten et al., 1980; Kersey, Jackson, and Corke,
1982; Bucholtz, Kersey, and Dandridge, 1986]. A miniature hemispherical Fabry—
Perot interferometer addressed through a single-mode optical fiber has also been used
for this purpose [Gerges €t al., 1989]. The sensing element in this arrangement is a
spherical mirror attached to the center of a loaded elastic diaphragm, and the end of
the fiber constitutes the other mirror of the interferometer. A resolution of 5 wGal was
obtained with this system.

Fiber interferometers can be used to measure magnetic fields by placing a mag-
netostrictive jacket on the fiber sensor, or by bonding it to a magnetostrictive element
[Yariv and Winsor, 1980; Dandridge et al., 1980; Rashleigh, 1981; Willson and Jones,
1983]. Nickel was used initially as the magnetostrictive material, but several metallic
glasses have higher magnetostrictive coefficients [Koo and Sigel, 1984]. A sensitivity
of 4 x 1077 Am~! can be obtained with a 1-m sensing element. Similarly, electric
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fields can be measured by using a fiber bonded to a piezoelectric film, or with a jacket
made of a piezoelectric polymer [Koo and Sigel, 1982; De Souza and Mermelstein,
1982]. Currents in high-voltage transmission lines can be measured by using a current
transformer terminated with a small resistive load. The resulting potential difference
drives a piezoelectric ring which, in turn, applies a strain, proportional to the cur-
rent, to an optical fiber [Ning and Jackson, 1992]. Higher stability and simpler signal
processing is possible with a system using a fiber ring interferometer that detects the
derivative of the current [Swart and Spammer, 1996].

12.2.3 Multiplexed Fiber-Optic Sensors

Where measurements have to be made of various quantities at a particular location,
or a particular quantity at different locations, it is advantageous to multiplex several
optical-fiber sensors in a single system. Such a multiplexed system avoids duplica-
tion of light sources, fiber transmission lines, and photodetectors. The techniques
developed for this purpose include frequency-division multiplexing, time-division
multiplexing, and coherence multiplexing.

In frequency-division multiplexing the frequency of the source is ramped linearly,
and the system is set up so that the difference in the lengths of the two optical paths
is different for each sensor. When the outputs arrive at the detector, they produce a
unique heterodyne frequency for each sensor [Gilles et al., 1983; Sakai, 1986; Sakai,
Parry, and Youngquist, 1986].

We consider the case when the angular frequency w(¢) of the laser source is a
saw-tooth function of time given by the relation

w(t) = wo +a(t —nTy), (12.3)

where oy is the initial angular frequency, a is the sweep rate, n is an integer, and
T is the period of the sweep. If At is the differential delay between the two paths
in the interferometer, a pseudo-heterodyne output is obtained from the detector at a
frequency a At with a phase wpAz. A small change in the optical path difference in the
interferometer results in a negligible change in the frequency of this beat signal, but a
measurable change in its phase [Jackson et al., 1982]. To avoid a discontinuity at the
end of each sweep, it is convenient to make the beat frequency an integral multiple of
the sweep frequency. This condition can be met for all the interferometers if the optical
path differences are proportional to a set of integers. The outputs from the individual
interferometers can then be recovered by bandpass filtering of the multiplexed output
at the appropriate frequencies.

In time-division multiplexing, the optical input is pulsed and each sensor pro-
duces an output pulse which, as a consequence of the system geometry, is separated
in time from the other sensor signals. The pulses travel back on the return fiber bus to
the central processor, where they are separated and processed [Brooks et al., 1987].

A typical arrangement [Farahi et al., 1988a] uses a diode laser source which is
driven by a gated saw-tooth current to produce pulses during which the laser frequency



198 Chapter 12. Interferometric Sensors

Delay Lines

Laser

Detector

Outputs
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injection current by a gated ramp [Farahi et al., 1988a].

is ramped linearly. As shown in Fig. 12.6, delay lines are introduced between the
interferometers to separate the pulses by intervals greater than their duration. If the
time between successive pulses is chosen to be greater than the sum of all the delays,
the outputs from the individual interferometers can be separated in the time domain.
Information on the phase can then be recovered from each of the individual heterodyne
signals. Frequency-division multiplexing can also be combined with time-division
multiplexing to increase the number of interferometric sensors in a multiplexed system
[Farahi, Jones, and Jackson, 1988].

In coherence multiplexing, a continuous source of light with a short coherence
length is used with a set of sensing interferometers with different optical path differ-
ences, all much greater than the coherence length of the light. As a result, interference
cannot take place between the two waves from each sensing interferometer. Phase
information is recovered by a set of interferometers in the receiver, whose path differ-
ences are matched, on a one-to-one basis, with those of the sensing interferometers
[Brooks etal., 1985]. Coherence multiplexing can be used with a variety of signal pro-
cessing techniques including homodyne and pseudo-heterodyne techniques [Farahi
etal., 1988b].

A number of multiplexing techniques that can be used for fiber-optic sensors in
which the sensing element is a ring interferometer have been described by Farahi
etal. [1989].

12.3 Laser-Feedback Interferometers

Laser-feedback interferometers [Ashby and Jephcott, 1963; Clunie and Rock, 1964]
make use of the fact that if, as shown in Fig. 12.7, a mirror M3 is used to reflect the
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Figure 12.7. Laser feedback interferometer.

output beam back into the laser cavity, the laser output varies cyclically with d, the
distance of M3 from Mj, the laser mirror nearest to it.

This effect, commonly termed self-mixing interference (SMI), can be analyzed
[Clunie and Rock, 1964; Peek, Bolwijn, and Alkemade, 1967] by considering M
and M3 as a Fabry—Perot interferometer, which effectively replaces M; as the output
mirror of the laser. The reflectance of this Fabry—Perot interferometer is

r3 +r3(1 — A)? — 2rar3(1 — Ag) cos ¢
a 1 4 (r2r3)? — 2rar3cos ¢

R , (12.4)

where r, and r3 are, respectively, the reflectances for amplitude of M, and M3, A is the
loss due to scattering and absorption in My, and ¢ = 4mnd /) is the phase difference
between successive interfering beams. It follows from Eq. (12.4) that the value of R
is a maximum when nd = m\ /2, where m is an integer, and drops to a minimum
when nd = (2m + 1)1 /4. Typically, with a laser mirror having a transmittance of
0.008, the output can be made to vary by a factor of four by using an external mirror
with a reflectance of 0.1.

The response of such a system decreases at high frequencies because of the
finite time required for the amplitude of the laser oscillation to build up within the
cavity. Measurements with a He—Ne laser and a spinning reflector have shown that
the depth of the modulation decreases by 50% at a modulation frequency of 100 kHz.
A detailed analysis of the factors contributing to the finite response time has been
made by Hooper and Bekefi [1966].

If the laser is oscillating on a single transition, the resultant change in the gain
merely enhances or diminishes the laser power on this transition. If, however, the
laser is oscillating simultaneously on two transitions which share a common upper
or lower level, and if M3 reflects only one of these wavelengths, the output power
at the other wavelength will vary in antiphase to the power at the first wavelength.
This effect can be observed with a He—Ne laser and has been used to measure plasma
densities at 3.39 pwm with a detector sensitive only to radiation at 633 nm [Ashby
etal., 1965].

An n-fold increase in sensitivity can be obtained by passing the beam back and
forth n times within the external cavity by means of a spherical external mirror
[Gerardo and Verdeyen, 1963]. A system that is easier to align and allows the isolation
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of a selected higher-order beam consists of a focusing lens used in conjunction with
a plane laser-output mirror and a plane return mirror [Heckenberg and Smith, 1971].
Increased sensitivity can be obtained for measurements on plasmas by using the
10.6-pm line from a CO; laser, to take advantage of the larger dispersion of the elec-
trons at this longer wavelength [Herold and Jahoda, 1969]. Another application has
been in measurements of low-frequency changes in the optical path length [Bearden
et al., 1993] where high sensitivity can be obtained by using a set of phase-shifted
intensity measurements [Ovryn and Andrews, 1999].

The main advantages of laser-feedback interferometers are very easy alignment,
inherent mechanical stability, and high sensitivity, since a small change in the gain
results in a large change in the output. A problem is that when the phase change
exceeds , it is difficult to determine its sign. One solution is to use a laser oscillating
on two longitudinal modes that are orthogonally polarized. If the ratio of the lengths
of the external cavity and the laser cavity are properly chosen, these signals can be
separated and used to obtain phase data in quadrature over a limited displacement
range [Timmermans, Schellekens, and Schram, 1978].

12.3.1 Diode-Laser Interferometers

A very compact laser-feedback interferometer can be set up with a single-mode
GaAlAs laser and an external mirror whose position is to be monitored [Dandridge,
Miles, and Giallorenzi, 1980]. In one mode of operation, the laser current is held
constant, and the output power is monitored by a photodiode; alternatively, the drive
current to the laser to maintain a constant output power is measured. Additional flex-
ibility in applications is possible by using a single-mode fiber to couple the external
mirror to the laser.

Since the response of such a system is not linear, its useful range is limited.
Greater dynamic range, as well as higher sensitivity, can be obtained by mounting
the mirror on a PZT and using an active feedback loop to hold the optical path from
the laser to the mirror constant, at a suitable fixed point on the linear section of the
power vs distance curve [Yoshino et al., 1987].

Another way to determine the absolute distance to a target is by varying the fre-
quency of the laser, as a linear function of time, by modulating the drive current,
and measuring the frequency of the beat signal produced by self-mixing. de Groot,
Gallatin, and Macomber [1988] have shown that this beat signal cannot be explained
simply in terms of the coherent mixing of two light waves with different frequen-
cies and have presented an analysis of the actual processes involved. de Groot
et al. [1989] have also described a very simple interferometer, using self-mixing
in a diode laser, for measuring the aberrations of optical components and optical
systems.

A phase-locked diode laser interferometer using self-mixing interference has
been described by Suzuki et al. [1999a]. In this system, absolute distance was
measured by using a triangular modulation of the injection current and measur-
ing the frequency of the SMI signal under feedback control. Small displacements
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were measured by changing the laser wavelength, using the feedback control on the
injection current, so as to cancel the phase change.

The self-mixing effect can also be used for measurements of distances with
a three-electrode semiconductor laser, from observations of the modulation of the
optical power as the output wavelength of the laser is continuously tuned [Mourat,
Servagent, and Bosch, 2000].

12.4 Doppler Interferometry

12.4.1 Laser-Doppler Velocimetry

Laser-Doppler velocimetry makes use of the fact that light scattered from tracer
particles introduced in a moving fluid has its frequency shifted. This frequency shift
can be measured using the beats produced by interference between the scattered light
and a reference beam [ Yeh and Cummins, 1964], or between the scattered light from
two illuminating beams incident at different angles [Durst and Whitelaw, 1971]. With
the optical system shown in Fig. 12.8, the frequency of the beat signal is given by the
relation

_ 2|v|sin 6

o (12.5)

where v is the component of the velocity of the particle, in the plane of the beams,
at right angles to the direction of observation. If the frequency of one of the beams
is offset initially by a known amount by means of an acousto-optic modulator, it is
possible to distinguish between positive and negative flow directions [Eberhardt and
Andrews, 1970]. It is also possible to measure the velocity components along two
orthogonal directions simultaneously by using two pairs of illuminating beams in
orthogonal planes. In this case, orthogonal polarizations, or different laser wave-
lengths, are used for the two pairs of beams to avoid any interaction between
them.
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Figure 12.8. Optical arrangement used for laser-Doppler velocimetry.



202 Chapter 12. Interferometric Sensors

Iluminating
Coupler Len‘s7 Measuring

[:] : _ Y @ Volume
Diode @
Laser Gradeduind P //

Sinele-mod raded-index

mgFieb:rlo ®  Rod Lens ad

o /7
/ g/Receiving

Lens
RF
Spectrum I
Analyzer —D Multimode
Y Detector -
Fiber

Figure 12.9. All-fiber system for laser-Doppler velocimetry.

Laser-Doppler velocimetry can be used for measurements of the instantaneous
flow velocity at any point without inserting a probe, which could disturb the flow.
In addition, it permits measurements in a hostile environment, such as, for example, in
studies of combustion. For these reasons, laser-Doppler velocimetry is used widely for
studies of fluid flows in industry as well as in research [Durst, Melling, and Whitelaw,
1976; Adrian, 1993]. Techniques for estimating velocity spectra from laser-Doppler
data have been reviewed by Benedict, Nobach, and Tropea [2000].

Very compact systems for laser-Doppler velocimetry can be built using optical
fibers [Sasaki et al., 1980]. A single-mode fiber is used, as shown in Fig. 12.9, to
connect the laser source to the probe, and beamsplitters are replaced by directional
couplers. A frequency offset can be introduced between the beams by using a piezo-
electric phase shifter, driven by a saw-tooth waveform, in one path [Chan, Jones, and
Jackson, 1985]. Alternatively, a diode laser can be used as the source, and its injection
current can be swept linearly [Jones et al., 1982].

The self-mixing effect has also been used for laser-Doppler velocimetry with a
He—Ne laser [Rudd, 1968] and with a CO; laser [Churnside, 1984]. Measurements of
higher velocities can be made with a very simple arrangement using the self-mixing
effect in a diode laser [Shinohara et al., 1986; Jentink €t al., 1988].

12.4.2 Surface Velocities

Laser-Doppler velocimetry has also been used for noncontact measurements of sur-
face velocities by making the polished surface of the moving specimen one of the end
mirrors in a Michelson interferometer [Barker and Hollenbach, 1965]. The output is
then modulated at a frequency corresponding to the Doppler shift. However, such a
simple setup is limited to low velocities.
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Figure12.10. Optical system of a laser-Doppler interferometer used to measure the
velocity of moving surfaces [Truax, Demarest, and Sommargren, 1984].

The modulation frequency can be reduced by using an arrangement in which the
laser beam is reflected off the specimen before entering the interferometer, where it is
split into two beams, one of which is subjected to a delay before it is recombined with
the other [Barker, 1971]. The total fringe count at any time is then proportional to the
average velocity over the delay interval, while the fringe frequency is proportional
to the acceleration [Kamegai, 1974]. High velocities, as well as rapid variations in
velocity, can be measured by using interference between two beams incident on the
surface at different angles [Maron, 1977, 1978].

Figure 12.10 shows a system used to measure the velocity of moving materials,
such as hot-rolled steel, in order to cut it to given lengths [Truax, Demarest, and
Sommargren, 1984]. In this system, two orthogonally polarized beams produced by
a Wollaston prism are focused on the surface of the moving material, by a lens, at
angles of incidence of +6. The scattered light from the surface goes to a polarizing
beamsplitter oriented at 45° which sends half of each polarization to two detectors.
The frequency of the beat signal at the two detectors is then

vy = (2/A)|vpsin 6, (12.6)

where v, is the component of the velocity of the material parallel to its surface;
however, their phase differs by 180°. Accordingly, if the difference of the two signals
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Figurel12.11. Self-mixing configuration using a diode laser for Doppler velocimetry
[de Groot and Gallatin, 1989].

is taken, the effects of variations of surface reflectivity are eliminated, while the
Doppler signal is doubled.

A system using a Fourier-transform lens and two detectors that permits simulta-
neous measurement of the velocity and the displacement of a moving rough surface
has been described by Matsubara et al. [1997].

It is also possible to use a self-mixing configuration for velocimetry, in which
the light reflected from the moving object is returned to the laser and mixed with
the original oscillating wave inside the laser cavity. The beam leaving the rear end
of the laser is incident on a photodetector, whose output contains the beat signal.
This technique was first studied with the He—Ne laser and then with the CO; laser
[Churnside, 1984]. However, a more compact system is possible with a diode laser,
and measurements can be made at higher velocities [Shinohara et al., 1986]. In addi-
tion, the shape of the output wave form can be used to discriminate between positive
and negative Doppler shifts [Shimizu, 1987].

A greatly enhanced modulation depth leading to much greater sensitivity can
be obtained if the diode laser is operated near threshold, but a problem then is a
sharp reduction in the coherence length and, hence, in the operational range of the
velocimeter. This problem can be overcome by using, as shown in Fig. 12.11, an
external cavity to ensure single-mode operation of the diode laser [de Groot and
Gallatin, 1989]. Measurements can be made with such a system at ranges up to 50 m.

12.5 Vibration Measurements

Laser-Doppler techniques can also be used for noncontacting measurements of vibra-
tion amplitudes. Typically, one of the beams in a Michelson interferometer is reflected
from a point on the vibrating surface, while the other is reflected from a fixed mirror
[Deferrari, Darby, and Andrews, 1967]. Measurements are facilitated by offsetting
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the frequency of one beam, by a known amount, by diffraction at an acousto-optic
modulator. The output from a photodetector then consists of a component at the off-
set frequency (the carrier) and two side bands. The amplitude of the vibration can
be determined by a comparison of the amplitudes of the carrier and the side bands,
while the phase of the vibration can be obtained by comparison of the carrier with a
reference signal [Puschert, 1974].

Heterodyne techniques make it possible to measure vibration amplitudes down to
a few thousandths of a nanometre at frequencies above 50 kHz. At lower frequencies,
the accuracy is reduced by low-frequency (1/f) noise. However, the effects of noise
can be minimized by shifting the desired signal to a higher frequency. One way to
do this is, as shown in Fig. 12.12, to use a laser beam containing two frequency-
shifted components produced by an acousto-optic modulator [Ohtsuka and Sasaki,
1977; Ohtsuka and Itoh, 1979]. The output from the interferometer is then given by
an expression of the form

1(t) = (1/2){Ig + Is + 2(IgIs)"/* cos[pr — ps(D)]}
+ (1/2{Ig + Is + 2(IrIs)"/? cos[pr — ¢ps(1)]} cOS 27 fiut, (12.7)

where Ig and Ig are the intensities of the reference beam and the signal beam, ¢r
is the constant part and ¢g(¢) the time-varying part of the phase difference between
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Figure 12.12. Laser interferometer for measurements of low-frequency vibrations
[Ohtsuka and Itoh, 1979].
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the two beams, and f;, is the frequency difference between them. The second term
of Eq. (12.7) corresponds to a signal at the frequency f;,, which can be separated
from the low-frequency noise. Information on the low-frequency displacements of the
object is contained in the variations of the amplitude of this signal. Vibration ampli-
tudes of 0.3 nm can be measured at a frequency of 0.2 Hz [Ohtsuka and Tsubokawa,
1984].

Optical fibers can be used to set up very compact systems for noncontacting
measurements of vibration amplitudes. However, conventional frequency-shifting
devices cannot be used conveniently with optical fibers. One method of avoiding this
problem is to use an optical arrangement similar to a Mach—Zehnder interferometer in
which the phase of one beam is modulated sinusoidally by wrapping the fiber around
a piezoelectric cylinder [Lewin, Kersey, and Jackson, 1985]. If the amplitude of the
phase modulation is properly chosen, it is possible to recover a signal of exactly
the same form as a conventional heterodyne signal from the output of the detector.
With this setup, the highest vibration velocity that can be measured is limited by
the modulation frequency applied to the piezoelectric cylinder. Operation at a much
higher modulation frequency is possible by using a diode laser as the light source and
sinusoidally modulating the drive current. This technique also makes it possible to use
a very simple optical system, analogous to a Fabry—Perot interferometer, formed by
the free end of the fiber and the target. A feedback loop controls the amplitude of the
modulation applied to the drive current to produce the required frequency excursion
of the laser for the actual working distance of the probe from the target [Laming et al.,
1985].

12.6 Interferometric Magnetometers

As described in Section 12.3, fiber interferometers can be adapted to measure mag-
netic fields by using a magnetostrictive jacket on the fiber sensor or by bonding it
to a magnetostrictive element. However, interferometric sensing of displacements,
combined with microelectromechanical-systems (MEMS) technology has now made
possible compact interferometric magnetometers with extremely high sensitivity.
The active element in these magnetometers is a silicon bar (Ilength [, = 0.5 mm)
supported at the nodes of its fundamental vibration mode. An alternating current
I whose frequency matches the fundamental vibration frequency of the bar passes
through the bar. An external magnetic field B then generates a Lorentz force

F=1,1Bsinb, (12.8)

where 6 is the angle between I and B. This magnetic force, which is along an axis
at right angles to the surface of the bar, causes the bar to vibrate at the frequency of
the driving current with an amplitude that is linearly proportional to the drive current,
the magnetic field, and the mechanical quality factor of the bar [Givens et al., 1999].



12.7. Adaptive Optics 207

The vibration amplitude is measured by a system similar to a Michelson inter-
ferometer. Two orthogonal silicon bars, driven at different frequencies, are used as the
end mirrors, providing vectorial information on the magnetic field [Oslander et al.,
2001]. Light from a diode laser (A = 675 nm) passes through a beamsplitter that
transmits 50% of the incident beam to each of the silicon bars. The reflected beams
from the bars are recombined at the same beamsplitter and directed to a photodetector.
The optical path to one bar is modulated with an amplitude of 5 nm at a fixed frequency
(frer) of 1 kHz by mounting the bar on a piezoelectric transducer.

The output of the photodetector is monitored by three independent lock-in ampli-
fiers. The signal at the second harmonic (2 fyef) of the piezoelectric modulation
frequency is used for active stabilization of the mean value of the optical path
difference, while the signals at the resonant frequencies of the two bars are pro-
cessed to obtain information on the two orthogonal components of the magnetic field.
Very small field variations (a few nT), which are superimposed on the much larger
background (10 wT) of the Earth’s magnetic field, can be sensed with this system.

12.7 Adaptive Optics

Adaptive optics make it possible to sense changes in wavefront aberrations and to cor-
rect them in real time. A typical application is in correcting the distortions introduced
by turbulence in the earth’s atmosphere (“seeing”) in the images of astronomical
objects formed by a ground-based telescope.

The earliest adaptive optical systems used a lenslet array and a set of position-
sensitive detectors (a Hartmann—Shack sensor) to measure distortions of the incoming
wavefront, and a deformable mirror driven by an array of actuators to which correction
signals could be applied [see Tyson, 1991].

An alternative approach was the interference phase loop proposed by Fisher and
Warde [1979, 1983], in which the distorted wavefront was combined with a reference
wavefront in an interferometer incorporating a phase modulator driven by a signal
derived from the intensity at the output of the interferometer. The system operated with
negative feedback so that the phase introduced by the modulator was the conjugate
of that due to the distortions in the incoming wavefront.

A significant improvement was the use of a radial shearing interferometer to
measure the wavefront distortions, without the requirement of a separate, aberration-
free reference wavefront. With a multipixel liquid-crystal spatial light modulator
(LCSLM) as the phase-modulating array, it then became possible to correct the
wavefront aberrations directly, in real time, without the need for extensive external
computation [Barnes, Eiju, and Matsuda, 1996].

This system had to be used with polarized light, since only the extraordinary
refractive index of a nematic liquid crystal could be varied by the application of an
electric field. This limitation was overcome by using the LCSLM in the reflection
mode [Love, 1993; Bold et al., 1998]. A quarter-wave plate (QWP), set at 45° between
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the LCLSM and a mirror, rotated the planes of polarization of both components by
90°, so that the component that experienced the ordinary index on the outward pass
experienced the extraordinary index on the return pass, and vice versa. Compensation
over a wide wavelength range, resulting in improved performance with white light,
can be obtained by replacing the QWP with an achromatic combination of a QWP
and a half-wave retarder [Ciddor and Hariharan, 2001].



Chapter 13

Nonlinear Interferometers

The availability of lasers capable of producing short pulses of light of extremely high
intensity has opened up completely new areas of optics based on the use of nonlinear
optical elements [see Butcher and Cotter, 1990; Boyd, 1992]. Two such areas are
second-harmonic interferometry and phase-conjugate interferometry.

13.1 Second-Harmonic Interferometry

Second-harmonic interferometers produce a fringe pattern corresponding to the phase
difference between two second-harmonic waves generated at different points in the
optical path from the original input wave at the fundamental frequency. Several
optical systems, which are analogs of the Fizeau, Twyman—Green, and Mach—Zehnder
interferometers, have been described that can be used for this purpose [Hopf, Tomita,
and Al-Jumaily, 1980; Hopf and Cervantes, 1982].

A second-harmonic interferometer, which may be called a nonlinear Twyman—
Green interferometer, is shown schematically in Fig. 13.1a. This interferometer can be
used to test an optical element made of a material, such as silicon, which transmits only
in the near infrared and obtain an interferogram with visible light. In this instrument,
the beam from a Q-switched Nd: YAG laser (A1 = 1.06 wm)isincident on a frequency-
doubling crystal. The green (1> = 0.53 wm) and infrared beams emerging from this
crystal are then expanded by a pair of lenses and separated by a dichroic beamsplitter
(BS,), so that each beam traverses one arm of the interferometer. The test piece
is placed in the infrared beam while the green beam serves as the reference. When
the two beams return to the crystal, the green beam passes through it unchanged,
while the infrared beam undergoes frequency doubling to generate a second green
beam. Another dichroic beamsplitter (BS7) then reflects the two green beams to the
observation plane.

209
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Figure13.1. Second-harmonic interferometers: (a) nonlinear Twyman—Green inter-
ferometer, (b) nonlinear Mach—Zehnder interferometer, and (c) nonlinear point-
diffraction interferometer [Hopf, Tomita, and Al-Jumaily, 1980; Liepmann and Hopf,
1985].

In this interferometer, the additional optical path difference between the beams,
at any point P (x, y) in the field, due to the test piece is

plx,y) =2(n; — Dd(x, y), (13.1)

where d(x, y) is the thickness of the test piece at P(x, y), and n is its refractive
index at 1.06 pm. The resulting change in the interference order is, therefore,

N(x,y) = p(x,y)/*2
=2(n; — Dd(x, y)/22. (13.2)
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Since the same small fraction of the power in the infrared beam is doubled at each
pass, the two green beams have the same intensity, and fringes with good visibility
are obtained.

Another interferometer of this type, which may be called a nonlinear Fizeau
interferometer, is obtained if the beamsplitter BS, and the mirror M in Fig. 13.1a
are removed. In this case, since both the infrared and the green beams go through the
object, there is, at any point P (x, y) in the field, a difference in their optical paths

p(x,y) =2(nz —npd(x, y), (13.3)

where nj is the refractive index of the test piece at 0.53 pm. As before, when the
two beams return to the crystal, the infrared beam undergoes frequency doubling to
produce a second green beam which interferes with the first one.

The interference order at a point (x, y) is then

N(x,y) =2(n2 —n1)d(x, y)/ 2. (13.4)

However, with a conventional Fizeau interferometer using green light, the interference
order would have been

N'(x,y) = 2(n2 — Dd(x, y) /A2, (13.5)

It follows that a desensitized interferogram is obtained, corresponding to an equivalent
wavelength

heq = A2(n2 — 1)/|n2 — nyl. (13.6)

An alternative form of this interferometer using two frequency-doubling crystals,
shown in Fig. 13.1b, can be regarded as an analog of the Mach—Zehnder inter-
ferometer. In this interferometer, the beam from a Q-switched Nd:YAG laser (A =
1.06 wm) is incident on a frequency-doubling crystal, and the green (A, = 0.53 wm)
and infrared beams emerging from this crystal traverse the test piece. When the two
beams arrive at the second crystal, the infrared beam undergoes frequency doubling
to produce a second green beam which interferes with the green beam produced at
the first crystal. The interference order at any point P (x, y) in the field is then

N(x,y) = (n2 —n)d(x, y)/r2, (13.7)

where d(x, y) is the thickness of the test specimen and n; and nj are its refractive
indices for infrared and green light, respectively.

An interferometer of this type has advantages in applications such as the study
of plasmas, where the dispersion is proportional to the electron density. Alum,



212 Chapter 13. Nonlinear Interferometers

Koval’chuk, and Ostrovskaya [1984] have analyzed some optical configurations and
discussed the advantages of such interferometers for this purpose.

Another type of second-harmonic interferometer [Liepmann and Hopf, 1985]
has some similarities to the point-diffraction interferometer. In this interferometer, as
showninFig. 13.1c, the test object is placed just in front of the first frequency-doubling
crystal X1, in the front focal plane of the lens L |, while the second frequency-doubling
crystal X» is placed in its back focal plane. The second-harmonic wave generated by
the crystal X, is very nearly a plane wave, while the second harmonic wave that
is generated by the frequency-doubling crystal X is a faithful reproduction of the
transmitted wave. However, since its wavelength is half that of the fundamental wave,
the phase shifts are doubled. The interferogram obtained is a direct representation
of the shape of the object wavefront, with twice the sensitivity of a conventional
interferometer.

13.1.1 Critical Phase-Matching

Another group of second-harmonic interferometers uses the phase mismatch resulting
from a tilt of the object wavefront in a critically phase-matched frequency-doubling
crystal to produce an interference pattern [Hopf et al., 1981].

The complex amplitude of the second harmonic produced by a frequency-
doubling crystal is given by the relation

_ 87’L 5

sin(AkL/2)
ay = _nl%:ff ay | — 5~

A AkL)2

:| exp(iAkL/2), (13.8)
where a; is the complex amplitude of the incident fundamental wave and Aj its
wavelength, L is the length of the crystal and 11 its refractive index at the fundamental
wavelength, g is the nonlinear coefficient, and the factor Ak is given for a type-I
doubler by the expression

Ak =2m(ny —ny)/2, (13.9)

where n5 is the refractive index for the second harmonic. For critical phase matching,
the angle 6 between the normal to the wavefront and the optic axis is set so that
Ak = 0. Any change in the angle § will then result in a phase mismatch.

The phase mismatch arising from a tilt of the object wavefront can be used to
produce a fringe pattern in two ways. One method makes use of the fact that the value
of the term [sin(AkL/2)/(AkL/2)] in Eq. (13.8), and hence, the amplitude of the
second harmonic, drops to zero in the directions for which AkL/2 = mm, where
m (# 0) is an integer, giving rise to dark fringes.

Another method uses two frequency-doubling crystals. If the first crystal is non-
critically phase matched, it generates a green wavefront that is a faithful replica of the
original infrared wavefront. However, the green wavefront generated by the second,
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critically phase matched crystal has a phase distortion superimposed on it because of
the factor exp(iAkL/2) on the right-hand side of Eq. (13.8). The interference fringes
produced by this phase distortion are a measure of the local changes in slope of the
wavefront.

Because of its sensitivity to phase gradients, this type of interferometer can be
used to study localized distortions of a wavefront, in cases where the actual phase
deviations are too small to be measured by conventional interferometric techniques.

13.2 Phase-Conjugate Interferometers

The conjugate of alight wave may be defined as a wave exhibiting phase aberrations of
the opposite sign and traveling in the opposite direction. For example, the conjugate
of a wave diverging from a point source would be a wave converging back to the
same point. In phase-conjugate interferometers, the wavefront under study is made to
interfere with its complex conjugate. As a result, no reference wavefront is necessary,
and the sensitivity is doubled.

Two types of interferometers based on the generation of a conjugate wave in real
time were proposed by Hopf [1980]. In the first, shown schematically in Fig. 13.2a,
a nonlinear crystal located in the signal beam in the upper arm of the interferometer
is also illuminated by a coherent pump beam from the same laser. The conjugate
wave generated by four-wave mixing in the crystal (see Yariv [1978]) travels down
the lower arm of the interferometer to the second beamsplitter, where it is combined
with the signal beam to produce the interference pattern.

The other type of interferometer, shown in Fig. 13.2b, uses degenerate three-wave
mixing. In this system, the signal wave is imaged by the lens L on a noncritically
phase-matched crystal, where it is mixed with an orthogonally polarized pump beam
generated from the same laser in a frequency doubler. The interference pattern formed
in the output from the crystal is imaged by the lens L, into the observation plane.

13.3 Phase-Conjugating Mirrors

Phase-conjugate interferometers similar to Michelson and Mach—Zehnder interferom-
eters, in which one of the mirrors was replaced by a phase-conjugating mirror, were
subsequently described by Bar-Joseph et al. [1981], Feinberg [1983], and Howes
[1986a, 1986b]. A compact design for a phase-conjugate interferometer that is an
analog of the Fizeau interferometer is shown in Fig. 13.3 [Gauthier €t al., 1989]. As
can be seen, the interferometer consists of a conventional partially reflecting mirror
placed in front of a phase-conjugate mirror. A single crystal of barium titanate is used
as an internally self-pumped phase conjugator.

An early application of a phase-conjugate Twyman—Green interferometer was
for testing the collimation of a laser beam [Shukla et al., 1991]. In this case,
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Figure 13.3. Phase-conjugate Fizeau interferometer [Gauthier et al., 1989].
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with a diverging wavefront, the reflected wavefront from the plane mirror would
also be diverging, while the reflected wavefront from the phase-conjugate mirror
would be converging. Interference takes place between two wavefronts of the same
radius of curvature but of opposite sign. An improvement is the use of a double
mirror to give a split field and increased sensitivity [Darlin, Kothiyal, and Sirohi,
1998].

The nature of the phase shifts of conjugate waves from a self-pumped phase-
conjugate mirror (SPPCM) has been investigated by Tomita, Yahalom, and Yariv
[1989], who have developed a phenomenological model to explain the experimental
fact that spatially uniform phase shifts due to delays are not reversed in sign by the
SPPCM, while the relative phases of the partial (plane) waves making up the distorted
input wave are reversed. They also showed that the phase shifts of conjugate waves
are nearly linear in response to a uniform phase change of one of the inputs, while
the rate of change depends on the relative power of the two inputs, indicating cross
talk between the input amplitudes and phases and the output phases.

A sinusoidal phase-modulating interferometer using a SPPCM has been described
by Wang et al. [1994]. In this arrangement, the image of the object field is formed
on the surface of a glass plate, where it interferes with its phase conjugate, and a
sinusoidal phase modulation is introduced by vibrating the glass plate. Advantages
of this interferometer are that it is self referencing and unaffected by vibration of the
object. In addition, its sensitivity is twice that of a conventional interferometer.

The application of a Michelson interferometer with an SPPCM to measure small
vibration amplitudes of a rough surface has also been described by Wang et al. [2000].
The distorted wavefront that is reflected from the rough surface is reversed in sign
by the SPPCM to cancel the effects of the irregularities of the surface and yield
interference with a high signal-to-noise ratio.

Interferometers in which both mirrors have been replaced by phase-conjugating
mirrors have some unique properties. The interference pattern obtained in such an
interferometer is unaffected by misalignment of the mirrors, and disturbances due to
air currents are canceled out. However, the delay in the response of a phase conjugator,
such as barium titanate, can be used to display dynamic changes in the optical path
difference. An interferometer using a single phase conjugator for this purpose is
shown in Fig. 13.4 [Anderson, Lininger, and Feinberg, 1987]. In the steady state, this
interferometer is insensitive to spatial variations in the optical path difference, and
the field of view is completely dark. However, any sudden local change in the optical
path difference results in the appearance of a bright spot in the field. This spot fades
away as the phase conjugator responds to the change.

The ability of photorefractive crystals such as BSO to generate a phase-conjugate
image in real time has been exploited in the study of vibrating objects [Marrakchi,
Huignard, and Herriau, 1980]. In this case, time-average fringes are formed
because the crystal integrates over the characteristic time 7y required to build up
a hologram, which is long compared to the period of the vibration [see Hariharan,
1996d].



216 Chapter 13. Nonlinear Interferometers

Viewing

Scre
A%
v ect
Figure 13.4. Phase-conjugate interferometer used to display dynamic changes in the
optical path difference [Anderson, Lininger, and Feinberg, 1987].

Phase-conjugate
Mirror

Laser Beam

13.4 Interferometers with Active
Elements

An analysis based on the theory of Lie groups shows that conventional interferometers
using only passive elements can be characterized by an SU(2) group symmetry. An
alternative class of interferometers using active elements characterized by an SU(1,1)
group symmetry [Yurke, McCall, and Klauder, 1986] exploits the fact that the output
of an active element, such as a four-wave mixer or degenerate parametric amplifier,
depends on the relative phases of the pump and the incoming signal. It should therefore
be possible to design interferometers in which beamsplitters are replaced by such
active elements, and no light is fed into the input ports.

In one such arrangement, the two beamsplitters of a conventional Mach—Zehnder
interferometer are replaced by four-wave mixers, and a phase shifter in one path
is adjusted so that the transformation performed by the second four-wave mixer
is the inverse of that performed by the first four-wave mixer. When the phase
difference between the two beams in the interferometer is zero, no light is deliv-
ered to the photodetectors, since the pairs of pump photons converted into pairs
of four-wave output photons at the first four-wave mixer are absorbed by the
second four-wave mixer and converted back into pump photons. An alternative
arrangement uses two degenerate parametric amplifiers. The output of this device
is sensitive to the difference between the phases accumulated by the signal and pump
beams.

In principle, such interferometers offer the possibility of making measurements
of phase changes that are smaller than the standard quantum limit (see Section 15.7).
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Figure 13.5. Experimental arrangement used to measure frequency detuning of a
photorefractively pumped, unidirectional ring oscillator [Kwong et al., 1985].

13.5 Photorefractive Oscillators

The phenomenon of two-beam coupling in a photorefractive crystal has been used to
obtain oscillation in aring cavity [White et al., 1982]. The frequency of this oscillation
is, in general, slightly different from that of the pump beam [Feinberg and Bacher,
1984; Rajbenbach and Huignard, 1985].

This effect has been exploited in the interferometer shown in Fig. 13.5 [Kwong
et al., 1985], in which the frequency of oscillation varies linearly with the displace-
ment of one of the mirrors over each period, equal to one wavelength of the pump
laser, of the change in the optical path.

13.6 Measurement of Third-Order
Susceptibility

Interferometric methods have been used for studies of nonlinear susceptibilities,
including measurements of the sign and magnitude of the third-order susceptibility
x @ Initially, measurements were made with the material under investigation placed
in a Mach—Zehnder interferometer [Bliss, Speck, and Simmons, 1974; Moran, She,
and Carman, 1975]. More recently, measurements have been made with modified
Twyman—Green interferometers [Olbright and Peyghambarian, 1986]. A modified
Twyman—Green interferometer which can be used to measure the relative phase shift
between two phase conjugators and the ratio of their susceptibilities is shown in
Fig. 13.6 [Saltiel, Van Wonterghem, and Rentzepis, 1989].
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Figure 13.6. Modified Twyman—Green interferometer used for measurements of
third-order susceptibility [Saltiel, Van Wonterghem, and Rentzepis, 1989].

In this interferometer, the pump and probe beams are divided at a beamsplitter and
interact at the two phase-conjugate mirrors. The signal produced by the recombination
of the reflected pump beams at the beamsplitter corresponds to that from a conven-
tional Twyman—Green interferometer (the pump interferometer, PI). In addition, the
two phase-conjugate beams generated at the phase-conjugate mirrors interfere to
produce a signal corresponding to that from a phase-conjugate interferometer (CI).
Alignment of the PI to produce a uniform field automatically aligns the CI.

If a phase difference o p; is introduced between the two arms of the PI, it can be
shown that the phase difference between the two beams in the CI is

acr =ap;+¢o2 — ¢o,1, (13.10)

where ¢, and ¢ are the phase shifts at the two phase-conjugate mirrors.
Accordingly, if the absolute value of the phase shift in one of the materials used
as a phase conjugator is known, the phase shift in the other can be calculated. In addi-
tion, the ratio of the values of x ) for the two materials used as phase conjugators
can be determined from the ratio of the maximum and minimum intensities in the
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interference pattern. High sensitivity is possible with weak signals, since the output
corresponds to the interference of the two phase-conjugate waves. If the ratio of the
intensities of the two phase-conjugate signals /. 2/I. 1 = g < 1, the variation in the
intensity at the CI output is

I — Ivi;
Umax — Iviin) ~4.q. (13.11)
IAV

In a typical case where the ratio of the intensities of the phase-conjugate signals
Ieo/1.1 =2 % 10~*, a modulation of the CI output of 6% is obtained, equivalent to
a signal amplification of 300.

13.6.1 Optical Fibers

The change in the refractive index of an optical fiber as a function of the incident
optical intensity can be measured using the self-phase modulation effect between the
counterpropagating beams in a Sagnac loop [Garvey et al., 1996]. A simpler method
which can be implemented with a cw light source such as a laser diode, using the
cross-phase modulation effect in a Sagnac fiber loop, has been described by Li et al.
[1997].

13.7 Optical Switches

Nonlinear optical effects have been exploited to develop high-speed interferometric
optical switches.

Silica fiber is the most widely studied material for optical switching, since it has
a very short relaxation time, permitting very high switching rates, but its nonlinear-
ity is weak, requiring long interaction lengths. On the other hand, semiconductors
exhibit nonlinearities that are typically four orders of magnitude greater, permitting
interaction lengths of the order of millimetres. However, free-carrier recombination
times normally limit operating rates.

One of the first demonstrations of all-optical switching was by Lattes et al. [1983]
using an integrated Mach—Zehnder interferometer. Other demonstrations have used
a Sagnac interferometer as a nonlinear optical loop-mirror [Doran and Wood, 1988;
Jinno and Matsumoto, 1991].

In these interferometric switches, one of the optical inputs is a low-power clock
stream (the signal stream) that is split into the two arms of the interferometer and
recombined at the output. The other is a high-power stream that is used to induce
transmission and phase changes in one arm. For the AND configuration, the inter-
ferometer is biased OFF (minimum signal pulse transmission) in the absence of the
control stream. The signal pulse is turned ON by the control pulse. In the inverting
NOT configuration, the interferometer is biased ON in the absence of the control
stream, and switched OFF by the control pulse.



220 Chapter 13. Nonlinear Interferometers
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Figure 13.7. Block diagram of a single-arm interferometer. PSDs, polarization-
sensitive delays; NLM, nonlinear medium; Filter, used to eliminate the control stream
[Patel, Hall, and Rauschenbach, 1998].

Such two-arm interferometers have two problems. The first is that gain differ-
entials between the two light paths can degrade the output contrast. The other is that
components of the nonlinear response that relax on longer time scales can make the
output dependent on the pattern of the control bits, resulting in bit errors.

The effects of long-lived refractive-index nonlinearities can be circumvented with
a single-arm interferometer (SAI) [LaGasse et al., 1989]. As shown schematically
in Fig. 13.7, an input-signal pulse enters the device and is split, by a polarization-
sensitive delay element, into orthogonal polarizations separated by a pulse width.
These two signal components traverse a nonlinear medium into which a control pulse,
temporally coincident with the lagging signal pulse, is coupled by a beamsplitter. The
two signal components are retimed to overlap by a second polarization-sensitive
delay, and then made to interfere by a polarizer set at 45° to the orthogonal signal
polarizations. The control pulse is eliminated by a filter at the output.

Since both signal components traverse the same nonlinear medium in the SAI,
both of them experience any phase changes that occur over time scales longer than
twice the pulse width, whereas only the lagging signal pulse experiences the fast
components of the refractive-index nonlinearity induced by the control pulse. As a
result, the effects of long-lived refractive-index nonlinearities are eliminated.

In an improved version of the SAI, the control pulse is coupled into the nonlinear
medium in a counterpropagating configuration [Patel, Hall, and Rauschenbach, 1996].
This arrangement obviates the need for a filter at the output, allows cascadability, and
offers the possibility of higher switching rates [Patel, Hall, and Rauschenbach, 1998].



Chapter 14

Stellar Interferometry

A problem which has attracted the attention of astronomers for centuries is the mea-
surement of stellar diameters. The resolution of conventional telescopes is inadequate
for this purpose, since even the largest stars have angular diameters of the order of
10~2 arcsecond. On the other hand, interferometric methods are very suitable for such
measurements, since a star can be modeled as a planar uncorrelated source. Some of
these methods are described in this chapter.

14.1 Michelson’s Stellar Interferometer

Since the dimensions of a star are very small compared to its distance from the earth,
it follows from the van Cittert—Zernike theorem (see Section 3.5) that the complex
degree of coherence between the light vibrations from the star reaching two points
on the earth’s surface is given by the normalized Fourier transform of the intensity
distribution over the stellar disc. The angular diameter of the star can, therefore,
be obtained from a series of measurements of the complex degree of coherence at
points on the earth separated by different distances. This can be done, as discussed in
Section 3.4, by observations of the visibility of the fringes in an interferometer which
samples the wave field from the star at these points.

In Michelson’s stellar interferometer [Michelson and Pease, 1921], as shown
schematically in Fig. 14.1, four mirrors M|, M,, M3, M4 were mounted on a 6-m
long support on the 2.5-m (100 inch) telescope at Mt. Wilson. The light from the star
received by the two mirrors M|, M», whose spacing could be varied, was reflected
by the fixed mirrors M3, My, to the main telescope mirror, which brought the two
beams to a focus at O.

In this arrangement, when the two images of the star are superimposed, and the
two optical paths are equalized, straight, parallel interference fringes are seen, whose
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Figure 14.1. Michelson’s stellar interferometer.

spacing is
Ax = Af/d, (14.1)

where f is the focal length of the telescope and d is the separation of M3 and My,
while their visibility is

V= |ul, (14.2)

where (17 is the complex degree of coherence of the wave fields at M| and M. When
M, M; are close together, V is nearly equal to unity, but as D, the separation of M;
and My, is increased, V decreases until, eventually, the fringes vanish.

If we assume the stellar disc to be a uniform circular source with an angular
diameter 2«, the visibility of the fringes is, from Eq. (3.60),

V= 2J1(w)/u, (14.3)
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Figure14.2. Variation with the length of the baseline, for a uniform circular source,
of (a) the visibility of the fringes in Michelson’s stellar interferometer, and (b) the
measured correlation in an intensity interferometer.

where u = 2mwaD /. The fringe visibility then varies with the separation of the
mirrors as shown by the solid line in Fig. 14.2, dropping to zero when

D =1.22)/2a. (14.4)

Measurements with Michelson’s stellar interferometer present serious difficulties
because of two very stringent requirements that must be met to be sure that the
observed disappearance of the fringes is actually due to the finite diameter of the star.
One is that the optical path difference between the two beams must be small compared
to the coherence length of the light. The other is that the optical path difference must
be stable to a fraction of a wavelength. The latter condition is very difficult to satisfy,
even with a rigid structure, since atmospheric turbulence produces rapid random
changes in the two optical paths.

Because of these problems, an instrument with a baseline of 15 m did not give
consistent results and, finally, had to be abandoned.

14.2 The Intensity Interferometer

The problems of maintaining equality of the two optical paths to less than a few
wavelengths and minimizing the effects of atmospheric turbulence were eliminated
in the intensity interferometer [Brown and Twiss, 1956, 1957a, 1957b, 1958a, 1958b].
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Figure 14.3. Simplified scheme of an intensity interferometer [Brown, 1974].

In this instrument, as shown schematically in Fig. 14.3, light from a star was focused
on two photoelectric detectors, which were separated by a distance which could be
varied, and the correlation between the fluctuations in the output currents from the
two detectors was measured.

The fluctuations in the output currents from the two detectors consist of two
components. One is the shot noise associated with the current, while the other, which
is smaller and may be called the wave noise, is due to fluctuations in the intensity of
the incident light. The shot noise in the two detectors is not correlated, but the wave
noise exhibits a correlation which depends on the degree of coherence of the light at
the two detectors. To evaluate this correlation, we consider, as shown in Fig. 3.2, two
points, P; and P», illuminated by an extended uncorrelated source. The size of the
source and the separation of P; and P, are assumed to be very small compared to the
distance of the source from P; and P,. The intensities at P; and P, at time ¢ can then
be written as

Li(t) = Vi() Vi) (14.5)
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and
L(t) = Va () V5 (1), (14.6)

where Vi(¢) and V(¢) are the analytic signals corresponding to the wave fields at
Py and P,. If the interferometer introduces a delay t between these signals, the
correlation (see Appendix A.4) of these signals is

(LHOLE+1)) = Vi)V @) Valt + )Vt + 1)). 14.7)

However, since Vi (¢) and V,(¢) are complex Gaussian processes, it follows from a
theorem of Reed [1962] that

ViV () Vot + 1) V5 (1 + 1))
= ViV O)(Valt + DVt + 1))
+ (Vi) V5t + )V () Valt + 1)). (14.8)

Accordingly, from Egs. (3.7) and (3.19),
(hOL(t+1)) = L1+ T, (14.9)

where /1 and I, are the time-averaged intensities at P; and P,, and I'12(7) is the
mutual coherence function of the wave fields at P; and P».

The second term on the right-hand side of Eq. (14.9) corresponds to Ri2(7), the
cross-correlation of Alj(¢) and Al(¢), the fluctuations of intensity about the mean
values I and I, so that, from Eqs. (14.9) and (3.20), we have

Rip(t) = (AL(MALE + 1))
= Ma()?
= LiLlyn(0), (14.10)

where y12(7) is the complex degree of coherence of the wave fields at P; and P,.
Equation (14.10) shows that the correlation observed at any given separation of the
two detectors is proportional to the square of the modulus of the complex degree of
coherence of the wave fields at these points. When 7 = 0, the normalized value of
the correlation reduces to |i12|?; its variation with the length of the baseline for a
uniform circular source is then shown by the broken line in Fig. 14.2.

It should be noted that the analysis leading to Eq. (14.10) applies only to linearly
polarized light. When dealing with unpolarized light, it is necessary to take into
account the fact that the orthogonal components of the field are uncorrelated. Equation
(14.10) then becomes [Mandel, 1963]

Ri2(v) = (1/2) [ by (). (14.11)
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As we have seen in Section 14.1, the principal disadvantage of Michelson’s stellar
interferometer is that small, random changes in the optical paths traversed by the two
beams, due to atmospheric turbulence, result in movements of the fringes which make
observations difficult. These movements correspond to changes in the phase of the
complex degree of coherence (see Section 3.4).

However, the intensity interferometer measures the square of the modulus of
the complex degree of coherence, which is completely unaffected by changes in its
phase. As a result, atmospheric turbulence has a negligible effect on the measured
correlation in the intensity interferometer.

In addition, it can be shown that it is only necessary to maintain equality of the
two paths to a few centimetres to obtain satisfactory results. If we define the Fourier
transforms of the fluctuations of the electrical signals as

g1(f) < A (D) (14.12)

and
&2(f) < Ay (), (14.13)
it follows from the Wiener—Khinchin theorem (see Appendix A.2) that
o0
(30860 +0) = [Pt exp=iznfof
oo
=/ Si2(f)exp(—i2z fr)df, (14.14)
0

where S12(f) is the cross-spectral density of the fluctuations. Accordingly,

Ria(@) _ Jo Su(f)exp(=i2nfr)df
R12(0) Jo° Sia(fHdf

, (14.15)

so that the variation of the correlation with the delay is given by the normalized
Fourier transform of the cross-spectral density of the fluctuations.

In this instrument, the bandwidth of the electrical signals Aij(¢) and Ai, () at
the correlator is much smaller than the optical bandwidth and is determined by the
low-pass filters in the two channels. If, therefore, we consider the simplest case,
where the filters are identical and have a rectangular pass band extending from f = 0
to f = fu, Eq. (14.15) reduces to

R12(7)/R12(0) = sinc(fin ). (14.16)

Equation (14.16) shows that with a bandwidth of 100 MHz, the correlation drops to
90% of the maximum value for a delay corresponding to an optical path difference



14.3. Heterodyne Stellar Interferometry 227

of 300 mm. It follows that the intensity interferometer is about 107> times less
sensitive to the effects of optical path differences, or time delays in the two paths,
than Michelson’s stellar interferometer. As a result, the light collectors need not be
finished to normal optical tolerances, and it is possible to work with much longer
baselines.

In a large instrument of this type [Brown, 1964, 1974] the light collectors had
a diameter of about 6.5 m and were made up of 252 hexagonal glass mirrors. These
collectors were mounted on trucks running on a circular railway track with a diameter
of 188 m. To follow a star, the two trucks moved around the track, while maintaining
the desired separation. The beam from each collector, after passing through an inter-
ference filter with an 8-nm-wide pass band centered on a wavelength of 433 nm, was
focused on a photomultiplier.

The main drawback of this instrument was the very small signal obtained, because
of the narrow bandwidth of the low-pass filters. This limited its use to stars brighter
than +2.5 magnitude. Even with these stars, the correlation signal had to be inte-
grated over a period of several hours to obtain a satisfactory S/N ratio. However,
measurements were made successfully on 32 stars with angular diameters down to
0.42 x 1073 arcsecond.

14.3 Heterodyne Stellar Interferometry

The use of a laser as a local oscillator for heterodyne detection of light from a star was
first studied by Nieuwenhuizen [1970]. In trials with a 2-m telescope, light from a
star was mixed with light from a He-Ne laser at a photodetector, and radio-frequency
signals arising from interference between the light from the laser and components of
the light from the star at very nearly the same frequency were observed. Heterodyne
detection also has the advantage that the spectral resolution is defined by the band-
width of the detector; however, much higher sensitivity is obtained over this limited
bandwidth than with direct detection, because the output is proportional to the prod-
uct of the intensities of the laser and the star. Since the relative sensitivity of optical
heterodyne detectors improves directly with increasing wavelength [Siegman, 1966],
their use at a wavelength of 10.6 pum is attractive because of the 8—14 pwm atmospheric
transmission window and the availability of a powerful source of coherent radiation
in the CO, laser.

Gay and Journet [1973] were the first to use a CO; laser and two HgCdTe pho-
todiodes to make measurements of the angular diameter of the sun at a wavelength
of 10.6 wm. Correlation of the amplified currents from the detectors gave a sinu-
soidal output, the equivalent of fringes in an interferometer, because of the diurnal
motion of the sun. The fringe amplitude was found to be a function of the separation
of the detectors, and the angular diameter of the sun, calculated from the separa-
tion of the detectors corresponding to the first zero of the fringe amplitude, was
33 arcminutes.
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Figure 14.4. Schematic of an infrared heterodyne stellar interferometer [Johnson,
Betz, and Townes, 1974].

Subsequently, Johnson, Betz, and Townes [1974] constructed a heterodyne spa-
tial interferometer with a baseline of 5.5 m, operating at 10.6 wm, and used it to
make measurements on a number of astronomical sources. As shown in Fig. 14.4,
this instrument used two independent telescopes with an effective aperture of about
0.8 m, each consisting of a steerable coelostat followed by a fixed off-axis focusing
mirror that directed the beams to a fixed focus. The two coelostats were situated on
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an east—west baseline with a center-to-center separation of 5.5 m and gave, at an
operating wavelength of 10.6 jwm, an angular resolution of about 0.5 arcsecond.

A high-speed Ge-Cu photoconducting detector, located at the focus of each of
the telescopes, mixed the light from the star with the beam from a stabilized, 1-W,
CO; laser, which acted as the local oscillator. The amplified signals from the two
detectors went to a correlator where they were multiplied together. The amplitude
of the sinusoidal output signal from the correlator was proportional to the degree of
coherence between the fields at the two telescopes, while its frequency was determined
by the motion of the star across the field of view. For a horizontal east—west baseline
of length D, this frequency was

fn=1[82Dcosécos H]/A, (14.17)

where €2 is the rate of rotation of the earth, § the declination, and H the hour angle of
the source. To produce a signal at a convenient frequency for further processing, and
also to avoid interaction between the lasers, the two lasers were phase locked with a
frequency difference of 5 MHz. This 5-MHz carrier frequency was finally removed
in a single-sideband demodulator to obtain the natural fringe signal.

To observe interference of two beams over a frequency bandwidth Av, the dif-
ference in the length of the optical paths must be small compared with ¢/Av. The
amplified signals from the photodetectors were therefore passed through adjustable
radio-frequency delay lines, which compensated for the changes in the two optical
paths as the star was tracked across the sky. In this case, the 1500-MHz bandwidth of
the radio-frequency signals required the path lengths to be equalized only to within a
few centimetres.

Observation have been made with this interferometer on a number of infrared
sources, including M-type supergiants and Mira variables, to obtain information on
the temperature and spatial distribution of circumstellar dust shells [Sutton et al.,
1977; Sutton, 1979].

14.3.1 Large Heterodyne Interferometer

Since the sensitivity of such an interferometer is proportional to the available collect-
ing area, it is advantageous to use larger telescopes. This is possible in the infrared,
since, for a given degree of atmospheric turbulence, the diameter of a diffraction-
limited telescope increases as A%/ . It follows that, at a wavelength of 10.6 wm, with
reasonably good seeing conditions, the useful diameter of each telescope could be
as much as 3.8 m. Another desirable feature would be the possibility of extending
the baseline up to, say, 100 m and also changing its orientation. This would give,
in addition to better angular resolution, information on any departure from circular
symmetry of the source. Finally, measurements of the phase of the signal would per-
mit making accurate positional measurements as well as mapping regions that are not
symmetrical with respect to inversion.
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A large heterodyne stellar interferometer designed to meet these requirements
has been described by Townes [1984]. This instrument is basically made up of two
telescope units, each of which consists of a 2-m flat mirror rotating about two axes
and a 1.65-m paraboloid with its axis horizontal, yielding a compact system which
can be mounted on a trailer and moved, when required, to a new site to change the
baseline. Once in position, each mirror rests on kinematic mounts on a concrete pad
set into the ground.

During observations, He-Ne laser interferometers are used to monitor the posi-
tions of the telescopes with respect to invar posts set in bedrock, as well as the optical
path lengths within the telescope. In addition, the large flat mirrors are pointed using
interferometric measurements at four positions around the edge of each mirror to
determine its angular position relative to the horizontal optic axis of the telescope.
The two CO; lasers are phase locked by means of a fast feedback circuit, and the
effects of any changes in the optical path between the two telescopes are eliminated
by a variable element in the path of one laser beam. Very fast HgCdTe detectors with
a bandwidth of 4 GHz are used, and the path lengths are equalized to better than 1 cm
with a variable-length, radio-frequency cable.

This interferometer was initially operated with baselines up to 13 m [Bester,
Danchi, and Townes, 1990] and provided angular resolution of 0.001 arcsecond, as
well as astrometric precision of 0.010 arcsecond. More recently, it has been operated
with baselines up to 56 m, and the addition of a third telescope should make it
possible to use it as an imaging interferometer (see Section 14.10). A filter bank
allows measurements on a number of spectral lines between 9 and 12 pwm, opening
up new areas of study, including the spatial distribution of dust shells, the location
of molecular formation, and the distribution of ions around high-temperature stars
[Hale et al., 2000].

14.4 Long-Baseline Stellar
Interferometers

With the development of modern detection, control and data-handling techniques,
it became possible to overcome the difficulties encountered with Michelson’s stel-
lar interferometer [Tango and Twiss, 1980], and improved instruments of this type,
designed to make measurements over baselines up to 640 m, have been constructed
[Liewer, 1979; Davis, 1979, 1984].

The optical system of one of these instruments [Davis, 1984; Davis etal., 1999] is
shown schematically in Fig. 14.5. Two siderostats C, C, on concrete plinths at the ends
of a north—south baseline, direct light from the star via two beam-reducing telescopes
(BRT) and an optical path-length compensator (OPLC) to the beamsplitter B. Error
signals from two quadrant detectors (Q) in each channel, viewing the image of the star,
are used to control the siderostats and the two piezoelectric-actuated tilting mirrors
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Figure 14.5. Schematic diagram of a long-baseline stellar interferometer. (Courtesy
J. Davis, University of Sydney.)

(T), respectively, to keep these images exactly on the axis. Interference therefore takes
place between two pairs of nominally parallel wavefronts leaving the beamsplitter B.

In the original instrument, two photon-counting detectors D1, D> measured the
total flux in a narrow spectral band in the two interference patterns within a sam-
pling time of 1-10 ms. The signals from these two detectors were then proportional
to (14 |u12|cos¢) and (1 — |u12| cos @), where ¢ was a phase angle that varied
randomly with time because of changes in the optical path through the atmosphere.
However, the mirrors S, which were mounted on piezoelectric translators, enabled
an additional phase difference of 90° to be introduced between the two interfering
beams in alternate sampling periods. As a result, the signals from the two detectors
during the next period were proportional to (1 4 |@12|sin¢) and (1 — |u12]sin ¢).
The average value of the square of the difference between the two signals then gave
the value of 2|p12|?(cos® ¢ + sin’ ¢) or, in other words, the square of the visibility.

To ensure that the optical path difference was small compared to the coherence
length of the radiation, photon-counting array detectors (PCADs) were used to observe
the channeled spectrum produced by the combined beams. The spacing of the fringes
then gave a direct indication of the optical path difference. Data from the PCADs were
accumulated in a switchable memory, which allowed one data set to be processed to
obtain a control signal while the next was being stored [Tango et al., 1994].

Some results obtained with this instrument have been presented by Davis and
Tango [1986] and Davis et al. [1994]. Measurements made, with baselines up to 30 m,
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of the angular diameters of a number of stars previously measured with the intensity
interferometer, were in good agreement with the earlier results.

Subsequently, the use of a switchable phase modulator operating on the geometric
(Pancharatnam) phase [Hariharan and Ciddor, 1995] was studied, since it provided
nearly achromatic performance over a wide bandwidth as well as two outputs, one of
which could be used for measurements of fringe visibility, while the other could be
used for a high-speed fringe tracker [Tango and Davis, 1996].

Recently, a major upgrade has seen the sensitivity of this instrument increased by
a factor of 50. The most important changes are a new adaptive optical system, a new
beam-combining optical system, using optical fibers to feed two cooled avalanche
photodiode detectors, and a new fringe-detector/tracker. In the new fringe-detection
system, a mirror in one arm of the interferometer is mounted on a PZT, and the
optical path difference (OPD) is swept linearly over a range of 100 wm. The signal
is processed by taking its Fourier transform and averaging the power spectrum for a
number of such sweeps. The “fringes” then appear as a peak in the power spectrum
[Baldwin et al., 1994]. The position of the fringe envelope within the sweep range
gives a direct indication of the OPD, which can be fed back to the OPD control system.

This instrument currently operates with baselines up to 160 m.

14.5 Stellar Speckle Interferometry

In theory, the resolution of a telescope should increase with its diameter. However,
because of turbulence in the earth’s atmosphere, there is little improvement in reso-
lution when the aperture of the telescope exceeds a value of approximately 100 mm.
Thus, even though the diffraction-limited resolution of a 5-m telescope should be
about 0.02 arcsecond, the star images typically have an angular diameter of about 1
arcsecond. Stellar speckle interferometry [Labeyrie, 1970, 1976] is a technique which
can give, within certain limitations, diffraction-limited imaging of stellar objects, in
spite of image degradation by the atmosphere and telescope aberrations.

Stellar speckle interferometry makes use of the fact that the image of a star in a
large telescope, when observed under high magnification, exhibits a speckle structure
[Texereau, 1963]. Individual speckles in such a pattern are actually equivalent to
diffraction-limited images of the star (see Appendix G.1). However, since the speckles
are in continuous motion, short exposures (=20 ms) are required to record these
patterns. In addition, it is necessary to use a filter with a bandwidth of about 20 nm
and compensate for the dispersion of the atmosphere to obtain sharp images of the
speckles.

The technique used by Labeyrie [1970] to extract a high-resolution image from
a number of speckled images is shown schematically in Fig. 14.6. If A(u, v) is the
amplitude transmittance function of the perturbed atmosphere at a given instant, the
distribution of the complex amplitude in the image of a point source is

H(x,y) < h(u,v). (14.18)
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Figure 14.6. Steps involved in processing a series of speckle images to obtain a
diffraction-limited image of a star.

If, then, O(x, y) is the intensity distribution across a star, the intensity distribution
I (x, y) in a single, short-exposure speckle image can be written as

I(x,y) = O(x,y) % |H(x, y)* (14.19)

This image is recorded on a film which is processed so that the resultant amplitude
transmittance t (x, y) is proportional to 7 (x, y).

In the second stage, the transparency t; (x, y) is placed in the front focal plane of
alens L, and illuminated by a collimated beam of monochromatic light. The complex
amplitude in the back focal plane of L is then

ax(u, v) = Flti (x, y)}
= F{O(x, y) * |H(x, y)|*}
= F{O(x, y)Run(u, v), (14.20)

where Rjp,(u, v) is the autocorrelation function of 4 (u, v). The intensity in the back
focal plane of L; is, therefore,

L(u, v) = |FLO(x, )} Run (u, v)]*. (14.21)
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To improve the S/N ratio of the final result, many of these transformed speck-
legrams are averaged, for example, by making multiple exposures on the same
photographic film. The resultant amplitude transmittance of this film is then

ta(u, v) = (I (u, v))
= |F{O G, )Y Rpn (u, v) 7). (14.22)

The term within the pointed brackets on the right-hand side of Eq. (14.22) is
the time average of the transfer function of the system (atmosphere + telescope) for
incoherent light, which can be obtained from measurements carried out, under the
same conditions, on a neighboring unresolved star. Since this transfer function has a
finite positive value up to the diffraction limit of the telescope, the left-hand side of
Eq. (14.22) can be divided by it to obtain | F{O (x, y)}|?. Fourier transformation of
this result then gives the autocorrelation of the object,

| F{O(x, y)}|2 < O(x,y)*xO0(x,y). (14.23)

It should be noted that the angular resolution that can be obtained with speckle
interferometry is limited by the aperture of the telescope and is, therefore, much less
than what is possible with the long-baseline interferometers described in Sections
14.1 to 14.4. However, speckle interferometry has been applied successfully to a
number of problems, including measurements of limb darkening and oblateness of
supergiant stars, with the 5-m (200-inch) telescope at Mt. Palomar [Gezari, Labeyrie,
and Stachnik, 1972; Bonneau and Labeyrie, 1973]. It is most useful in the study of
close double stars [Labeyrie et al., 1974]. In this case, the speckled image corresponds
to the superimposition of two identical speckle patterns with a relative shift equal to
the separation of the two stars. As a result, the transformed specklegram consists of
a system of Young’s fringes (see Appendix G.2), from which the separation and the
relative positions of the two stars can be obtained [Labeyrie, 1974]. The scope and
speed of the method have been progressively extended by the use of photon counters
to record very faint images, and digital techniques of image processing which permit
averaging a very large number of transformed specklegrams [Beddoes et al., 1976;
Blazitetal., 1977; Arnold, Boksenberg, and Sargent, 1979]. Alarge number of double
stars have been directly resolved, and some new components have been identified.
Digital processing of four sets of observations has also made it possible to determine
unambiguously the quadrant of the secondary star at these epochs [see McAlister
et al., 1988, 1989; McAlister, Hartkopf, and Franz, 1990].

14.6 Speckle Holography

A disadvantage of all the techniques of stellar interferometry discussed so far is that
they do not give an image of the object, but only the autocorrelation of the image.
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This results in a 180° ambiguity in the position angles of the components in a group
of stars. One method developed for avoiding this ambiguity and reconstructing a
diffraction-limited image from a number of speckled images is speckle holography
[Liu and Lohmann, 1973; Bates, Gough, and Napier, 1973; Gough and Bates, 1974;
Weigelt, 1978].

Speckle holography requires an unresolved star §(x — xg, y — yg) fairly close
to O(x, y), the astronomical object under study. Speckle images are recorded of the
total object

Or(x,y) = 0(x,y) +8(x —xr.y = yr)s (14.24)

and these images are processed, using the Labeyrie technique, to give its auto-
correlation

Or(x,y)* Or(x,y) =68(x,y) + O(x,y) » O(x, y)
+ O(—x + xR, —y + YR)
+O0(x — xR,y — YR). (14.25)

The distribution defined by Eq. (14.25) resembles a holographic image of the original
object (see Appendix F.1) and consists of a central spot § (x, y) on which is superposed
the autocorrelation of the object, O(x, y) *x O(x, y), and, away from the axis, on
opposite sides of it, the desired high-resolution image O(x — xg, y — yr) and a
conjugate image O (—x + xg, —y + YR)-

14.7 The Hyper-Telescope

The possibility of directly obtaining a usable image at the combined focus of a diluted
interferometric array was ruled out initially [Traub, 1986], because the sharp central
interference peak would be superimposed on a large halo corresponding to the diffrac-
tion pattern of a single subpupil. However, work by Pedretti et al. [2001] using two
micro-lens arrays to reimage the discrete exit pupils as nearly contiguous wavefront
segments (a densified-pupil interferometer, or hyper-telescope) has opened up the
possibility of overcoming this limitation.

14.8 Astrometry

Besides measurements of stellar diameters, another application of interferometric
techniques is to astrometry—the measurement of stellar positions and motions [Shao
and Staelin, 1977]. Precise measurements of stellar positions would permit matching
radio sources with their optical counterparts and allow direct measurements of stellar
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parallaxes to establish the cosmic distance scale. In addition they would help to
establish the size and shape of the orbits of binary systems. The Navy Prototype
Optical Interferometer (NPOI) is designed for astrometry and uses an array of four
fixed elements in a Y with 20-m arms [Armstrong et al., 1998]. Another instrument,
the Astronomical Studies of Extrasolar Planetary Systems (ASEPS-0) interferometer,
searches for reflex motions of stars, due to planets orbiting around them, by using
two elements, each of which simultaneously observes two stars separated by a few
arcminutes. Since the fringes for both stars are detected at the same time, atmospheric
effects should largely cancel, and it should be possible to detect extremely small
changes in their relative positions [Colavita et al., 1994]. A recent implementation
is the Palomar Testbed Interferometer (PTI), a long-baseline infrared interferometer
operating at a wavelength of 2.2 pm. This instrument has three fixed 40-cm apertures,
which can be combined, pairwise, to provide baselines up to 110 m and track two stars
simultaneously for phase referencing and narrow-angle astrometry [Colavita et al.,
1999].

14.9 Nulling Interferometers

A problem when trying to detect a planet near a star is that the star is 6-9 orders of
magnitude brighter than the planet. Nulling interferometry is a method for reducing
the flux from the star, relative to its surroundings, by making the light from the star
interfere destructively with itself [Bracewell, 1978]. This result can be achieved with
a 180° rotational shear [Shao and Colavita, 1992]. Some measurements of rejection
ratios obtained in laboratory experiments with a rotational shearing interferometer
have been presented by Serabyn et al. [1999], and the design of symmetrical optical
systems for a nulling interferometer has been described by Serabyn and Colavita
[2001].

A proposal for achromatic nulling interferometry with white light using the
geometric (Pancharatnam) phase (see Section 16.6 and Appendix E.2) has been
formulated by Baba, Murakami, and Ishigaki [2001]. Experiments with a three-
dimensional Sagnac interferometer using the geometric (spin-redirection) phase to
obtain achromatic nulling have also been described by Tavrov et al. [2002].

14.10 Telescope Arrays

The angular resolution that can be obtained with a single telescope, even with tech-
niques such as speckle interferometry, is limited by the aperture of the telescope
and is, therefore, much less than what is possible with the long-baseline interferom-
eters described in Sections 14.1 to 14.4. One way to improve the resolution is by
combining coherently the speckle images from two telescopes at the ends of a long
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baseline, or from several telescopes [Labeyrie, 1976, 1978; see also Breckenridge,
1994; Robertson and Tango, 1994; Lawson, 1997].

Ultimately, the biggest advance would be the ability to record images of stars.
Unfortunately, since atmospheric fluctuations introduce large local phase variations,
it is only possible to obtain information on the fringe amplitude with a two-element
interferometer. In the absence of reliable phase measurements, the reconstruction of
images is not possible.

One solution was the orbiting stellar interferometer (OSI), a concept for a first-
generation space interferometer. This instrument was planned as a triple Michelson
stellar interferometer, with an 18-m maximum baseline and aperture diameters of
40 cm [Colavita, Shao, and Rayman, 1993], which would be inserted into a 900-km
sun-synchronous orbit. This idea and the search for exoplanets have now been taken
further with the Space Interferometry Mission (SIM) project [see Shao, 2002].

Another solution is a triangular array. Correlators can then be used on each of the
three interferometer baselines to provide measurements of the amplitude and phase of
the spatial coherence function. The true phases ¢12, ¢23, and ¢31 on the three baselines
are disturbed by the unknown atmospheric and instrumental phases o, a2, and o3 at
the three telescopes to give the measured values (¢12 + a1 — @2), (P23 + a2 — 3),
and (¢31 + a3 — o). However, the sum of the three measured phases (the closure
phase) which is (¢12 + ¢23 + ¢31), is a property of the coherence function alone,
independent of the atmospheric and instrumental effects. As the number of elements
increases, the number of triangles and closure phases increases rapidly, and the image
becomes better constrained.

The application of closure-phase measurements to interferometric imaging was
first suggested by Rogstad [1968], and a method that involved placing, over the mirror
of a large telescope, nonredundant aperture masks with holes simulating several,
small, closely spaced, individual telescopes, was discussed by Rhodes and Goodman
[1973]. Measurements of fringe visibility and closure phase by this technique were
successfully carried out by Baldwin et al. [1986] using a 2.25-m telescope. These
measurements were extended to much lower light levels, using an image photon-
counting system, by Haniff et al. [1987], who were able to produce an image of a
binary system and map the surface of a red giant star.

With such large apertures, adaptive optics are needed to remove aberrations from
the wavefront [Loos, 1992]. Other limitations of these instruments are the small field
of view (one Airy disc) and the restriction to three beams.

To increase the field of view, two different schemes are possible: mosaicing and
homothetic mapping. Mosaicing an image involves scanning the object in steps of
one Airy disc and putting the individual images together. Homothetic mapping relies
on reimaging the interferometric array into the entrance pupil of the instrument, thus
forming on the detector a regular image of the object with a superposed fringe pattern.
If images with different array configurations are recorded, it should be possible to
superpose the Fourier transforms of these images and reconstruct the complete image.

The next step would be an instrument that can combine more beams (6-8), allow-
ing for more efficient observations and producing directly an image of good quality.
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Toward this end, several new, large, multielement interferometers are nearing com-
pletion. One of these, the Cambridge Optical Aperture Synthesis Telescope (COAST),
intended for imaging at wavelengths of 0.8 and 2.2 pm, is an array of five telescopes
with an aperture of 40 cm, in the form of a Y with arms up to 60 m long [Baldwin et al.,
1994]. Another, the Navy Prototype Optical Interferometer (NPOI), will consist of up
to six elements that can be moved along the arms of a 250-m Y. The Keck Observatory
interferometer on Mauna Kea is planned to consist of six 1.5-m telescopes separated
by up to 100 m and can also make use of the two 10-m main telescopes, which are
separated by a distance of 85 m. The Very Large Telescope Interferometer (VLTT)
in Chile proposes to use eight 1.8-m telescopes, as well as the four 8-m telescopes
available on site, to form a 198-m-wide interferometric array.

Many problems are faced in the operation of such large interferometers. One is
polarization effects arising from celestial field rotation and phase delays between the
s and p fringe patterns. Techniques to minimize these effects have been discussed by
Rousselet-Perraut, Vakili, and Mourard [ 1996]. Another problem is random variations
in the atmospheric delay. Real-time tracking of the delay presents problems at low
signal levels; an attractive alternative is an off-line delay-tracking system that uses
stored data and the statistics of the delay process to derive an estimate of the probable
delay at the time of observation [Meisner, 1996].

Another problem with such instruments is the high degree of mechanical stability
required in interferometry. A solution that is being actively investigated is the use of
optical fiber links from the focus of each telescope to the mixing station [Froehly,
1982; Restaino et al., 1996, 1997; Delage, Reynaud, and Lannes, 2000]. Single-
mode optical fibers have several advantages; most importantly, after the light is
coupled into the fibers, problems of misalignment, surface quality, and diffraction are
eliminated. In addition, the light output has nearly perfect spatial coherence, reducing
the effects of atmospheric turbulence. Finally, beam recombination is simplified by
using directional couplers [Shaklan and Roddier, 1987; Shaklan, 1990]. However, a
problem with optical fibers is their significant dispersion, which, if not compensated,
can cause the fringe visibility curve to broaden, decrease its contrast, and shift its
centroid [Dyer and Christensen, 1997].

The first images from COAST were obtained in 1996 [Baldwin et al., 1996];
fringes have also been observed with the VLTI and the Keck Observatory interfero-
meter. Recent work on these and other instruments, as well some results obtained
with them, have been presented in a number of papers (see Lena and Quirrenbach
[2000]; Quirrenbach [2001]; Traub [2002]).



Chapter 15

Space-Time and Gravitation

The definition of the metre discussed in Section 7.9 assumes that the speed of light is a
constant. This is an axiom in the theory of relativity which is now well established, but
was not apparent to scientists of the 19th century who believed that light was a trans-
verse wave, propagated through an all-pervading medium called the “luminiferous
aether.” A question which arose, naturally, was what effect the movement of the earth
through this medium had on the speed of light. A very important experiment, using an
interferometer, carried out by Michelson in 1881 and repeated in collaboration with
Morley in 1887, was designed to answer this question.

15.1 The Michelson-Morley Experiment
Consider an interferometer in which, as shown in Fig. 15.1a, the arm O M is parallel
to the direction in which the earth is moving with a velocity v through space. According

to the classical laws of physics, the time taken for a light wave to travel from O to
M would be

o] =1/(c —v), (15.1)

where [ is the length of the arm and c is the speed of light, while the time taken for
the light wave to travel from M| to O would be

1/ =1/(c+v). (15.2)
Accordingly, the total delay for the path O M1 O would be
=141t

239
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(@ (b)

Figure 15.1. Theory of the Michelson—-Morley experiment.

=21/c(1 —v?/c?)
~ (21/c)(1 + v2/c?), (15.3)
since v K c.
To calculate 1, the delay for the path O M, O’ (see Fig. 15.1b), we have to allow
for the lateral displacement of O during this time. We then have

AP =1 v (15.4)

where 7 is the time taken to cover the path O M. This is also the time taken to cover
the path M, O’. The total delay for the path O M, O’ is, therefore,

7 =21}
= Ql/c)(1 —v* /P12
= (21/c)(1 + v*/2c%). (15.5)

It follows that, even if the two paths are equal, there should be a difference in the
delays

AT=1—1

(/c)(v/c)>. (15.6)

Accordingly, a change in the delay of 2At should be observed if the interfer-
ometer is rotated through 90°, effectively shifting the additional delay from one path
to the other. The absence of any such change in the delay led to the rejection of the
concept of the aether [Shankland, 1973].
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The Michelson—-Morley experiment was repeated several times between 1905 and
1930, but always failed to exhibit an effect that was more than 10% of that expected.
This null result was subsequently confirmed to a much higher degree of accuracy
using laser heterodyne techniques [Jaseja et al., 1964; Brillet and Hall, 1979]. In the
latter experiment, the frequency of a He—Ne laser (A &~ 3.39 wm) was locked to the
resonant frequency of a very stable, thermally isolated Fabry—Perot interferometer,
which was mounted along with it on a rotating horizontal granite slab. As a result,
any variations in the delay within this Fabry—Perot interferometer would appear as
variations of the laser frequency. Such variations could be detected with an extremely
high degree of sensitivity by measuring the beat frequency generated by mixing this
beam (see Section 5.3) with the beam from a stationary reference laser which was
stabilized by saturated absorption in CHy. Analysis of the results showed that the
residual frequency shifts were less than 5 x 1077 of those predicted by the aether
hypothesis.

15.2 Gravitational Waves

According to the general theory of relativity, gravity is due to a curvature of space-
time. A weak curvature is responsible for Newtonian gravitational fields, such as that
on the earth. However, in objects such as black holes, the curvature is so strong that
nonlinear effects produce a space-time singularity, which can force the curvature to
evolve chaotically. The resulting rapid variations in curvature generate disturbances—
gravitational waves—that propagate through the universe.

A collapsing supernova is a likely source of gravitational waves, but it is not easy
to estimate their strength and frequency. A binary neutron star provides a source of
gravitational waves whose intensity can be estimated theoretically. In such a system,
the two stars spiral toward each other, over hundreds of millions of years, until they
collide and merge. In the last few minutes before they coalesce, the frequency of the
gravitational waves increases from about 10 Hz to more than 1000 Hz.

The detection of gravitational waves would lead to many new and interesting
possibilities. While electromagnetic waves are easily absorbed and scattered, gravi-
tational waves travel almost unchanged through intervening clouds of matter, making
it possible to study very different aspects of the universe. The profile of a gravita-
tional wave also contains information that can be used to map out the space-time
geometry of the source. In addition, from the arrival times of electromagnetic- and
gravitational-wave signals from the same stellar event, it would be possible to verify
that gravitational waves are propagated at the speed of light, as predicted by the theory
of relativity, and that, therefore, the rest mass of the graviton is zero.

With a network of detectors, it should be possible to determine the angular posi-
tion of an event from the times of arrival of the signals at the different detectors. If
then, the distance to an event can be inferred from some parameters of the signals,
and the red shift of the host cluster is known, it should be possible to obtain Hubble’s
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constant in an unambiguous way, providing a much more reliable cosmological scale.
Successful detection of gravitational waves not only would help to sort out compet-
ing theories of gravity, but would open up a completely new field of observational
astronomy.

15.3 Gravitational Wave Detectors

Early attempts to detect gravitational waves from cosmological sources used reso-
nant bar detectors [Weber, 1969], but it soon became evident that a long, wide-band
antenna offered advantages. Such an antenna could consist of a Michelson interfer-
ometer in which the beamsplitter and the end reflectors are attached to separate, freely
suspended masses [Moss, Miller, and Forward, 1971; Weiss, 1972; Forward, 1978;
Maischberger et al., 1981].

A change in the difference of the lengths of the optical paths in the two arms due
to a gravitational wave results in a change in the phase difference between the beams,
which can be measured by the intensity change at the detector.

Because of the transverse, quadrupole nature of gravity waves, the relative motion
of the test masses is the sum of the contributions from two different polarizations,
hy(t) and hy(t), each with its own wave form. As a result, an arm lying along
the direction of propagation of a wave with the appropriate polarization does not
experience a strain, whereas the strain produced by the gravitational wave results in
a change in the length of the other arm. With a gravitational wave propagating at
right angles to the plane of the interferometer, the changes in length of the two arms
have opposite signs. For other directions of incidence, the fractional difference in the
length of the arms caused by the wave is equal to a linear combination of the changes
due to the two polarizations and can be written as

AL(t)
L

= Fyhy (1) + Fxhy (1) = h(1), (15.7)

where the coefficients F; and Fy depend on the direction to the source and the
orientation of the interferometer, and 4 (¢) is termed the gravitational strain. It follows
that the relative motion of the test masses and, hence, the change in the optical path
difference for a given value of the gravitational strain, is proportional to the separation
of the test masses.

Theoretical estimates of the intensity of bursts of gravitational radiation, as well
as an analysis of the response of an interferometric detector [Rudenko and Sazhin,
1980], suggest that a sensitivity to strains better than 10~2! over a bandwidth of
approximately a kilohertz is needed. In a conventional Michelson’s interferometer,
this sensitivity would require unrealistically long arms.

One method of obtaining high sensitivity, which has been studied, involves the
use of two active cavities at right angles to each other. Each pair of mirrors acts as
the resonator in a laser, so that a change in their spacing results in a change in the
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laser frequency. Changes in the beat frequency obtained by heterodyning the two
lasers are monitored [ Abramovici, Vager, and Weksler, 1986]. It has been shown that,
even with small cavities and low laser power, a strain sensitivity of 3 x 10713 can
be obtained, which is close to the limit set by spontaneous emission noise. Estimates
suggest that an increase in sensitivity by three orders of magnitude may be obtained
by reducing cavity losses and using a high-gain amplifying medium. However, the
arrangements that are currently being explored involve two variants of the Michelson
interferometer.

Higher sensitivity can be obtained with a Michelson interferometer by using a
delay line in each arm [Billing et al., 1979; Caves, 1980]. In this case, the optical
path difference (expressed as a fraction of the wavelength) introduced between the
beams emerging from the two arms is

Ap= AL _ phL (15.8)
p=B—==B—, .

where B is the number of times the light bounces back and forth in the delay lines
before exiting. The precision with which this change in the optical path difference
can be monitored is ultimately limited by photon shot noise and is approximately

Ap =1/v/N, (15.9)

where N is the number of photons incident on the beamsplitter during the period over
which the signal from the photodetector is integrated.

The strain due to a gravitational wave that would give a signal of the same
magnitude as the measurement fluctuations would then be of the order

A
LBVN'

This estimate assumes that both the integration time and the storage time in the
cavities, (BL/c), are less than half the period of the gravitational wave.

Another way to obtain increased sensitivity is by using, as shown in Fig. 15.2,
two identical Fabry—Perot interferometers at right angles to each other [Drever et al.,
1981; Weiss, 1999], with their mirrors mounted on freely suspended test masses.
The frequency of a laser is locked to a transmission peak of one interferometer,
while the optical path in the other is continuously adjusted by a second servo system,
so that its transmission peak also coincides with the laser frequency. The correc-
tions applied to the second interferometer then provide a signal which can be used
to detect any changes in the length of one arm with respect to the other, over a
wide frequency range, with extremely high sensitivity [Drever, 1983; Drever et al.,
1983].

A further increase in sensitivity can be obtained by recycling the available light. In
asystem such as that shown in Fig. 15.2, the light that returns to the beamsplitter leaves

Hopin = (15.10)
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Figure 15.2. Gravitational wave detector using two Fabry—Perot interferometers
[Weiss, 1999].

the interferometer in two directions. Since the interferometer is normally adjusted so
that observations are made on a dark fringe, to avoid overloading the detector, most of
the light is returned toward the source and is lost. If this light is reflected back into the
interferometer in precisely the right phase by an extra mirror placed in the input beam,
as shown in Fig. 15.2, the amount of light traversing the arms of the interferometer can
be increased substantially, leading to a corresponding improvement in sensitivity over
a limited frequency band [Meers, 1988; Strain and Meers, 1991]. The gain obtainable
by this technique has been confirmed experimentally [Fritschel, Shoemaker, and
Weiss, 1992; Sato €t al., 2000].

Two other techniques, which have shown promise for obtaining even higher
sensitivity, are signal recycling and resonant side-band extraction. Signal recycling
[Meers, 1988] uses an additional mirror placed at the antisymmetric port of the inter-
ferometer to increase the storage time and, hence, the sensitivity. Signal recycling is
used most effectively with power recycling to achieve the highest sensitivity, in which
case the technique is known as dual recycling. It can be used in a narrow-band mode,
where gravitational wave signals are expected at a particular frequency, by adjusting
the position of the signal recycling mirror. Resonant side-band extraction [Mizuno
et al., 1993] also employs the same optical system as signal recycling, but with arm
cavities of much higher finesse, the signal extraction mirror being set to reduce the
signal storage time. The sensitivity is expected to be comparable with that for dual
recycling, and it also permits operation in a narrow-band mode. This technique has
the advantage that the light power at the beamsplitter is much less than with power
recycling.
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154 LIGO

The Laser Interferometer Gravitational Observatory (LIGO) project is now build-
ing facilities for detecting and studying gravitational waves at two sites in the USA
[Abramovici et al., 1992, 1996; Weiss, 1999]. Similar facilities are also being
developed in other countries by the GEO 600, TAMA, and VIRGO projects.

The LIGO projectinvolves the construction of three laser interferometers: a single
interferometer with 4-km-long arms at one site, and two interferometers, with 4-km-
and 2-km-long arms sharing the same vacuum system, at the other site. Correlating
the outputs of the three interferometers at two widely separated sites would make it
possible to distinguish signals due to gravitational waves from bursts of instrumental
and environmental noise.

The test masses and the optical paths in each interferometer are housed in
a vacuum (=107 torr) to avoid buffeting by air molecules and also to prevent
fluctuations in the number of air molecules in the beam paths from causing phase
fluctuations. The 4-km-long vacuum pipes running between the test masses have a
diameter of 1.2 m to accommodate auxiliary laser beams, as well as additional detec-
tors. The beam from the laser entering the interferometer, after having its frequency
and amplitude stabilized, is then phase-modulated and spatially filtered to minimize
noise.

The LIGO interferometers are expected to have a Gaussian noise spectrum /2( f)
shown by the upper solid curve in Fig. 15.3. The principal individual contributions
to this noise, shown as dashed curves, arise from three sources. The first, seismic
noise (man-made ground vibrations), is dominant at frequencies below approximately
70 Hz. At higher frequencies, between approximately 70 and 200 Hz, the noise is prin-
cipally due to thermally induced vibrations of the test masses and their suspensions.
Finally, above approximately 200 Hz, photon shot noise becomes the most important
factor. This curve is based on the assumption of approximately 2 W of effective laser
power, a fractional power loss of 5 x 107> per reflection, and a gain in effective
laser power by a factor of 30 from recycling. The lower solid curve presents the
likely values for a next-generation advanced interferometer, currently under devel-
opment. Noise reduction in this interferometer would be achieved by increasing the
laser power to 60 W and reducing the mirror losses to permit recycling the light 100
times, as well as by increasing the test masses from 10 to 1000 kg, and improving the
suspension and isolation systems.

Experiments performed with prototype interferometers with arm lengths of 10—
40 m, and other special setups, have confirmed most of the factors entering into
these calculations. Measurements with a 40-m prototype, using two Fabry—Perot
cavities, have shown that it is possible to achieve a minimum interferometer noise of
3 x 10712 m/Hz!/2, corresponding to an rms gravitational strain noise level (AL/L)
of about 2 x 10~1°, around 450 Hz [Abramovici et al., 1996]. Similar results have
been obtained in a 30-m Michelson interferometer using delay lines [Robertson et al.,
1995]. In order to reach the design sensitivity (1072 m/Hz!/?), LIGO also incor-
porates an active, wave-front based, cavity-alignment system [Fritschel et al., 1998]
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Figure15.3. Expected noise spectrum in the LIGO 4-km interferometer (upper solid
curve) and in an advanced interferometer (lower solid curve). The dashed curves show
the principal contributions to the total noise in the first interferometer [Abramovici
etal., 1992].

as well as an electronic feedback system that keeps the cavities on resonance [Fritschel
etal., 2001].

A comparison of estimates of signal strengths from some possible sources with
the expected noise in the first LIGO detector, and an advanced design incorporating
several possible improvements, is presented in Fig. 15.4. Based on these figures, the
first LIGO detectors should be able to observe gravitational waves from a few events
each year.

Recent work on LIGO and other ground-based interferometric detectors as well as
on the Laser Interferometer Space Antenna (LISA) project, using drag-free spacecraft
for the detection of low-frequency gravitational waves, has been described in a series
of papers [see Saulson and Cruise, 2002].

15.5 The Standard Quantum Limit

The limiting precision that can be attained with interferometric measurements is a
critical factor in applications such as the detection of gravitational waves. After all
other sources of noise are eliminated, this limit is ultimately set by the randomness
in the arrival times of photons at the detector.
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Figure 15.4. Estimates of rms noise Ay in the first and advanced LIGO detectors

and the characteristic amplitude /. of gravitational-wave bursts from different sources
(NS, neutron star; BH, black hole) [Abramovici €t al., 1992].

A value for this limit can be obtained from an argument which balances the
error due to photon-counting statistics against the disturbances of the end mirrors
produced by fluctuations in radiation pressure [Edelstein et al., 1978; Forward, 1978].

According to this argument, since the number of photons which pass through the
interferometer in the measurement time 7 is

n=Pt/hw, (15.11)

where P is the laser power, fluctuations in the laser power produce an uncertainty in
n given by the relation

An~n~ 12,

(15.12)
The existence of this quantum limit is now well established, but the argument
leading to it has been open to question, since it relies on the assumption that the power
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fluctuations in the two arms are uncorrelated. A more rigorous analysis [Caves, 1980]
reveals two different, but equivalent, points of view on the origin of the fluctuations.
The first attributes them to the fact that each photon incident on the beamsplitter is
scattered independently, thereby producing binomial distributions of photons in the
two arms which are precisely anticorrelated. The second ascribes them to vacuum
(zero-point) fluctuations in the field entering the interferometer from the other input
port. This field acts in antiphase on the laser fields in the two arms. It follows, therefore,
that the photon-counting error is an intrinsic property of the interferometer.
Heisenberg’s principle states that the uncertainty in the number of quanta n in a
beam of light and the uncertainty in its phase ¢ are linked through the relation

AnA¢ > 1/2. (15.13)
The standard quantum limit (SQL) in interferometry is then obtained by inserting Eq.

(15.11) in Eq. (15.13) to obtain the corresponding uncertainty in the measured values
of the phase

Ap > 1/2/n, (15.14)
where 71 is the mean photon number (see Yamamoto et al. [1990]).

Two schemes for interferometric measurements with sensitivity limited only by
quantum noise have been analyzed by Stevenson et al. [1993]. Direct detection is
applicable to signals at modulation frequencies away from frequencies affected by
classical noise. Signals obscured by classical optical noise may be recovered with a

phase-modulation technique that shifts the signals to a quantum-noise-limited region
of the photocurrent spectrum.

15.6 Squeezed States of Light

We can represent the electric field of a monochromatic light wave as the sum of two
quadrature components in the form

E = Ey[X| coswt + X, sin wt], (15.15)
where X1 and X, are complementary operators satisfying the commutation relation
[X1, X2] = (1/2)i, (15.16)

and whose variances, therefore, obey the uncertainty relationship

AX{AX, > 1/4. (15.17)
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Figure 15.5. Plot of electric field against time, showing the uncertainty for (a) a
coherent state, (b) a squeezed state with reduced amplitude fluctuations, and (c) a
squeezed state with reduced phase fluctuations [Caves, 1981].

For normal coherent light, the variances are equal. For a squeezed state, the variances
are unequal, though their product remains unchanged. Accordingly, it is possible to
reduce phase fluctuations with squeezed light, as shown in Fig. 15.5, at the expense
of a corresponding increase in the amplitude fluctuations [Caves, 1981; Walls, 1983].

The degree of squeezing can be measured with a balanced homodyne detec-
tor which yields a phase-sensitive measurement of the noise. The squeezed light is
combined with another strong beam from the same laser, which constitutes a local
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Figure 15.6. Balanced homodyne detector used for measurements of noise due to a
single field-quadrature component.

oscillator, at a 50:50 beamsplitter. The beams emerging from the beamsplitter are
directed, as shown in Fig. 15.6, to two photodetectors, and the difference of the two
photocurrents is displayed. With this arrangement, intensity fluctuations in the local
oscillator and the signal cancel out, and the output corresponds to the interference
of the local oscillator with the signal. If the intensity of the local oscillator is much
greater than that of the signal, the fluctuations in the output are essentially due to
the signal. As the phase difference between the squeezed-light signal and the local
oscillator is varied, the detector becomes sensitive first to one quadrature amplitude
and then to the other, and the output noise amplitude varies accordingly.

A number of physical phenomena can be used, in principle, to generate squeezed
states. The earliest and most common method has been degenerate four-wave mixing
in a medium with a nonlinear susceptibility [Slusher et al., 1985; Shelby et al., 1986;
Maeda, Kumar, and Shapiro, 1987]). In such a process, energy is transferred from
two strong pump beams to two weaker beams. As a result, correlations are established
between the photons in the two weaker beams. When these two beams are combined,
the resulting light exhibits the characteristics of squeezed states.

Wau et al. [1986] have shown that a greater reduction in noise can be achieved
by degenerate parametric down-conversion (see Section 16.3.1). The two photons in
the pair, each with a different frequency, are strongly correlated, and this correlation
is responsible for the squeezed fluctuations.

When the gain from parametric amplification in the down-conversion crystal
becomes large, there is a transition from spontaneous to stimulated emission. Since
the gain depends on the phase of the amplified light relative to the phase of the pump
beam, vacuum fluctuations in one quadrature are squeezed [see Kimble and Walls,
1987].
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A photon-number squeezed state can also be generated directly from a diode laser,
at low temperatures, by operating it at a drive current several times higher than the
threshold current. In one experiment, the amplitude noise of a current-driven diode
laser was found to be 8.3 dB below the shot-noise limit [Richardson, Machida, and
Yamamoto, 1991].

15.7 Interferometry Below the SQL

One way to overcome the SQL in an interferometer is by injecting squeezed states
into one or both ports of the interferometer [Caves, 1981; Bondurant and Shapiro,
1984]. A limit

Ap ~ 1/ (15.18)

is achievable, in principle, by feeding suitably constructed squeezed states into both
input ports of the interferometer. In actual experiments, an increase in the signal-
to-noise ratio of 2-3 dB, relative to the shot-noise limit, has been achieved using
squeezed light [Grangier et al., 1987; Xiao, Wu, and Kimble, 1987]. The maximum
improvement in the signal-to-noise ratio can be obtained by preparing the light deliv-
ered to the two input ports of the interferometer in a state which consists of exactly
equal numbers of photons entering each of the two input ports in the interferometer
[Yurke, McCall, and Klauder, 1986; Holland and Burnett, 1993; Sanders and Milburn,
1995]. States satisfying this requirement can be generated, for example, with two-
mode four-wave mixers [ Yurke, McCall, and Klauder, 1986]. The difference in the
photocounts at the two output ports can then be processed to obtain the phase dif-
ference. However, maximum sensitivity is achieved only when the deviation of the
phase difference ¢ from zero is less than 1/7n. To meet this requirement, it would be
necessary to use a feedback loop which holds ¢ at zero.






Chapter 16

Single-Photon Interference

Young’s classical experiment has always been regarded as a conclusive demonstration
of the wave-like nature of light. However, at low light levels, photodetectors register
distinct events corresponding to the annihilation of individual photons. It follows that
light cannot be either a particle or a wave, but exhibits the characteristics of both.

From a practical point of view, we can say that we are in the “single-photon”
regime when, with a perfectly efficient detector, the mean time interval between the
detection of successive photons is much greater than the time taken for light to travel
through the system.

16.1 Interference at the “Single-Photon”
Level

If interference is a phenomenon involving the interaction of at least two particles,
interference effects should become weaker as the number of photons decreases and
disappear completely when only one photon is in the apparatus at a time. This argu-
ment led to a series of experiments involving observations of interference patterns at
extremely low light levels, all of which showed that the quality of the pattern did not
depend on the intensity (see Pipkin [1978]).

However, experiments at low light levels with conventional light sources cannot
be regarded as involving single-photon states. Even with a single-mode laser source,
the arrival of photons at a photodetector exhibits a Poisson distribution. As a result,
photodetections are more likely to occur very close together, or at the same time. This
phenomenon is known as photon bunching [Mandel and Wolf, 1965]
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16.2 Interference—The Quantum Picture

Interference involves mixing two fields. The result is a two-mode coherent state
which, in the weak-field limit, represents the interference of a photon with itself. This
self-interference of a photon can be interpreted as a sum over histories [Feynman,
Leighton, and Sands, 1963].

In this picture, a photon can take either of two paths from the source to the
detector. Associated with each path is a complex probability amplitude a;, (i = 1, 2),
whose absolute square represents the probability of the photon taking this path. The
intensity at the detector is obtained by summing the probability amplitudes for the
two paths and taking the square of the modulus of the sum, |a; 4 a»|?, which gives
the probability of detecting a photon.

As Dirac putsit, ““. . . each photon interferes only with itself. Interference between
different photons never occurs” [Dirac, 1958].

16.3 Sources of Nonclassical Light

An approximation to a single-photon state can be prepared by generating a pair of
photons. In this case, the detection of one photon acts as a signal that a second photon
is present in the field. The frequency and direction of propagation of the second
photon are related to those of the first photon, and can be determined by analyzing
the first, or “gate,” photon. The second photon field can then be regarded as being in
a one-photon Fock state.

One method of generating such a pair of photons is by means of an atomic
cascade. If atoms of calcium are excited to the 6' Sy level, they return to the ground
state via the 4! Py level. In this two-step process, they emit, in rapid succession, two
photons with wavelengths of 551.3 nm and 422.7 nm, respectively [Aspect, Grangier,
and Roger, 1981].

However, a better method of generating correlated pairs of photons is by
parametric down-conversion.

16.3.1 Parametric Down-Conversion

In parametric down-conversion, a single UV photon spontaneously decays in a crystal
with a x ® nonlinearity into two photons (a signal photon and an idler photon) with
polarizations orthogonal to that of the original UV photon and wavelengths close to
twice the UV wavelength [Harris, Oshman, and Byer, 1967; Burnham and Weinberg,
1970]. Phase-matching is achieved by using a birefringent crystal. The two down-
converted photons are emitted ‘“simultaneously” within the resolving time of the
detectors [Hong and Mandel, 1985; Friberg, Hong, and Mandel, 1985].
Since energy is conserved, we have

hwo = hwy + hwa, (16.1)
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Figure 16.1. Generation of photon pairs by parametric down-conversion of UV
photons in a nonlinear crystal.

where hwy is the energy of the UV photon, and Aw; and hw; are the energies of the
two down-converted photons. Similarly, since momentum is conserved, we have

ko = k1 + ko, (16.2)

where Kg is the momentum of the UV photon, and k| and K are the momenta of the
down-converted photons. It follows from Eq. (16.1) that, while the frequencies of the
individual down-converted photons may vary over a broad range, the sum of their
frequencies is well defined. Similarly, it follows from Eq. (16.2) that the photons in
each pair are emitted on opposite sides of two cones, whose axis is the UV beam, and
produce, as shown in Fig. 16.1, a set of rainbow-colored rings.

Because of the additive contributions of the vacuum state, the down-converted
photons carry information about the phase of the pump. They are also in an entangled
state, which does not allow factorization into a product of signal and idler states [see
Mandel and Wolf, 1995]. As a result, the state of the idler photon is governed by
measurements made on the signal photon and vice versa.

Typically, the UV beam from an Ar*" laser (A = 351.1 nm) and a potassium
dihydrogen phosphate (KDP) crystal can be used to generate pairs of photons with
wavelengths around 746 and 659 nm, leaving the crystal at angles of approximately
+1.5° to the UV beam [Hong and Mandel, 1986]. Higher conversion efficiencies can
be obtained with a crystal such as beta-barium borate (BBO) having a higher nonlin-
ear coefficient. In addition, since the number of down-converted photons produced
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is proportional to the square of the interaction time, a further increase in down-
conversion efficiency can be obtained by placing the nonlinear crystal in a resonant
cavity [Hariharan and Sanders, 2000; Oberparleiter and Weinfurter, 2000].

The possibility of extending parametric down-conversion to generate entangled
four-photon states from two pump photons by using two noncollinear pump beams
has been discussed by Tewari and Hariharan [1997].

16.4 The Beamsplitter

With a single-photon state, quantum mechanics predicts a perfect anticorrelation
between the counts at the two output ports of a beamsplitter [Clauser, 1974]. This
behavior is very different from that with a thermal source, where the correlation
between photons detected at the two outputs from a beamsplitter is positive, or with
a coherent field from a laser, where there is no correlation between the two outputs.
Such anticoincidences were observed by Grangier, Roger, and Aspect [1986], as well
as by Diedrich and Walther [1987], indicating that each photon was either transmitted
or reflected.

The indivisibility of the photon is due to the entanglement of the input field with
the vacuum field. It follows that any analysis of the effect of a beamsplitter on a beam
of light with definite photon number must take into account the vacuum field at the
unused input port [Fearn and Loudon, 1987, 1989; Campos, Saleh, and Teich, 1989].

16.5 Interference with Single-Photon States

Interference effects produced by single-photon states were first studied using an
atomic cascade by Grangier, Roger, and Aspect [1986]. As shown in Fig. 16.2a, the
arrival of the first photon (frequency v ) at the detector Dy acted as a trigger for a gate
generator, enabling the two detectors D and D, on the two sides of the beamsplitter
for a time 27,. During this period, the probability for the detection of a second photon
(frequency v») emitted by the same atom is much greater than the probability of detect-
ing a similar photon emitted by any other atom in the source. While a classical wave
would be divided between the two output ports of the beamsplitter, a single photon
cannot be divided in this fashion. We can therefore expect an anticorrelation between
the counts on the two sides of the beamsplitter at D; and D;, measured by a parameter

A = No12No/Noi1 Noz, (16.3)

where Npi2 is the rate of triple coincidences between the detectors Do, D1, and D»;
No1 and Ny are, respectively, the rate of double coincidences between Dy and Dy,
and Dg and D;; and Nj is the rate of counts of Dy.

For a classical wave, it follows from Schwarz’s inequality that A > 1. On the
other hand, the indivisibility of the photon should lead to arbitrarily small values of .A.
The experiment confirmed that the number of coincidences observed for the second
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Figure 16.2. Experimental arrangement used (a) to detect single-photon states, and
(b) to demonstrate interference with single-photon states [Grangier, Roger, and
Aspect, 1986].

photon, with a gate time of 9 ns, was only 0.18 of that expected from classical theory,
but corresponded to that predicted by quantum theory.

This source was then used in the optical arrangement shown in Fig. 16.2b, with the
detectors D and D, receiving the two outputs from a Mach—Zehnder interferometer.
The interferometer was initially adjusted and checked without the gating system in
operation, and interference fringes with a visibility VV > 0.98 were obtained. In the
actual experiment, with the gate on, the optical path difference was varied around
zero in 256 steps, each of A /50, with a counting time of 1 s at each step. The results of
15 such sweeps were then averaged to improve the signal-to-noise ratio. Analysis of
the data showed that, even with the gate operating, values of the visibility V > 0.98
were obtained.

16.6 The Geometric Phase

Berry [1984] showed that the wave function of a quantum system may undergo a phase
shift (a geometric phase) when the parameters of the system undergo a cyclic change.
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Two manifestations of the geometric phase are observed in optics [Tiwari, 1992]:

(1) The phase change acquired due to a circuit on the sphere of directions in
momentum space (the spin-redirection phase), which is equal to the solid angle sub-
tended by the circuit. One effect of the spin-redirection phase is the rotation of the
plane of polarization of a linearly polarized light beam propagating in a nonplanar
path, such as an optical fiber coiled into a helix; another is the phase difference
introduced between a right- and a left-handed circular polarized wave, when they
travel along a nonplanar path [Tomita and Chiao, 1986; Jiao et al., 1989]. A direct
demonstration uses an interferometer consisting of a single-mode fiber ring, with
part of it forming a helix. The fringe shift observed when the pitch of the helix is
changed is a measure of the geometric (spin-redirection) phase [Frins and Dultz,
1997].

(2) The phase acquired due to a circuit on the Poincaré sphere of polarization
states (the Pancharatnam phase), which is equal to half the solid angle subtended
by the circuit at the center of the Poincaré sphere (see Appendix E) [Pancharat-
nam, 1956; Ramaseshan and Nityananda, 1986; Berry, 1987]. Several experiments
have been described to demonstrate the Pancharatnam phase [Bhandari and Samuel,
1988; Chyba et al., 1988; Hariharan and Roy, 1992; Hariharan, Mujumdar, and
Ramachandran, 1999].

16.6.1 Observations at the Single-Photon Level

Observations of the geometric (Pancharatnam) phase have been made by Hariharan
et al. [1993a] at the single-photon level. They used a Sagnac interferometer in which
the optical paths traversed by the two beams were always equal, and a phase difference
could be introduced between them only by operating on the Pancharatnam phase
[Hariharan and Roy, 1992]. As shown in Fig. 16.3, light from a He-Ne laser, linearly
polarized at 45° to the plane of the figure by a polarizer Py, was divided at a polarizing
beamsplitter into two orthogonally polarized beams that traversed the same closed
triangular path in opposite directions. A second polarizer P, with its axis at 45° to the
plane of the figure, brought the two beams leaving the interferometer into a condition
to interfere at a photomultiplier.

The phase difference between the beams was varied by a system consisting of a
rotating half-wave plate HWP located between two fixed quarter-wave plates, QWP
and QWP». Rotation of HWP by an angle 8 advanced the phase of one beam by 20
and retarded the phase of the other beam by —26. As a result, a phase difference
A¢ = 46 was introduced between the two beams.

Measurements were made at an input power level <1 pW, corresponding to a
photon flux <3.2 x 109 photons/s. At this level, if P(1) and P(n > 1) are, respec-
tively, the probabilities for the presence of one photon and more than one photon in
the apparatus, we have P(n > 1)/P(1) = 0.005. The net counting rate, after sub-
tracting the dark count, exhibited a sinusoidal variation, corresponding to the relation
A¢ = 46. The visibility of the interference fringes was better than 0.97.
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Figure 16.3. Experimental setup used for studies of the geometric (Pancharatnam)
phase at the single-photon level [Hariharan et al., 1993a].

16.6.2 Observations with Single-Photon States

Kwiat and Chiao [1991] performed an experiment to demonstrate the existence of a
geometric phase for single-photon states (see Section 16.3) using a light source which
produced pairs of photons with wavelengths centered at 702.2 nm by parametric
down-conversion (see Section 16.3.1). As shown in Fig. 16.4, the idler beam was
transmitted through the narrow-band filter F1 to the detector D1, while the signal
beam entered a Michelson interferometer. The beam leaving the interferometer was
incident on a second beamsplitter B2, from which it was transmitted to the detector
D2 through the filter F2, or reflected to the detector D3 through the filter F3. The
count rates for coincidences between D1 and D2 and between D1 and D3, as well as
for triple coincidences between D1, D2, and D3, were recorded.

One arm of the interferometer contained a fixed quarter-wave plate Q1 with its
axis at 45° as well as a quarter-wave plate Q2 which could be rotated. A rotation of
Q2 through an angle 6 introduced an additional phase shift A¢ = 26 in this arm.
When data were recorded using filters with a bandwidth of 10 nm at F2 and F3, and
an optical path difference of 220 wm, which was greater than the coherence length
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Figure16.4. Apparatus used to demonstrate the geometric (Pancharatnam) phase for
single-photon states [Kwiat and Chiao, 1991].

corresponding to this bandwidth (about 50 wm), the fringe visibility seen by the
detectors D2 and D3, operating individually, was essentially zero. However, when
a filter with a bandwidth of 0.86 nm was placed in front of D1, the count rate for
coincidences between D1 and D3 varied sinusoidally with the angular setting 6 of
Q2, with a visibility of 0.60 £ 0.05. With a broad band filter at F1, the coincidence
fringes disappeared.

Measurements of the anticorrelation parameter (see Section 16.5)

A = Ni23N1/N12Ny3, (16.4)

where Np»3 is the rate of triple coincidences between D1, D2, and D3, N is the rate
of single counts by D1 alone, N3 is the rate of coincidences between D1 and D2, and
N3 is the rate of coincidences between D1 and D3, confirmed that the observations
essentially involved photons in n = 1 Fock states.

16.7 Interference with Independent
Sources

Pfleegor and Mandel [1967a, 1967b; 1968] were the first to show that light beams
from two independent lasers can produce interference fringes, even when the light
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Figure 16.5. Experimental system used to demonstrate interference with two
independent laser sources at low light levels [Pfleegor and Mandel, 1967b].

intensity is so low that the mean time between photons is long enough for one photon
to be absorbed with high probability at the photodetector before the next photon is
emitted by either of the two sources. As shown in Fig. 16.5, the beams from two
He-Ne lasers were superimposed at a small angle, to produce interference fringes
on the edges of a stack of glass plates whose thickness was equal to half the fringe
spacing. Two photomultipliers received the light from alternate plates. To minimize
effects due to movements of the fringes, an additional photodetector was used to
detect beats between the beams, and observations were restricted to 20-s intervals,
corresponding to periods during which the frequency difference between the two
laser beams was less than 30 kHz. The transit time was approximately 3 ns, while
the photon fluxes in the two beams were around 3 x 10° photons/s and the quantum
efficiency of the photomultipliers was about 0.07, so that about 10 photons were
detected in each 20-pus period. The average of 400 such measurements was taken in
each experiment.

In this experiment, the positions of the fringe maxima are not predictable
and vary from measurement to measurement. However, there should always be a
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Figure 16.6. Experimental results for the normalized correlation coefficient (solid
line) and theoretical curves for N = 2 and N = 3 (broken lines) [Pfleegor and
Mandel, 1967b].

negative correlation between the number of photons registered in the two channels,
which should be a maximum when the fringe spacing [ is equal to L, the thickness
of a pair of plates. Figure 16.6 shows the variation in the degree of correlation of the
two counts with the ratio L/, together with the theoretical curves for N = 2 and
N = 3, where N is the number of pairs of plates in the detector array.

This experiment confirmed that interference effects were associated with the
detection of each photon. However, since observations could be made only over very
short time intervals, during which a very small number of photons were detected, the
precision of the experiment was limited.

16.7.1 Observations in the Time Domain

More accurate observations of interference effects with two sources, at very low light
levels, have been made by using beats between two laser modes [Hariharan, Brown,
and Sanders, 1993]. A convenient low beat frequency was obtained by applying a
transverse magnetic field to a He-Ne laser oscillating in two longitudinal modes. The
laser then oscillates on a single axial cavity mode composed of two orthogonally
polarized components which exhibit a small frequency difference due to the mag-
netically induced birefringence of the gas in the laser tube [Morris, Ferguson, and
Warniak, 1975]. These two Zeeman-split components can be regarded as equivalent
to beams from two independent lasers, because the coupling between them is quite
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Figure 16.7. Experimental arrangement used to measure the amplitude of beats at
very low light levels [Hariharan, Brown, and Sanders, 1993].

weak. In addition, with normal excitation, there is no coherence between the two
upper states for the lasing transitions.

The experimental arrangement is shown schematically in Fig. 16.7. The beat
frequency was stabilized by mixing the two orthogonally polarized components in
the back beam of the laser at a monitor photodiode, and using the output to control
the length of the cavity through a servo amplifier and a heating coil on the laser
tube [Ferguson and Morris, 1978]. A beat frequency of 80 kHz, with a frequency
bandwidth estimated at 1 Hz, was obtained. Neutral-density filters were used to reduce
the intensity of the output beams from the laser, in accurately known steps over arange
of 108:1. The attenuated beams were incident on a photodiode, after passing through
a polarizing prism which brought them into a condition to interfere. The signal from
this photodiode was taken through a band-pass filter to a homodyne detector which
received a reference signal from the monitor photodiode. Because the variations in
the frequency of the beat signal were small and were tracked by the reference signal
from the monitor photodiode, measurements could be made with integrating times up
to 100 seconds, ensuring a good signal-to-noise ratio, even at the lowest light levels.

Observations were made with the photodiode at a distance of 0.2 m from the
laser as the incident power was varied from 1.0 wW down to 4.8 pW, corresponding
to values of the incident flux ranging from 3.18 x 10'? photons/s to 1.53 x 107
photons/s, respectively. At the lowest power level, the probability for the presence of
more than one photon in the apparatus at any time, relative to that for the presence of
a single photon, was less than 0.005.
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Figure 16.8. Output signal from the homodyne detector as a function of the total
power in the laser beams [Hariharan, Brown, and Sanders, 1993].

Figure 16.8 shows the output from the homodyne detector plotted as a function
of the power incident on the photodiode. The measurements showed no significant
deviations from a straight line, confirming that the interference phenomena remained
unchanged down to power levels at which there was a very high probability that one
photon was absorbed before the next one was generated.

Observations of beats produced by a He-Ne laser operating in three axial modes
were also made by Hariharan et al. [1993b, 1995]. In this case a low-frequency beat
was observed, corresponding to the second difference between the frequencies of the
three modes. The amplitude of this beat was found to vary linearly with the power
down to a power level of 0.19 nW. At this power level, the ratio of the probability
for the presence of at least one photon from all three modes to the probability for the
presence of at least one photon from any mode was only 0.0009, and the mean time
interval between the arrival of successive photons at the detector was greater than the
period of the beat.

16.8 Superposition States

It follows that the interference phenomena observed in all these cases are associated
with the detection of each photon and not with the interference of one photon with
another. Earlier studies [Jordan and Ghielmetti, 1964; Mandel, 1964] suggested that
for interference effects to become observable, the average number of photons in the
same spin state falling on a coherence area in a coherence time would have to be
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appreciably greater than 1. However, it is now clear that interference phenomena are
produced by a sequence of photons, each one of which is in a superposition state that
originates from the modes involved [Mandel, 1976; Walls, 1977; Hariharan, Brown,
and Sanders, 1993]. An explicit description of the interference effects produced by
two independent laser beams, using the techniques of quantum field theory, has been
presented by Agarwal and Hariharan [1993].






Chapter 17

Fourth-Order Interference

Measurements of fourth-order coherence can be made by correlating signals from
two photodetectors that are separated in space or time. The first studies of fourth-
order coherence with the intensity interferometer [Brown and Twiss, 1956] used
spatially separated detectors to measure the angular diameters of stars (see Section
14.2). Subsequently, it was shown that with a time delay produced by an optical
path difference that was much greater than the coherence length of the radiation, the
effects of such correlated intensity fluctuations could still be observed as a spectral
modulation [Alford and Gold, 1958; Mandel, 1962].

Fourth-order interference provides a means for distinguishing classical and non-
classical light, since an optical field can exhibit nonclassical fourth-order interference
effects even when the usual second-order interference effects cannot be observed
[Mandel, 1983; Ou, 1988]. Such fourth-order interference effects can be observed with
correlated photons produced by parametric down-conversion (see Section 16.3.1).

17.1 Nonclassical Fourth-Order
Interference

We consider the detection of the field produced by the signal and idler modes from
a two-photon source at a point x; (see Fig. 17.1). Since the output from the down-
converter is an approximation to the two-photon Fock state |1, 1) 4 p for weak fields,
the probability of detecting a photon between the arbitrary positions x1 and x1 + Ax
can be shown to be [Ghosh and Mandel, 1987]

Pr(x1)Axy = 2K Axy, (17.1)

where K is a scale factor. A separate measurement made at x, with another pho-
todetector yields a similar result. No second-order interference effects are observed
because no definite phase relationship exists between the two down-converted fields.

267
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Figure17.1. Geometry of a fourth-order interference experiment.

However, if we use the two photodetectors at x; and x» to measure the joint prob-
ability, P12(x1, x2) Ax1Axp, of detecting a photon within Ax; and another photon
within Ax,, we have [Ghosh et al., 1986]

2w (x1 — x2)
Pro(x1, x2)Ax1Axy = 2K Ky AxiAxy | 1 + cos — )| (17.2)

where L = A /6 is the spacing of the second-order interference fringes correspond-
ing to the geometry of Fig. 17.1. We can regard the effects observed as interference
between two, different, two-photon probability amplitudes, because the system cannot
distinguish between photons from A and B being detected at x; and x>, respec-
tively, or vice versa. These fourth-order interference fringes have a visibility of unity.
However, with classical fields, it can be shown [Mandel, 1983] that the visibility
of the fourth-order interference fringes cannot exceed 0.5, and the joint probability
Pi2(x1, x2) Ax1 Axy never drops to zero.

A similar experiment has been described by Ribeiro et al. [1994] using a simple
two-slit arrangement. Observations of coincidences between one beam (the signal
beam), which was transmitted through the two slits, and its conjugate (the idler beam),
which was transmitted through a pinhole, showed that the visibility of the Young’s
fringes formed by the signal beam depended on the diameter of the pinhole in the
idler beam. This result can be regarded as showing that, because of the entanglement
of the down-converted beams, the “effective” source area for the signal beam varies
with a change in the diameter of the pinhole in the idler beam [Rehétek and Pefina,
1996].

In another version of this experiment, two correlated photons were made to pass
through a double slit. Since, in principle, it was possible to identify which slit one of
the photons passed through, from the position of the other photon before it reached
the double slit, no interference patterns due to the individual photons were observed.
However, the joint-detection counting rate of the photon pairs revealed a spatial
interference pattern [Hong and Noh, 1998].
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Figure 17.2. Experimental arrangement used to demonstrate fourth-order interfer-
ence effects with a variable optical path difference [Hong, Ou, and Mandel, 1987].

Amore striking example of a nonclassical fourth-order interference effect is when
the inputs to the two ports of a beamsplitter are one-photon Fock states [Fearn and
Loudon, 1987, 1989; Ou, Hong, and Mandel, 1987]. In this case, a sharp reduction
in the coincidence count rate can be observed [Hong, Ou, and Mandel, 1987; Rarity
and Tapster, 1989]. As shown in Fig. 17.2, the superimposed beams leaving the
beamsplitter go to two photodetectors, D1 and D2, and measurements are made of
the rate at which photons are detected in coincidence as the beamsplitter is displaced
in small steps cAt from the point at which the two optical paths are equal.

We label the field modes on the input side of the beamsplitter as 01,02 and on
the output side as 1,2 and assume that the light is perfectly monochromatic. If the
input state resulting from degenerate down-conversion is the two-photon Fock state
[1)01]1)02, then the state on the output side of the beamsplitter is

[You) = (R — T)[1)111)2 +i(2RT)/?[12)110)2 + [0)112)2], (17.3)

where R and T are the reflectance and transmittance of the beamsplitter, with R+7 =
1.If R = T = 0.5, the first term on the right-hand side of Eq. (17.3) is zero,
corresponding to destructive interference of the two-photon probability amplitudes,
and the entangled state |2; 0) 7{/22’0 is obtained. Since this corresponds to the photon pair
being in a superposition state where it adopts either path 1 or path 2, no coincidences
should be recorded.

However, the down-converted photons are never monochromatic, so that the

two-photon state can be represented more correctly by the linear superposition

V) = /dwf(w,wo — o) Dol wy-w (17.4)
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where f (w1, wy) is a weight function that has its maximum when w1 = wy =
(1/2)wp. The joint probability for the detection of photons at D1 and D2 at times ¢
and ¢ + 7, respectively, is then

Pi2(t) = KIGO)HT?Go(0)1* + R*|GoAT — 1)
— RT[GS(r)GO(ZAr — 1)+ c.c.]}, (17.5)

where G (7) is the Fourier transform of the weight function, Go(t) = G(1)/G(0),
and K is a constant, characteristic of the detectors.

The coincidence measurement corresponds to an integration of the probability
‘P12(7) over a time that is much longer than the correlation time. Accordingly, if we
assume that the weighting function is a Gaussian with bandwidth Aw, the expected
number of coincidences N, is

—e?erny 1o 2RT 2
Ne=C(T“+R")|1 72 exp(—AwAT)"|. (17.6)

R? +

When At 3> Go(1), Ne = C(T?+ R?), but when At = 0, N. = C(R —T)?, which
vanishes when R =T = 0.5.

AsshowninFig. 17.3, the rate of coincidences drops to a few percent of its normal
value when the two optical paths are equal, because of destructive interference of the
two-photon probability amplitudes. The width of the dip in the coincidence rate gives
a measure of the length of the photon wave packet, which agrees with the value
derived from the width of the pass band of the interference filters, F1 and F2.

The occurrence of an almost complete null at the center of the dip confirms that
this is a nonclassical effect, since, according to classical theory, the visibility cannot
exceed 0.5 [Mandel, 1983]. The drop in the number of coincidences is associated with
anincrease in the number of photon pairs leaving the beamsplitter in the same direction
and arises from the Bose—Einstein commutation properties of the photon-creation and
-annihilation operators [Fearn and Loudon, 1989].

An extension of this experiment [Ou and Mandel, 1988] involved the use of
interference filters with pass bands centered on different, nonoverlapping frequencies,
w1 and wy, chosen so that w1 +wy = wp, and corresponding to a frequency difference
(w1 — w2) /2w = 27 x 10'2 Hz. If the frequency responses of the filters are Gaussian
functions with an rms width o, the expected coincidence probability is

2 2
—62A
Py o 212763 [T2 + R —2TRexp (%) cos(w| — a)z)At:| . a717)

which corresponds to an interference pattern whose visibility is unity when At = 0,
but falls off exponentially on either side.

Figure 17.4 shows the observed two-photon coincidence rate as a function of
the position of the beamsplitter and the corresponding time delay At between the
signal and idler photons. The coincidence rate exhibits interference fringes with a
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Figure 17.3. Measured number of coincidences as a function of the position of the
beamsplitter, superimposed on the theoretical (solid) curve obtained from Eq. (17.6)
with R/T = 0.95 and Aw = 3 x 10'3 rad/s. The dashed curve was obtained by
multiplying the factor 2RT/(R* + T?) in Eq. (17.6) by 0.9 [Hong, Ou, and Mandel,
1987].

spatial period of 5.5 pm, corresponding to a temporal period of 37 fs, the period of
the beat frequency. This beat is observed in the coincidence rate even though the two
photodetectors, individually, do not register a beat.

This experiment demonstrates that even though a fundamental limit exists to the
localization of a photon, this limit does not apply to the average time interval between
photons.

17.2 Interference in Separated
Interferometers

Fourth-order interference effects can also be observed when pairs of photons enter
one or more interferometers, and the coincidence rate is monitored at the output ports
[Kwiat et al., 1990; Ou et al., 1990a; Rarity et al., 1990]. In the arrangement used by
Ou et al. [1990a] (see Fig. 17.5), the two photons traveled to two photodetectors via
two unbalanced Michelson interferometers, which were adjusted so that the difference
in the propagation time between the longer and shorter paths was much greater than
the coherence time of the individual photons, but was the same in both channels.
Under these conditions, the count rate registered by the two detectors showed no
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Figure 17.4. Number of coincidences as a function of the time delay At between
the signal and idler photons, along with the theoretical (solid) curve obtained from
Eq. (17.7). The dotted curve was obtained by multiplying the interference term by
0.8 [Ou and Mandel, 1988].

dependence on the optical path difference in either of the interferometers. However,
measurements of the two-photon coincidence rate, as a function of the position of one
of the mirrors, revealed interference fringes with a spatial period corresponding to the
wavelength of the pump beam. The visibility obtained in this experiment was only
0.5, due to the limited time resolution of the detector system; however, subsequent
measurements with better time resolution gave coincidence fringes with a visibility
of 0.87 [Brendel, Mohler, and Martienssen, 1991].

Unusual interference patterns have also been observed with nondegenerate pho-
ton pairs [Larchuk et al., 1993]. In their experiments, pairs of photons whose center
wavelengths differed by approximately 40 nm were used as the inputs to single and
dual Mach—Zehnder interferometers (MZIs). In the single MZI configuration, the
paths of both down-converted beams overlapped completely within the interferom-
eter. In the dual MZI configuration, their paths did not overlap; this is equivalent
to sending each beam into a separate interferometer. Second-order interference was
observed by counting the number of photons at each of the output ports, while observa-
tions of fourth-order interference were made by recording coincidences as the optical
path difference was varied from zero to very large values.
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Figure 17.5. Experimental arrangement used to observe fourth-order interference
effects with photon pairs in two separated interferometers [Ou et al., 1990a].

The second-order interference patterns at both the output ports were the same for
photon pairs as that predicted by classical theory for the center frequencies, w; and w,
and, as expected, disappeared when the optical path difference exceeded the second-
order coherence length. However, the behavior of the fourth-order interference
patterns was quite different. For small path differences, the coincidence rates exhib-
ited interference fringes corresponding to the difference frequency wy = |w1 — w2],
as well as the sum frequency wy; = |w + wy|, when the beams overlapped, and also
when they did not overlap. When the beams did not overlap, interference fringes
were also obtained corresponding to the center frequencies, w; and w,. A striking
observation was the existence of interference effects at the sum (pump) frequency at
path-length differences that were greater than the second-order coherence length.

In another fourth-order interference experiment [Ou €t al., 1990b], two photons
produced simultaneously provided the two inputs to a Mach—Zehnder interferometer,
as shown in Fig. 17.6, and the photons emerging at the two outputs were counted.
Even though the average intensities of both outputs remained constant, the rate of
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Figure 17.6. Experimental arrangement used to study interference by two-photon
superposition states formed by pairs of photons at a beamsplitter [Ou et al., 1990b].

coincidences was found to exhibit interference fringes with high visibility when the
optical path difference was varied. This behavior can be attributed to the fact that
when two similar photons enter a beamsplitter simultaneously at ports 0 and 1, two
photons always emerge together, either at port 2 or at port 3 [Hong, Ou, and Mandel,
1987]. The resulting fourth-order interference fringes, which have a visibility of unity,
are a consequence of the interference of photon pairs, rather than single photons.

17.3 The Geometric Phase

In both the experiments described above, there is often no difference in the effects
predicted by a classical treatment or a quantum-mechanical treatment, since the mea-
surements involve optical path differences. However, the effects produced by the
geometric (Pancharatnam) phase in fourth-order interference have been shown to be
quite different by Brendel, Dultz, and Martienssen [1995] using the experimental
system shown in Fig. 17.7. In this arrangement, photon pairs generated by down-
conversion of blue light (A = 458 nm) from an Ar™ laser in a beta barium borate
(BBO) crystal traversed a Michelson interferometer. One arm of this interferometer
contained two quarter-wave plates, one of which was fixed at an azimuth of 45°,
while the other could be rotated. Rotation of the second quarter-wave plate through
an angle 6 introduced geometric (Pancharatnam) phases A¢ = 26, respectively,
for the two orthogonal polarizations.

Experiments were carried out using two BBO crystals cut, respectively, for type-I
and type-II phase matching, so that the photons of a pair could be prepared either in
the same state of polarization (type-I) or in orthogonal states of polarization (type-II).
The photon pairs emerging from the interferometer were incident on a second beam-
splitter BS, which directed them to two photodetectors Dy and D;. With type-I
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Figure 17.7. Experimental setup used to demonstrate the effects of the geometric
phase in fourth-order interference [Brendel, Dultz, and Martienssen, 1995].

phase matching, BS, was a normal beamsplitter, while with type-II phase matching,
BS, was a polarizing beamsplitter.

Measurements with this system showed that the effects observed depended on
the initial states of polarization of the two photons in a pair and the optical path
difference. With near-zero optical path differences, second-order interference fringes
were observed. Under these conditions, the effects of the dynamic phase and the
geometric phase were equivalent. However, with large optical path differences and
coincidence detection, no changes in the coincidence rate were observed as the second
quarter-wave plate was rotated, in the case of type-II phase matching, whereas with
type-I phase matching, interference fringes with a visibility of 0.78 were obtained
with a period half that expected with a classical light field.

These results imply that pairs of photons with parallel polarizations acquire twice
the geometric phase of single photons and behave like single particles with spin 2.
On the other hand, pairs of photons with orthogonal polarizations acquire geometric
phases with opposite signs and behave like a single particle with total spin 0.






Chapter 18

Two-Photon Interferometry

The incompatibility of quantum theory and local realism was first pointed out in
a classic paper by Einstein, Podolsky, and Rosen [1935]. They concluded that the
quantum-mechanical description of a system was incomplete and postulated the exis-
tence of “hidden variables,” which predetermined the results of any measurements.
Subsequently, Bell [1965] formulated an inequality based on a “thought experiment”
of Bohm [1951] involving spin-half particles, that could distinguish between quantum
theory and theories based on local realism.

18.1 Tests of Bell’s Inequality

The first tests of Bell’s inequality [Aspect, Dalibard, and Roger, 1982] used measure-
ments of the correlation of the polarizations of the two photons in a pair produced by
an atomic cascade (see Section 16.5). However, the generation of correlated photon
pairs by parametric down-conversion (see Section 16.3.1) has made possible more
precise tests of Bell’s inequality using two-photon interferometry [Horne, Shimony,
and Zeilinger, 1989].

In the arrangement for two-photon interferometry shown in Fig. 18.1, pairs of
photons, having wavelengths A1 and A;, are selected by four pinholes to produce four
beams, A, B, C, D, with wave vectors K4, Kg, K¢, and Kp, where

lkal = IKpl, |kgl = [Kc|, but [Kp| # |kal, (18.1)
and

ka+ke =kp+kp =k, (18.2)

277
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Figure 18.1. Arrangement used to test Bell’s inequality using two-photon interfer-
ence [Horne, Shimony, and Zeilinger, 1989].

where K is the wave vector of the beam incident on the crystal. Each pair in the
ensemble of photon pairs is in the quantum state

lyr) = 2'72[|A)11C)2 + |D)11B)2], (18.3)

which is a coherent superposition of the probability amplitudes corresponding to two
distinct pairs of correlated paths. In one case, a photon with wavelength A; goes into
beam A, and a photon with wavelength A, goes into beam C; in the other, a photon
with wavelength A; goes into beam D, and a photon with wavelength X, goes into
beam B. A variable phase difference ¢ can be introduced between the beams A and D
before they are recombined by the 50:50 beamsplitter H; and reach the photodetectors
Up and L;. Similarly, a variable phase difference ¢, can be introduced between the
beams B and C before they are recombined by the 50:50 beamsplitter H> and reach
the photodetectors U, and L.

The quantum mechanical probabilities for the joint detection of both photons by
the detector pairs (U1, U), (L1, L2), (U1, L»), and (Ua, L), are then

Py, Uslg1, ¢2) = P(L1, L2911, ¢2)
= (*/4)[1 + cos(da — ¢1 + ¢0)] (18.4)

and

Py, La|¢1, ¢2) = P(Ly, Ualdy, ¢2)
= (> /A1 — cos(da — ¢1 + ¢o)], (18.5)

where 7 is the quantum efficiency of the photodetectors, and ¢ is a constant phase
factor.
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On the other hand, the probabilities for detecting single photons by the four
detectors are

PUilg1, ¢2) = P(Lilg1, ¢2) = P(U2ld1, ¢2) = P(La|d1, ¢2)
= /2. (18.6)

It follows that while the count rate for single photons, which is defined by
Eq. (18.6), is constant and independent of ¢ and ¢, the count rates for coinci-
dences, which are defined by Eqgs. (18.4) to (18.5), will vary sinusoidally with the
phase shifts ¢; and ¢,.

The correlation coefficient

E(¢1, $2)

_ P, Uzl¢1, ¢2) +P(L1, La|dr, ¢2) — P(U1, Lalg1, ¢2) — P(Ly, Uz2lé1, ¢2)
PUy, Uzld1, ¢2) +P(L1, La|¢1, ¢2) + P(Ui, La|d1, ¢2) + P(L1, Uz|d1, ¢2)
(18.7)

gives the distribution of coincidences between detectors on the same side and oppo-
site sides of the beamsplitters for these values of the phase. A generalization of
Bell’s inequality [Clauser and Shimony, 1978] states that a combination of four such
measurements, given by the relation

S =E(¢1, 2) — E@1, 9) + E@, d2) + E(91, $5), (18.8)

should always lie within the bounds
-2<8<2, (18.9)

if we assume local realism. However, quantum theory indicates that, for appropriately
chosen values of the phase angles (¢1 = 0, ¢| = /2, ¢ = /4, ¢}, = 37/4),

S =2v2. (18.10)

In actual measurements [Rarity and Tapster, 1990], a value of S = 2.21 4+ 0.022 was
obtained. This lower value could be attributed to a reduced visibility V = 0.78 of
the interference fringes due to misalignment of the apparatus, but corresponded to a
violation of Bell’s inequality by 10 standard deviations.

18.1.1 Tests with Unbalanced Interferometers

Another experimental test of Bell’s inequality was proposed by Franson [1989] and
carried out by several groups [Franson, 1991a; Brendel, Mohler, and Martienssen,
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Figure 18.2. Schematic of an experiment to test Bell’s inequality with unbalanced
interferometers [Franson, 1989].

1992; Kwiat, Steinberg, and Chiao, 1993; Shih, Sergienko, and Rubin, 1993]. As
shown in Fig. 18.2, each of the photons from a down-converted pair was sent into
an unbalanced interferometer, presenting a short (S) and a long (L) path to the final
output. Examination of the singles count rates, when the differences in the optical
paths in each interferometer were greater than the coherence length of the down-
converted photons, revealed no interference effects. However, when the difference of
the imbalances in the two interferometers was less than the coherence length of the
down-converted photons, observations of the coincidence rates revealed interference
effects arising from the impossibility of distinguishing between the two processes
that led to coincidences. These interference effects could be observed even when the
extra optical path traversed by one of the photons was quite long [Franson, 1991b;
Rarity and Tapster, 1992].

With detectors fast enough to exclude the possibility of one photon taking the
short path and the other taking the long path, fringes could be obtained corresponding
to observations of the quantum state

1
1) = S1S1. $2) — exp(ig)|L1. La)]. (18.11)

where ¢ is proportional to the sum of the relative phases in the two interferometers.
The visibility of the fringes was greater than 0.8 [Kwiat, Steinberg, and Chiao, 1993],
whereas the maximum possible without violating Bell’s inequality would be 0.71.

18.1.2 Tests with Perfect Correlations

A shortcoming of experiments with a pair of particles is that they reveal contradictions
between the predictions of quantum mechanics and the EPR postulates only in situ-
ations involving imperfect correlations. A way to overcome this limitation, proposed



18.2. Quantum Cryptography 281

by Greenberger, Horne, and Zeilinger [1989], was to use three or more particles in
an entangled state. Greenberger €t al. [1990] showed that, in this case, contradic-
tions emerge even at the level of perfect correlations. They also described a “thought
experiment” using three entangled photons to illustrate this point.

While no method for generating three entangled photons exists, Tewari and
Hariharan [1997] have shown how four entangled photons can be generated by para-
metric down-conversion of two pump beams, and a design for an experiment using
four-photon interference has been presented by Hariharan, Samuel, and Sinha [1999].
In this case, it should be possible, with just two measurements, to demonstrate that
quantum mechanics contradicts any theory based on local realism, even at the level
of perfect correlations.

18.2 Quantum Cryptography

A promising application for two-photon interferometry is in quantum cryptography.

Completely secure encryption can be ensured if a key shared between a sender
(A) and a receiver (B) is (1) as long as the message, (2) is purely random, and (3) is
used only once. The major drawback of this technique of encryption (the one-time
pad) is that, to establish the key for each message, A needs a perfectly secure channel
to transmit the key to B. This problem can be overcome with a quantum channel using
correlated photons, since intrusion by an eavesdropper (E) results in a loss of photon
correlations.

A scheme for quantum key distribution [Ekert et al., 1992] uses pairs of photons
that travel along separate optical fibers to identical unbalanced interferometers (see
Fig. 18.2), one with A and the other with B. Each interferometer contains a shorter
path and a longer path with a difference in transit time greater than the coherence
time of the down-converted photons [Franson, 1989]. If the phase differences in the
two interferometers are, respectively, (¢4 + 0) and (¢p + 6), with 8 = 2mm, where
m is an integer, the coefficient of correlation of the four outputs is

J(pa. ) = cos(pa + ¢B). (18.12)

To establish a key, A chooses, at random, values of ¢4 of 0 or /2, while B chooses,
at random, values of ¢p of 0 or —m /2. After a sufficiently large number of photons
have been recorded, A and B reveal the settings of ¢4 and ¢p that they have used, but
not which detectors recorded a photon. They then discard all measurements in which
¢4+ ¢p # 0, as well as those in which one or both of them failed to detect a photon.
Finally, A and B compare the results of the photocounts on a randomly chosen subset
of the measurements. If the results exhibit a sufficiently high degree of correlation,
the key is considered secure and can be used.

A drawback of this system is the need to exchange information on the phase
shifts on an open channel. In addition, errors due to transmission losses, imperfect
detector efficiency, and dark counts can corrupt the key and conceal the activities
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of an eavesdropper. Various proposals have been made to overcome these limita-
tions, including the use of three-state systems [Phoenix, Barnett, and Chefles, 2000;
Bechmann-Pasquinicci and Peres, 2000] and four-photon interference [Hariharan and
Sanders, 2002].

18.3 Beams from Two Down-Converters

Another class of two-photon interference experiments makes use of the down-
converted light beams from two nonlinear crystals that are optically pumped by
mutually coherent beams from the same laser. In one arrangement (see Fig. 18.3),
the signal beams s; and s, from the two down-converters were combined by one
beamsplitter (BS4) and allowed to fall on one photodetector (D), while the two
idler beams i; and i, were combined by another beamsplitter (BSp) and taken to
another photodetector (Dp) [Ou et al., 1990c]. Measurements of the counting rates
of the individual photodetectors showed no change as the optical path difference was
varied, confirming that the mutual coherence of the pump beams did not produce
any mutual coherence, either between the two signal beams s; and s from the two
down-converters, or between the two idler beams i} and i,. However, measurements
of the coincidence rate for simultaneous detection of photons by both D4 and D, as
a function of the optical path difference, revealed interference effects.

A modification of this arrangement, shown in Fig. 18.4, used a single nonlin-
ear crystal traversed by the pump beam in opposite senses [Herzog et al., 1994]. In
this case, down-converted photons could be generated on either of the two passes,
and it was possible to make the idler modes from the two processes overlap at one
photodetector, while the signal modes overlapped at the other. Since the two produc-
tion processes were indistinguishable, interference effects were observed in the count
rates at the individual detectors, as well as the coincidence rates, when any one of the
mirrors was moved, even when the distances to the mirrors were much greater than
the coherence lengths of the down-converted beams.

®y
—p»—— NL |

®p
NL2 |—-—

Figure 18.3. Optical system used to observe interference effects produced by down-
converted light beams from two nonlinear crystals [Ou et al., 1990c].
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Pump

Figure 18.4. Arrangement using a single nonlinear crystal to generate two sets of
down-converted light beams [Herzog et al., 1994].

Nonclassical effects can also be seen in some second-order interference experi-
ments in which only one photon is detected [Mandel, 1982]. Figure 18.5 is a schematic
of the optical system for such an interference experiment with beams from two para-
metric down-converters [Zou, Wang, and Mandel, 1991]. In this case also, both
the nonlinear crystals, NL1 and NL2, were optically pumped by mutually coherent
beams derived from the same laser by means of a beamsplitter. However, while the
two signal beams s; and s, were combined by means of another beamsplitter and
taken to a photodetector (Dy), the idler beam i was allowed to pass through the non-
linear crystal NL2 and fall, along with the other idler beam i, directly on the other
photodetector D; .

In this case, the photon counting rate at Dy was found to oscillate as the optical
path difference was varied by translating the beamsplitter BS, indicating that s; and
s> were mutually coherent. These oscillations could be observed as long as i; and i
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Figure18.5. Experimental arrangement used to demonstrate interference effects pro-
duced by the signal beams from two parametric down-converters [Zou, Wang, and
Mandel, 1991].
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were collinear, but if either i; or i was misaligned, or if i; was blocked so that it
could not reach NL2, they disappeared. If, instead of blocking i1, an attenuator with a
complex amplitude transmittance t was placed between NL1 and NL2, the visibility
of the interference pattern registered by Dy was found to be proportional to [t|. The
average rate of photon counts was the same in both cases, implying that the degree
of mutual coherence of the two beams could be controlled without affecting their
intensities.

In addition, the introduction of a delay 7, by varying the length of the path of
the idler i; between the two nonlinear crystals NL1 and NL2, was found to affect the
visibility of the interference effects produced by the signal beams, s; and s, exactly
as if the delay had been introduced in one of the signal paths [Zou et al., 1993].
When t > 7., where t, was the coherence time, the interference effects disappeared.
A phase shift of the idler beam i; introduced through the geometric (Pancharatnam)
phase (see Section 16.6) also had the same effect on the interference pattern produced
by the signal beams [Grayson, Torgerson, and Barbosa, 1994].

As is well known, even when t > 7., interference effects can still be seen in the
spectral domain [Mandel, 1962]. Such effects were observed in this experiment by
inserting a scanning Fabry—Perot interferometer before the detector Dy [Zou, Grayson,
and Mandel, 1992]. The modulation of the spectrum could then be observed even
with a differential delay t ~ 5 ps & 5t., but disappeared when the idler beam i; was
blocked.

All these effects can be attributed to the indistinguishability of the paths taken by
the beams through the interferometer. In the arrangement shown in Fig. 18.3, when
a coincidence is registered, there is no way to determine whether the pair of photons
involved originated in NL1 or NL2. Similarly, in the arrangement shown in Fig. 18.5,
it is not possible to determine the origins of the photons reaching the photodetector
Dy, as long as both i; and i, are incident on the detector D;.

18.4 The Quantum Eraser

A consequence of the uncertainty principle is that whenever “which path” information
is available, interference effects cannot be observed. However, interference effects
may reappear if the information can somehow be “erased.” This procedure is the
basis of what is now known as the “quantum eraser” [Scully and Druhl, 1982; Scully,
Englert, and Walther, 1991; Zajonc et al., 1991].

One demonstration of a quantum eraser [Kwiat, Steinberg, and Chiao, 1992]
used the interferometer shown in Fig. 18.6 in which the plane of polarization of one
of the beams could be rotated by a half-wave plate inserted in one of the paths before
the beamsplitter. When the polarization of this beam was orthogonal to that of the
other beam, the coincidence null disappeared, since it became possible to identify the
paths taken by each of the photons. However, this information could be erased by
inserting two polarizers just in front of the photodetectors, after the photons had left
the beamsplitter. Interference could not be restored with a single polarizer in front of
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Figure18.6. Two-photon interferometer used as a quantum eraser [Kwiat, Steinberg,
and Chiao, 1992].

one detector, since “which-path” information was available from the photon reaching
the other photodetector.

In particular, if the initial polarization of the down-converted photons was hori-
zontal, and the half-wave plate rotated one polarization to vertical, polarizers at 45°
before each detector restored the original coincidence null. However, as shown in
Fig. 18.7, if one polarizer was set at 45° and the other at —45°, an interference peak
was observed instead of a dip.

A demonstration of the quantum eraser is also possible with the interferometer
shown in Fig. 18.3 [Ou et al., 1990c]. In this case, removal of the beamsplitter BSp,
which at first sight should not affect the results, destroys the interference. The reason
is that since the signal and idler photons are produced simultaneously, it then becomes
possible, from the output of the photodetector D, to decide whether the correspond-
ing signal photon comes from NL1 or NL2. Insertion of BS 5 mixes the idlers and
erases the information on the paths taken by the photons [Zajonc et al., 1991].

The experimental arrangement shown in Fig. 18.5 [Zou, Wang, and Mandel,
1991] could also be modified to demonstrate this concept by using a half-wave plate
between the two crystals to rotate the polarization of the idler photons from NLI1
so that it was orthogonal to the polarization of the idlers from NL2. In this case,
interference could be recovered by using a polarizer in front of D; and correlating the
counts of the two detectors.

18.5 Single-Photon Tunneling

If two right-angle prisms are placed with their hypotenuse faces opposite each other,
but separated by an air gap, a beam of light incident on the interface at an angle
greater than the critical angle is totally internally reflected. However, if the air gap is
reduced to a fraction of a wavelength, some of the light is transmitted. The fact that
light tunnels through such a gap confirms the wave-like behavior of light.
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Figure 18.7. Experimental data obtained with a two-photon interferometer with the
polarizer in one path set at 45° and the polarizer in the other path set at various angles
[Kwiat, Steinberg, and Chiao, 1992].

On the other hand, if the same experiment is repeated with single-photon states,
quantum mechanics predicts that photons will be detected in perfect anticoincidence in
the transmitted and reflected beams [Ghose, Home, and Agarwal, 1991]. This predic-
tion has been verified experimentally by Mizobuchi and Ohtake [1992]. Accordingly,
we have a situation where single-photon states simultaneously display wave-like
properties (tunneling) and particle-like properties (anticoincidence).

While all quantum particles can, in principle, tunnel through normally forbidden
regions of space, the question of how much time it takes for a particle to tunnel through
a barrier is quite controversial. Interferometric experiments have made it possible to
study this aspect of photon tunneling.

18.5.1 Dispersion Cancelation

It follows from the uncertainty principle that, to make measurements of transit times
with high resolution, it is necessary to make the energy uncertainty or spectral
bandwidth quite large. With such large spectral bandwidths, dispersion can result
in significant broadening of a pulse, and a consequent decrease in time resolution
[Franson, 1992]. This problem can be solved by making measurements with cor-
related photon pairs. It is then possible to take advantage of quantum-mechanical
effects to obtain an effective cancelation of dispersion [Steinberg, Kwiat, and Chiao,
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1992a, 1992b, 1993]. If we use an interferometer similar to that described by Hong,
Ou, and Mandel [1987] (see Fig. 17.2), with a dispersive medium (say, a glass plate)
in one beam, one photon of each pair travels through the dispersive medium while
its conjugate travels through a path containing only air. However, after the photons
are recombined at the beamsplitter, it is impossible to determine which one of them
traveled through the glass plate. This indistinguishability leads to a cancelation of
first-order dispersion effects, so that there is no broadening of the coincidence mini-
mum. As a result, the shift in the position of the minimum in the rate of coincidences
can be used to make high-resolution measurements of the propagation delay produced
by the glass plate.

18.5.2 Measurements of Tunneling Time

In the arrangement used for measurements of tunneling time shown in Fig. 18.8
[Steinberg, Kwiat, and Chiao, 1993], the tunnel barrier was a dielectric mirror con-
sisting of 11 alternating layers of low- and high-index material, each a quarter of a
wavelength thick at the wavelength used (700 nm in air), coated on one half of the
surface of a high-quality optical substrate. In such a periodic structure, the multiple
reflections interfere so as to damp the incident wave exponentially, resulting in the
equivalent of a photonic bandgap [Yablonovitch, 1993].

To make measurements of the tunneling time, the multilayer structure was moved
into and out of the beam periodically, while the optical path difference between the
beams was slowly varied by translating the reflecting prism. A Gaussian curve was
then fitted to each of the two dips in the coincidence rate, and the distance between their

7777.
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Figure 18.8. Apparatus used for measurements of the single-photon tunneling time
[Steinberg, Kwiat, and Chiao, 1993].



288 Chapter 18. Two-Photon Interferometry

centers was calculated. The average of several such measurements showed that the
peak arrived 1.47£0.21 fs earlier when the multilayer was in the path. Measurements
of the tunneling time as a function of the angle of incidence made it possible to study
its energy dependence [Steinberg and Chiao, 1995].

18.6 Conclusions

The complementarity of wave and particle behavior appears to be the reason for the
puzzling features of quantum theory. However, in most cases the “photon picture”
gives a good description of interference phenomena, provided that we apply Dirac’s
dictum that “a photon interferes only with itself.” This rule can cover higher-order
interference effects, if we generalize it to read “each pair of photons ... interferes
only with itself.”

An alternative explanation is to regard optical interference as due to the existence
of indistinguishable paths [Mandel, 1991]. We can then apply Feynman’s rules for
interference, after taking into account the fact that outcomes which are distinguish-
able, even in principle, do not interfere. In all other cases, the coherent addition of the
probability amplitudes associated with each path, and the evaluation of the squared
modulus of this sum, yields the probability of detection of a photon.



Appendix A

Two-Dimensional Linear Systems

The distribution of the complex amplitude in an image can be expressed by means
of the two-dimensional Fourier transform as a function of two orthogonal spatial
frequencies [Goodman, 1996]. As a result, the original light wave is decomposed
into component plane waves whose direction cosines correspond to the various
spatial frequencies in the image. The propagation of these components through
an optical system can then be analyzed using the Fresnel-Kirchhoff integral (see
Appendix B).

A.1 The Fourier Transform

The two-dimensional Fourier transform of g(x, y) is defined as

Fleeeonl = [ [ g yexpl-iznex -+ mldxdy
=GE, ). (A.1)
Similarly, the inverse Fourier transform of G (&, 1) is defined as
FlGem = [ [ Gemexplizner + mnedr

=g, y). (A2)

Equations (A.1) and (A.2) can be written symbolically as

g, y) < G, n). (A3)
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Some important theorems are:

a. The linearity theorem

Flag(x,y) +bh(x, y)} =aG(E,n) +bH(E, n), (A4)

where a and b are constants, and g(x, y) < G(&,7n), h(x,y) < H(&, n).
b. The shift theorem

Flg(x —a,y —b) = G(§, n)exp[—i2n(§a + nb)]. (A5)
C. The similarity theorem

Flglax, by) = (1/|ab)G(§/a, n/b). (A.6)

d. Plancherel’s theorem (also called Rayleigh’s theorem)
/ / lgCx, y)|“dxdy =/ / |G (&, mI°dédn. (A7)
—00 J —00 —oo J—o0

A.2 Convolution and Correlation

The output from any linear system is the convolution of the input and the instrument
function. In two dimensions, the convolution of two functions, g(x, y) and i (x, y), is

o0 o0
flx,y)= / / gu,v)h(x —u,y — v)dudv, (A.8)
—00 J —00
which can also be written as

fx,y) =g, y)*h(x,y), (A9)

where the symbol * denotes the convolution operation.
The cross-correlation of two functions, g(x, y) and h(x, y), is

c(x,y) = / / g, v)h(x +u, y + v)dudv, (A.10)

where g*(u, v) is the complex conjugate of g (u, v). Equation (A1.10) can be written as

c(x,y) =g, y)*xh(x,y), (A.11)
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where the symbol » denotes the correlation operation. A comparison of Eq. (A.10)
with Eq. (A.8) shows that the cross-correlation can also be expressed as a convolution

c(x,y) =g"(x,y) x h(—x, —y). (A.12)

The autocorrelation of a function g(x, y) is then

oo o0
a(x,y) = / / g u,v)g(x +u, y+ v)dudv
—00 J —00
=g(x,y) xg(x, ). (A.13)
Two useful results which follow are:

a. The convolution theorem
If g(x,y) < G(§,n) and h(x,y) < H(,n),

Flg(x,y) xh(x, y)} = GE, mMH(E, ). (A.14)
b. The autocorrelation (Wiener—Khinchin) theorem

Flgx, y) = glx, »)} = 1GE, ). (A.15)

A.3 The Dirac Delta Function

The two-dimensional Dirac delta function is a convenient representation of a point
source. The delta function takes the values

§(x,y)=o00,(x =0, and y = 0),
8(x,y)=0,(x #0, ory # 0), (A.16)

and its integral is equal to unity.
By definition, convolution of a function with the Dirac delta function yields the
original function, so that, in two dimensions,

/ f fu,v)6(x —u,y —v)dudv = f(x, ). (A.17)

A.4 Random Functions

The correlation function, as normally defined, cannot be used with randomly varying
quantities, since the correlation integral does not have a finite value. The cross-
correlation of two stationary random functions, g(¢) and h(¢), is therefore written
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[Papoulis, 1965] as

T

1
Ren(t) = Tlew 37 -, g @h( + t)de

(g"(Oh(t +1)). (A.18)
The autocorrelation function of a random function, say g(¢), is therefore
Reg(7) = (g"(1)g(t + 1)) (A.19)

The power spectrum S(w) of g(¢) is then defined as the Fourier transform of its
autocorrelation function

S(w) < Rgg (7). (A.20)



Appendix B

The Fresnel-Kirchhoff Integral

If, as shown in Fig. B.1, a plane wave with an amplitude a is incident on an object
with an amplitude transmittance t(x1, y;) located in the plane z = 0, the complex
amplitude at a point P (x, y, z) is given by the Fresnel-Kirchhoff integral [Born and
Wolf, 1999]

alr,y.2) = (iam/ / ter, 1)

exp{(—i2n/M)[(x —x1)? + (y — y1)? + 221V/?)
X
[(x —x)?+ (y—y? +22]'/2
x cos 6dxdy;. (B.1)

When z > (x — x1) and (y — y1), cos@ =~ 1, and a binomial approximation to
the terms in square brackets allows us to omit a factor exp(—i2m/Az), which only
affects the overall phase, and write Eq. (B.1) as

0 o0
a(x,y,z) = (ia/kz)/ / t(x1, y1)
—o00 J —00
x exp{(—im/A)[(x — x1)* + (v — y1)*I}dxdy
o0 o0
= (ia/32) f / G, ) expl(—im/32) (2 + y)] expl(—in/32)

—00 J—00

x (x} + yDlexpli2r [x1(x/Az) + yi1(y/A22)1}dx1dyr. (B.2)

If, in addition, z is in the far field of the object, in which case
2 2
z>» (xy +yp/A, (B.3)
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FigureB.1. Derivation of the Fresnel-Kirchhoff integral.
and if we set

E=x/rz, n=y/Az, (B.4)
Eq. (B.2) reduces to

a(x,y,z) = (ia/2z) expl(—im/A2) (x> + y*)]
o0 o0
x / / G, ) expli2z (Ex1 + nynldudyy
—00 J =00
= (ia/r2) expl(—im/2.2) (x* + Y)IT (€, ), (B.5)

where

t(xy, y1) < T, n). (B.6)

Accordingly, the complex amplitude in the plane of observation is given by
the Fourier transform of the amplitude transmittance of the object, multiplied by a
spherical phase factor. If the object transparency is placed in the front focal plane
of a lens, and the plane of observation is located in its back focal plane, the exact
Fourier transform is obtained. In this case, z tends to infinity, and the phase factor
expl(—im/Az)(x% + y?)] reduces to unity.



Appendix C

Reflection and Transmission

C.1 The Fresnel Formulas

Consider a plane monochromatic wave incident, as shown in Fig. C.1, on the interface
between two isotropic transparent media with refractive indices n1 and n5.

If 01 and 6, are the angles of incidence and refraction, the coefficients of reflection
and transmission for amplitude are given by the Fresnel formulas, which can be
written as

tan(6; — 6
= an(6; 2), (C.1)
tan(01 + 63)
2 sin 6, cos 6
= (C.2)

sin(0; + 62) cos(0; — 6>)’

for light polarized with its electric vector in the plane of incidence (the p-component),
and

sin(6; — 6»)
_ s —6) C3
"L TG + 60) €3

_ 2 sin 6 cos 6

©sin(@ +62) &5

for light polarized with the electric vector perpendicular to the plane of incidence (the
s-component). At the Brewster angle, which is defined by the condition r| = 0,

oh=m/2 -6, (C5)
and
tan6y = no/ny. (C.6)
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FigureC.1. Incident, transmitted, and reflected fields at an interface (n; > n,) when
0+ 6, <m/2.

Since, below the critical angle, | and 7, are always positive, there is no change
in the phase of the transmitted wave. On the other hand, r, , which is positive when
ny > np, is negative when n| < ny, indicating, in the latter case, a phase shift of 7.
In the case of ry, the phase shifts at small angles of incidence are the same as those
for r| (the difference in their signs arises from the choice of the coordinate axes), but
there is a change in sign at the Brewster angle.

C.2 The Stokes Relations

Letr and ¢ be the reflected and transmitted amplitudes, respectively, for a wave of unit
amplitude incident, as shown in Fig. C.2a, on the interface between two transparent
media. If, then, as shown in Fig. C.2b, the direction of the reflected ray is reversed, it
will give rise to a reflected component with an amplitude 2 and a transmitted compo-
nent with an amplitude r¢. Similarly, if the direction of the transmitted ray is reversed,
it will give rise to a reflected component with an amplitude ¢7" and a transmitted com-
ponent with an amplitude ¢¢’, where r’ and ¢’ are, respectively, the reflectance and
transmittance for amplitude for a ray incident on the interface from below.



C.2. The Stokes Relations 297

|

Incident beam | r
|
|

(a)

Figure C.2. Derivation of the Stokes relations.

If there are no losses at the interface,
2 =1 (C.7)
and
rt +tr' =0. (C.8)
Equations (C.7) and (C.8) lead to the Stokes relations
i=1-r (C.9)
and
r=—r. (C.10)

From Egq. (C.10), it follows that the phase shifts on reflection at the two sides of
the interface differ by .






Appendix D

The Jones Calculus

In the Jones calculus [Jones, 1941], the characteristics of a polarized beam are
described by means of a two-element column vector, known as the Jones vector.
For a plane monochromatic light wave propagating along the z axis, which has com-
ponents E, = |ay|cos(wt + ¢,) and Ey = |ay|cos(wt + ¢y) along the x and y
directions, respectively, the Jones vector takes the form

Ex
A:[ £ } (D.1)

With monochromatic light, the variation with time of E, and Ey is usually not
of interest. Equation (D.1) is, therefore, often written in the form

A — |: Ay i| _ [ |(1x|eXP(¥¢x) :| , (D.2)
ay lay| exp(igy)
which is known as the full Jones vector.
The intensity at a point is then
I = axay +ayay

=ATA. (D.3)
The intensity is, therefore, the product of the Jones vector and its Hermitian conjugate.
For convenience in calculations, the normalized form of the Jones vector is
commonly used. This is obtained by multiplying the full Jones vector by a complex

scalar that reduces the intensity to unity.

For example, for light that is linearly polarized at 45°, the amplitudes of the x
and y components are the same, and the full Jones vector can be written as

a
[ . ] . (D.4)
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The corresponding normalized vector is

27172 [ i } . (D.5)

Optical elements which modify the state of polarization of the beam are described
by matrices containing four elements, known as Jones matrices. The Jones vector of
the incident beam is multiplied by the Jones matrix of the optical element to obtain
the Jones vector of the emerging beam.

For example, the Jones matrix for a half-wave plate with its axis vertical or

horizontal is
1 0
[0 N 1:| . (D.6)

If a beam linearly polarized at 45° is incident on this half-wave plate, the Jones
vector for the emerging beam is

1 0 —-1/2 1 _A—l)2 1
o) e

which is a beam linearly polarized at —45°.

Animportant element in interferometry is a metal film (a mirror or a beamsplitter).
Oblique reflection at such a film introduces a phase shift between the components of
the incident beam polarized parallel and perpendicular to the plane of incidence. As
aresult, the amplitude reflection coefficients | and r | are complex, and the film can
be represented by the Jones matrix

_ | 0
M_[O ] (D.8)

rn

Note that account must be taken of the change from right-hand to left-hand coordinates
on reflection.

In an optical system in which the beam passes through several elements in suc-
cession, the Jones vector of the beam leaving the system can be obtained by writing
down the Jones matrices of the various elements and carrying out the multiplication
in the proper sequence. Alternatively, where the state of polarization of the incident
beam is to be varied, it is possible to compute the overall matrix for the system, and
then multiply the Jones vectors for the various states of the incident beam by this
matrix.

The use of the Jones calculus has been described in detail by Shurcliff [1962],
Shurcliff and Ballard [1964], Jerrard [1982], and Collet [1992].



Appendix E

The Pancharatnam Phase

E.1 The Poincaré Sphere

The Poincaré sphere is a convenient way of representing the state of polarization
of a beam of light; it also makes it very easy to visualize the effects of retarders
[Ramachandran and Ramaseshan, 1952; Jerrard, 1954, 1982; Born and Wolf, 1999].

As shown in Fig. E.1, right- and left-circular polarized states are represented
by the north and south poles of the sphere, while linearly polarized states lie on the
equator, with the plane of polarization rotating by 180° for a change in longitude of
360°. If we consider a point on the equator at longitude 0° as representing a vertical
linearly polarized state, any other point on the surface of the sphere with a latitude
2w and a longitude 2/ represents an elliptical vibration with an ellipticity |tan w|
whose major axis makes an angle / with the vertical. Two states of polarization at the
opposite ends of a diameter can be regarded as orthogonally polarized states.

A birefringent plate with a retardation §, whose fast and slow axes are at angles
6 and 6 + 90° with the vertical, is represented by the points O and O’ at longitudes
of 26 and 180° + 26. The effect of passage through such a retarder is equivalent to
the operation of rotating the sphere about the diameter O O’ by an angle § and moves
the linearly polarized state represented by the point P to P’.

E.2 The Pancharatnam Phase

Whereas it is a simple matter to evaluate the phase difference between two beams
in the same state of polarization, difficulties arise when the two beams are in dif-
ferent states of polarization. Pancharatnam [1956] was able to solve this problem
by considering the intensity produced when the two beams were made to interfere.
He regarded the two beams as being “in phase” when the resultant intensity was a
maximum.
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Figure E.1. The Poincaré sphere: effect of a birefringent plate on the state of

polarization of a beam of light.

This approach made it possible to define how a beam changed its phase when

its state of polarization was altered. It also led to the observation that if a beam was
taken from one polarization state, without introducing any phase changes, through
two other polarization states back to its original state, it could exhibit a phase shift.
The magnitude of this phase shift (the Pancharatnam phase) was equal to half the
solid angle subtended at the center of the Poincaré sphere by the circuit traversed by
the point representing the state of polarization of the beam.



Appendix F

Holography

Holography permits complete reconstruction of an image, that is to say, reproduction
of the relative phases as well as the relative amplitudes of the light waves scattered
by an object. Conventional imaging techniques cannot do this, since all available
recording materials respond only to the intensity. Gabor [1948] solved this problem
by adding a coherent background. The phase variations across the wavefront are then
encoded as variations in the intensity and the position of the resulting interference
fringes.

F.1 The Off-Axis Hologram

We shall assume that, as shown in Fig. F.1, in addition to the object beam, a ref-
erence beam (a collimated beam of uniform intensity) is incident at an angle 6 on
the photographic plate [Leith and Upatnieks, 1964]. The complex amplitude due to
the reference beam at any point P(x, y) on the plate can be written [see Hariharan,
1996d] as

r(x,y) =rexp(i2n& x), (F.1D)
where &, = (sin #)/X, while that due to the object beam is
o(x, y) = lo(x, y)| exp[—ig (x, y)]. (F2)

The resultant intensity in the interference pattern formed by these two waves is,
therefore,

I(x,y) = |r(x, y) +o(x, y)I?
=72+ lo(x, y)?
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Figure F.1. Hologram recording with an off-axis reference beam.

+rlo(x, y)|exp{—i[27&-x + ¢ (x, y)I}
+rlo(x, y)|explil27&-x + ¢ (x, y)]}
=r* + Jo(x, Y1 + 2rlo(x, y)| cos[2w& x + ¢ (x, W] (E3)
Equation (F.3) shows that the intensity distribution consists of a set of fine fringes,

constituting a carrier with a spatial frequency &,, whose visibility and spacing are
modulated by the amplitude and phase of the object wave.

If the recording material has a linear response to exposure, its amplitude
transmittance can be written as

t=to+ BTI, (F4)

where t( is a constant corresponding to the transmittance of the unexposed material,
T is the exposure time, and 8 is the slope (negative) of the amplitude transmittance vs
exposure characteristic of the material. The amplitude transmittance of the hologram

is then
t(x, y) = to + BT[> + lo(x, y)I?
+ rlo(x, y)| exp{—i[27&x + ¢ (x, )1}
= rlo(x, y)| explil27&-x + ¢ (x, »)1}]. (E5)

To reconstruct the image, the hologram is illuminated, as shown in Fig. F.2, with
the reference beam. The complex amplitude of the transmitted wave is then

u(x,y) =r(x, y)tx, y)
= (to + BTr?)r exp(i2w& x)
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Figure F.2. ITmage reconstruction by a hologram recorded with an off-axis reference
beam.

+ BTrlo(x, y)|? exp(i2&-x)
+ /STr20(x, y)
+ BTr?o*(x, y) exp(idmé, x). (F.6)

Inspection of Eq. (F.6) shows that the first term on the right-hand side is merely the
directly transmitted reference beam, while the second term corresponds to a halo
around it. The third term, which is the one of interest, is the same as the original
object wave, except for a constant factor, and generates a virtual image of the object
in its original position. The fourth term corresponds to a conjugate wave which is
propagated at an angle to the axis which is twice that made by the reference beam
with it, and produces a real image.

If the angle between the object beam and the reference beam is made large
enough, it is possible to view the virtual image without interference from the other
transmitted and diffracted beams.

F.2 Computer-Generated Holograms

The production of a computer-generated hologram (CGH) involves two basic steps
[Lee, 1978; Yaroslavskii and Merzlyakov, 1980]. The first step is to calculate the
complex amplitude of the object wave at the hologram plane which, for convenience,
is usually taken to be the Fourier transform of the complex amplitude in the object
plane. Since the transform has to be evaluated digitally, it is necessary to sample the
wavefront in the object plane. If the object wave is sampled at N x N equally spaced
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points, the N x N coefficients of its discrete Fourier transform can then be calculated
using the fast Fourier-transform algorithm [Cochran et al., 1967].

The next step is to produce, using the calculated values of the discrete Fourier
transform, a transparency (the hologram) which, when properly illuminated, recon-
structs the object wave. This process can be simplified considerably if the hologram
has only two levels of amplitude transmittance—zero and one.

The best known hologram of this type is the binary detour-phase hologram
[Brown and Lohmann, 1966, 1969]. In this type of hologram, the area of the hologram
is divided into N x N cells, and each complex coefficient of the discrete Fourier trans-
form is represented by a single transparent window within the corresponding cell. If
such a hologram is illuminated at an angle by a collimated beam, it is apparent that a
shift of the window within any cell would result in the light diffracted by it traveling
by a longer or shorter path to the reconstructed image. Accordingly, it is possible to
encode the complex coefficients by making the areas of the windows proportional to
the moduli of these coefficients, while their phases are represented by the positions
of the windows within the cells.

A problem is noise due to quantization of the modulus and phase of the Fourier
coefficients. A number of encoding techniques have been described to minimize this
problem [Lee, 1974, 1979].



Appendix G

Speckle

G.1 Speckle Statistics

If the scattered light from a rough surface illuminated with coherent light falls on a
screen, a granular pattern, commonly called a speckle pattern, is seen [Dainty, 1976].
The complex amplitude at any point in this speckle pattern is the sum of the complex
amplitudes of the diffracted waves from N microscopic elements on the scatterer and
is given by the relation

N
A(x,y) = N2> | Ayl exp(—igm). (G.1)

m=1

The second-order statistics of the intensity distribution in the speckle pattern can
be evaluated [Goldfischer, 1965; Goodman, 1984] by making use of the fact that
the complex amplitude A(x1, y1) at the scattering plane and the complex amplitude
A(x, y) at the observation plane are related by the Fresnel-Kirchhoff integral (see
Appendix B). If an image of the scattering surface is formed by a lens, the dimensions
of the speckles correspond to the width of the autocorrelation peak and are determined
by the aperture of the lens, which acts as a low-pass spatial filter [Lowenthal and
Arsenault, 1970]. For a circular pupil of radius p, the average dimensions of the
speckles are

Ax = Ay = 0.611f/p, (G2)

where f is the focal length of the lens, and correspond to those of a diffraction-limited
image of a point.

The other quantity of interest is the power spectral density of the intensity dis-
tribution, which is given by the Fourier transform of the autocorrelation function and
is made up of two components, each containing half the total power. One is a delta
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function at the origin, while the other is the normalized autocorrelation function of
the intensity distribution over the scattering surface or, in the case of image speckle,
the imaging lens.

G.2 Young's Fringes

We assume that two identical speckle patterns are recorded with a small mutual
displacement on a photographic film whose amplitude transmittance, after processing,
can be written as

t=ty+ BT, (G3)

where tg is the transmittance of the unexposed material, T is the exposure time, and
B is the slope (negative) of the amplitude transmittance vs exposure characteristic of
the material. The amplitude transmittance of the resulting transparency is then

tx,y) =to+ BT (x,y)+I(x,y — yo)]
=to+BT1(x,y)*[8(x,y) +35(x,y =yl (G4

where I (x, y) is the intensity distribution in the individual speckle patterns, and yq
is the amount by which they are displaced.

If this transparency is placed in the front focal plane of a lens and illuminated
by a collimated beam of monochromatic light, the amplitude in the back focal plane
of the lens is proportional to the Fourier transform of t(x, y) (see Appendix A.1),
which is

g, v) =108(u, v) + BTh(u, v)[1 + exp(ikvyo)], (GS5)
where h(u, v) < I(x, y) and k = 2w /A. The first term on the right-hand side of Eq.
(G.5) is merely the directly transmitted beam, which is brought to a point focus on
the axis, while the intensity due to the second term is

I(u,v) = BT ?h(u, v)|*(1 + cos kvyy), (G.6)

which corresponds to the power spectrum of the speckle pattern modulated by a set
of equally spaced interference fringes (Young’s fringes).
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